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1 Intro to High-dimensional statistical models

1.1 Recap of Parametric Statistical Models

Definition 1.1. P = {Py: 0 € ©} where © € R? and Py is a probability distribution on R™.

Example 1.1. Normal case : © = {(11,>") : p € R*, 3" € S*} where S¥ is the cone of positive
definite k X k matrices. Then Py ~ N(u,>.) and dim(©) =k + @ = % + 3k

Example 1.2. Linear Regression : Y ~ N(XB,0%1,) where Y € R", X € R™*? 3 ¢ R and
o> 0.

Model: Y = X3 + € where € = (€1, ..., €,) i.i.d. from N(0,0?). Observe X = (21, ..., z,) i.i.d. from
Py,. Goal : Draw inference on 6.



Important Assumption : P, 0y are fixed as n — oo. In high dimensional statistics, we assume
d — o0 as n — 00. In non-parametric statistics, we assume P grows as n — o0.

1.2 High-dimensional statistical models

Definition 1.2. A high-dimensional parametric statistical model is a sequence of parametric
statistical models {P,}52 where for each n, the sample space has size Sy, and the parameter
space has dimension d,, where Sy, d, are allowed to grow with n.

Example 1.3.

1.3 Different Types of Parametric Models

1. Fixed d models
2. d,, is allowed to change but d,, € o(n)

3. d, >> n ; Not generally possible without additional structural assumptions (sparsity, data
near a low - dimensional manifold, etc.)

2 Examples of high dimensional statistical models

2.1 Covariance Estimation

In the problem setting, we obtain vector samples Xy, ..., X,, i.i.d. (0,%) in RdAwhere Yisadxd
matrix. We want to estimate X using the empirical covariance matrix, given by 3,, = % PP, €9, €
Note that the empirical covariance matrix is an unbiased estimator of the covariance matrix.

We are interested in finding Hﬁln — ¥|co, to quantify the goodness of the estimator. If this is fairly
small, we could possibly say we have a good estimator. But we can’t be sure if the estimate is
positive definite or not. How do we measure this?

There are two cases that we need to consider. Case 1, where d is fixed and Case 2 where the
dimension of the problem d grows with n.

2.1.1 Fixed d

i) = 230 28 where z{") = X)X}, ;. This
implies that every entry is an average of product of two things. In particular, ZY’J ), 289 are
iid. with E[Z, ;)] — @) By WLLN, &

For a given pair (¢,7) in < 1,....,d >, let 5

n(i.j) i Y(i4) V (4,7). Following this, we see that

120 = Blloo D[Sy — S| (1)

i,J

Since |in(i,j) - 3.5l Lov (4,7), each term can be expressed as op(1).



Notes: We defined o(n). In particular, if x,, = o(1), this is equivalent to saying that, z,, — 0 as
n — oo. Here, z,, represents a deterministic sequence. What if we had random sequences?

Definition 2.1. If {X,, }n=12
of positive numbers, then X, = o0,(1) <= X, 0.

is a sequence of random vectors and {yn }n=12,... is a sequence

yees

yeen

This tells us that (1) can be expressed as

150 = Slloo <D 0p(1) = — on(l)

2%}
If d is fixed as n goes to infinity, ||, — X||e < 0,(1) since the rest can be written of as a constant.

Furthermore, if Z,gi’j ) has a second moment (that is entries of the random vector have a fourth
moment) then, by CLT
1

Vn

Notes : The Big - O notation may be familiar, and is defined for deterministic sequences, say {z,},
{yn}. I 2 = O(yn), 3 ¢ > 0, and ng = ng(c) such that ¥n > ng : [72] < c.

HEH_ZHOO Sop( )

Definition 2.2. For a sequence of random vectors {X,} and a sequence of positive numbers
Yn where X = Op(yn), Ve >0, 3¢ = c(e) such that Yn > ng : P(|32] > ¢) <e.

This implies that the sequence of random vectors is bounded in probability.
Continuing with our covariance estimation problem, let X1, ..., X,, ~ (u,0?).
Then X, = £ X; Ei ty Xn = p+ 0,(1). By central limit theorem, ?(Xn — 1) EEN N(0,1),
Xp=p+ Op(ﬁ)'

We are ignoring o here because it is a constant. The statement obtained through CLT implies the
first statement and also gives us a rate.

2.1.2 d increases with n

If d is a function of n, we need different tools. In HW1, you will show that with probability at least
1-3

log d,

N|=

- logd, + logn
10 = B < O(E2TED

1
)2 = Op( )
The increased rate of convergence shows the price you pay for the growing dimension. This may
be a misleading result because it seems to imply you can do well for d >> n but you should recall

that the metric under study is not a good one to begin with.

n



2.2 High Dimensional Probability Distributions

Commonly known probability distributions do not look similar in a high dimensional space. How-
ever, the good part is that they tend to concentrate.

Definition 2.3. Euclidean ball : B4(0,7) = {x € R : ||z||]2 < 7}
Cube : Cal0,7) = {w € R : Jlal|oe < 1}

In two dimensions the Euclidean unit ball, B(0,1) is a circle with radius 1 and the unit cube
(C5(0,1) is a square symmetric about the origin with each side = 2.

Let’s look at the volume of the sets considered above. Volume of the Euclidean norm ball B4(0,r) =

ryg, where
a

T2 2me . 4
= Vol(B N)==————n~(—)2
vg = Vol(B4(0,1)) NCIEY) (=)°
The gamma function is given by I' fo exp(—z)2z®~!dz. Note that the volume of the Euclidean

unit ball goes to zero really fast in hlgh dlmensmns Although, this doesn’t hold for C3(0,1) which
is equal to 2¢ even in higher dimensions.

Assume X is uniformly distributed over By(0,1), E||X|| = di Now, pick € € (0,1)

Vd — (1 — e)dvd
Vg

P([X||21—¢) = =1-(1-¢?>1—exp(—ed)

The probability that || X|| is close to 1 goes to 1 exponentially fast in d. Similarly, for the normal
distribution, if X ~ Ny(0,I;), then with high probability || X|| ~ v/d. This implies that if you
distribute points according to the normal distribution, the whole space never gets filled in.

Let’s go back to the unit cube, c;(0,1) = {x € R?: ||z]|o < 1}. It turns out that
d d
lim P <*3[(1 —o <Xl < %(1 —|—e)> Ve € (0,1).

d—o0

The main idea is that if X;,...,X,, are independent random variables and f : R® — R such
that it doesn’t depend too much on any of its coordinates, then f(Xji,...,X,) is very close to

E[f(X1,...., X,)].

3 Sub-Gaussian random variables

3.1 Basic concentration inequalities

Let X1,..., X, ~ (1, 02). By central limit theorem, X,, = L 3 X; = u+0, ( —). Note that this is
a purely asymptotic statement and doesn’t tell us about the behaviour for mtermedlate values of
n, say n = 30. We would like to know P(|X,, — u| > t) for some ¢ > 0.



We know that lim, 400 P(X2(X, —p) > t) = P(Z > 1), (1 — 5)6(t) < 1 - ¢(t) < Lo(t) <

t t3
nt?

%exp{—%}, Following this, we may be tempted to conclude that P(|X,, — u| > t) < exp (_W>

Although this is good for intuition, this isn’t exactly correct. We now look at the finite version of
CLT, also known as Berry Essen Bound.

Theorem 3.1. (Berry Essen Bound) Let X1, ..., X,, ~ (i1, 0?2), third moments exist then

sup P X8 < 4y p(z < o)) < ol y= E{X: —ul]

1
L\ T 1) <=
2ER Vno - o3 T T2

We know that Gaussian random variables concentrate around their mean, i.e. for Xi,...,X,, ~
N (u,0?), it holds P(|X,, — p| > t) < exp (—%i) for every t > 0. Thus, the probability that the
sample average X,, is far away from the mean yu decays rapidly. We want to replicate this type
of behavior for other random variables in a manner that allows us to (1) obtain finite samples

guarantees (i.e. for every n), and (2) circumvent the need for too many distributed assumptions on
). CTID,. ¢

Goal : Given some X ~ P with mean p, we want to derive an upper bound on P(|X — pu| > )
which holds for all ¢ > 0.

3.1.1 Markov Inequality

We make a first attempt at bounding the above probability in terms of moments of X based on
Markov’s inequality.

Theorem 3.2. (Markov’s Inequality) Let X be a random variable and E(X) = p. Then,

E[|X — ul?
P(|X —pl>¢) < minM
geN td

This procedure often yields an analytically sharp bound. However, it requires us to compute
the centered moments of X which is often infeasible or computationally expensive.

3.1.2 Chernoff bound

For a second approach to bounding of the above probability, we draw on the moment generating
function of the centered version of X, i.e. 1hx(\) = log(E[e*X~M)]), which is well-defined for all
A € (=b,b) for some 0 < b < co. Assuming a 0 < A < b, we get with Markov’s inequality that
P(X —p>t)=P** >
_ P(e)\(Xf,u) > e)\t)
E eA(X_H)
< % = exp(Yx (A) — At)

which results in the following bound.



Theorem 3.3. (Chernoff Bound) Let X be a random variable and E(X) = p. Then,
P(X —p=t) < exp(=¢x (1))

where P (t) = supe(o,p) (At — ¥x (A)).

In some sense, deriving a Chernoff bound does not require less knowledge about a distribution than
a Markov - based bound since we need the moment generating function of X — . In fact, we
have to assume the existence of infinity many moments. A main advantage is that these moments
do not have to be painstakingly calculated, and in turn, Chernoff bounds are usually the way to
go when having enough knowledge about the distribution although they are not as sharp as the
Markov-based bounds.

Example 3.1. (Chernoff bound for Gaussian) Let X ~ N(u,02), then B[e?X] = erATo"3*/2 for
all \ € R. So, we have that
2202 12
sup ()\t — log(E[e)‘(X_“)])) = sup(At — g )=,
A>0 A>0 2 20

which yields the bound
t2
P(X —p>t)<e 272 forallt>D0.

Theorem 3.4. (Two - sided Chernoff bound) Let X be a random variable and E[X] = pu.
Then,
P(IX = p| > t) < 2exp(=¢k (1)),

where P (t) = supye(_pp) (At — x ()

3.2 Sub-Gaussian random variables

In order to be able to derive Chernoff bounds, we need a bound for 1 x (A) which is not always easily
attainable. A sufficient condition in this setting is that the random variable is sub-Gaussian, i.e. its
tails decay faster than the tails of some Gaussian. An extensive overview over sub-Gaussian random
variables can be found in Metric Characterization of Random Variables and Random Processes.

Definition 3.1. (Sub - Gaussian) A random variable X is sub-Gaussian with parameter o if

2.2
E[e* X BXD] < exp ()\ g )
- 2

for all X € R. In that case, we write X € SG(o?).

A first simple observation is given by X € SG(o?) iff —X € SG(0?).

Now, if X € SG(0?), then the mgf of X can be bounded by the Gaussian mgf which yields the same
Chernoff bound as in Example 3.1.



Proposition 3.1. We observe several properties of sub-Gaussian random variables.

(1) Let X € SG(c?), then V(X) < 02 with V[X] = o2 if X is Gaussian.

(2) If there are a,b € R, such that a < X — p < b almost everywhere, then X € SG( (b_;)z).
(3) Let X € SG(c?) and Y € SG(7?), then

1. aX € SG(a?0?) for all a € R with a # 0.
2. X+Y € SG((t +0)?), and
3 if XY, X +Y € SG(r2 + 0?).

Proof. (1) It holds by assumption that E[e’\(X_E[X])} < exp (#) for all A € R, and applying the

Taylor expansion on both side,

_ 2 2 2
T SPEC I (C. Sal Ul S
—_——— 2
=0

+o0 (/\2)

We divide both sides of this inequality by A?(and assume A # 0), and let A — 0.

(2) Without Loss Of Generality, let u = 0. We show that log(E[e*X]) < % for all A € R.
First, notice that V(X) < (%5%)% For any A € R, let X be a RV with distribution that has
density of the form z — e*e ¥x( fx(z) if a < & < b. Then, V[X,] = ¥y (\) < (252)2. Since

¥ (0) = 1, (0) = 0, we have with the fundamental theorem of calculus that

W(A)Z/OAT//x(u)dU=/OA/Oﬂwf>’<(w)oiwcms/oA /O#AQ(b;“)dedu:A“‘f

(3) We prove (ii) and (iii) and assume that E[X] = E[Y]. If X 1LY, the proof is immediate. If not,
it holds for every A € R that E[e*X*Y)] = E[e*XeAY], then apply Hélder’s inequality and obtain

E[AX0] < [ X e < (B [X))7 (E []) 7 < exp (

= exp ()‘22 (po® + q7’2)> = exp <)\22(0 + T)2>

where we set p = 7/0 + 1 in the last step. O

)\2p202 1 )\2(]27'2 1)
2 p 2 q

3.2.1 Hoeffding inequality

Theorem 3.5. (Hoeffding inequality) Let X1, ..., X, be independent random variables such



that X; € SG for all i. Then,

—n?t?
P >t] < 2exp (n)
< ) 230}

Example 3.2. (Hoeffding for Bernoulli RV) Let X1, ..., X, be independent RV with X; ~ Bernoulli(p;)
for some p; € (0,1). Then, X; € SG(1/4) and thus,

X, - E[X
3 [Xi]

‘ n
=1

P(‘Xn _§n| > t) < QGXP(_Qnt2)

_ 1 1
—h <] — Nl >1-6
p<|Xn Pn| < 2nlog(5>> >1-6

3.2.2 Comparing Hoeffding and Chernoff Bounds

Thus, we have that

3.2.3 Equivalent Definitions of Sub-Gaussian Random Variables

Sub - Gaussianity can equivalently be characterized using Orlicz norms, as will be explored in the
second assignment. It turns out that Sub - Gaussian random variables are also uniquely character-
ized by their moments.

Proposition 3.2. Let I'(z) = [[t* te~'dt be the Gamma function. If X € SG(0?), then
E[X]P] < 1021’/20’T(p/2)7 Vp > 0, In particular, there exists C > 0 not depending on p such
1
that (E[|X|P])» < Coy/p.

Proof. We have that

Hoo oo 1 oo ’LL2
E[|X|P]:/ P(XI? > u)du / P( |X|>u5)du§2/ exp{z}du
0 0 0 20
u2/p u2/P 5= u2/p
2)5 _ (9.2y2 P
< (207)p exp{202}<202> 202 = (20 )ZpF(i)

4 Sub-Exponential random Variables

In this section, we consider a broader class of distributions than the Sub - Gaussian family, call the
Sub - Exponential family. We will see that interesting tail bounds can still be derived for random
variables belonging to this collection. One motivation for its definition is that Sub - Gaussian
random variables are not closed under taking squares, in the sense that X € SG(c?) does not imply
X? is Sub - Gaussian. For example, the square of a standard Gaussian is a Chi - Squared random
variable, which cannot be Sub - Gaussian since its moment generating function is not defined on
the entire real line.



Example 4.1. Let X ~ Laplace(b) for b > 0. Then it can be shown that
P(|X| > t) <exp(—tb), Vt>0

This is a different tail behaviour than what we are used to for Sub - Gaussian random variables,
and indeed, we note that X ¢ SG(c?) since its moment generating funciton is only defined on a

subset of the real line.
1

1— A2

1
b2 A< =
,V||<b

E [e/\X] =

Definition 4.1. (Sub - Ezponential Random Variable) We say that a random variable X is
Sub - Exponential with parameters v,a > 0, and we write X € SE(v?,a), if

1
), VAl < 1
(67

Observe that the moments of X are still well defined since they can be found as the derivative of
the MGF (moment generating function) at zero. An immediate consequence of the definition is
that SG(o?) C SE(02,0). Thus, all Sub - Gaussian random variables are also Sub - Exponential.

2,,2
B {SA(XAE(X))} < exp <>‘ v

Example 4.2. Let Z ~ N(0,1), and X = Z° ~ X3, B(X) =1. Let A < 1. Then, E [*X-D] =
-

\/%72)\ < exp {%} < exp {%} Thus, X € SE(4,4). Note that above follows from the following

inequality: —log(l —u) —u < Q(fiiu), Yu € (0,1) with u=2\.

Proposition 4.1. (1) Squares and products of centered Sub - Gaussian are Sub - Exponential:
X € SG(0?) = X? € SE(25602,1602)

(2) Suppose X is a random variable with Var[X] = o2 and |X — E[X]| < b almost everywhere,
for some b > 0. Then, X € SE(202,2b). Unlike Sub - Gaussian bounded random variables, the
variance of X appears in the Sub - Exponential parameters.

Proof. Let |A| < 5. Then,

\2o? N i M E[(X —E(X))F]

AMX-E(X))] —
Ele |=1+ > I

k=3

o2 N2 &
<1 Ab)F—2
<1+ 5+ 5 §(||>

A202 & A2o2 1
<1 AMp)F <142~
=it ;(H) R I B[

)\272 9 o
< ex — 3 <
ep{l |)\|b} exp{)\a}

10



4.1 Tail behavior for Sub-Exponential Random Variables

Theorem 4.1. (Tail Bounds for Sub - Ezponential Random Variables) Let X € SE(v? ),
and t > 0. Then, P{|X —E(X)| >t} < 2exp {—% min (% 5)}

Proof. Assume that = 0. Then repeating Chernoff argument, one obtains :

)\2 2
P(X >1) < eXp{—)\t—i— !

} — explg(\ 1)}, VA € (0, é)

To obtain the tightest bound one needs to find: ¢*(t) = inf g(\t)= inf — XM+ At

Ae(0,L Ae(0,L 2
Consider two cases: 1. 0 < t < %, M= 5 g(t) = —;1)—22, we obtains the bound describing
sub-Gaussian behavior. 2. t > %, =L gt)=-L+ % < -+ O

Recall that sufficient conditions for a random variable to be a Sub-Gaussian include:

e Boundedness of a random variable.

o Condition on the moments (E|X|k)1/k

One would like to obtain a similar condition allowing unbounded random variables to behave sub-
exponentially. One such condition is called Bernstein condition.

Definition 4.2. (Bernstein condition) Let X be a random variable with mean p and vari-
ance o%. Assume that 3b > 0 : E|X — plF < %k!ozbkfz, k= 3,4,.... Then one says that X
satisfies Bernstein condition.

Lemma 1. If random variable X satisfies Bernstein condition with parameter b, then : EeMX—#) <

202
¢ F T , VA< %. Additionally, from the bound on moment generating function one can obtain
the following tail bound(also known as o Bernstein inequality)

2

P(X —pul >1t) <2exp <_2(02—|—bt)

) s

Proof. Pick X : [A| < 3 (allowing interchanging summation and taking expectation) and expand
the MGF in a Taylor series :

)\22 OOEX— k )\22 )\2200
EopAX —p) =1+ +Y X =il e o q g X2 TS (AR

|
2 — k! 2 2 —
L Nt 1
= 2 10\

<e A2o2 1
e R Y

11



where we used 1+ z < e*. To show the final bound, take A : |A\| < %. Then the bound becomes :

A2 1 A2 (202
eXp{fl—w} <expao? = o ST

implying that X € SE(20?,2b). The concentration result then follow by taking A = ;.

4.2 Composition property of Sub - Exponential random variables

Let X1,..., X,, be independent random variables such that E X; = y; and X; € SE(v?, ;). Then
Z(Xi — i) € SE (Z v?,maxozi>
i=1 i=1 !

In particular, denote v2 = Y . v2, o, = max; «;. Then :
9 * =1 Y

2 v2

1 & 2 exp —ﬂ), 0O<nt<—=

P oY (Xi—m)l2t) < - "
n 2exp —%>7 otherwise

or, equivalently,

1w n 2t
P <n§(Xz — i) = t) < QBXP{—Q min (1/3’%)}

Example 4.3. Let X ~ X2 i.e.X =Y 1" | Z? where Z; ~ N(0,1). Then X € SE(4n,4) and thus,

>t><2 { % i <t2 t)}
> <2expq——min | —, —
2 474

n

P (711 >z -1)

i=1

4.3 Orlicz norms

Everything said so far can be handled in more general way using Orlicz norms.

Definition 4.3. (¥ - Orlicz norm) Let function v : RT™ — R* satisfy the following properties
o 1. (X)) s strictly increasing function 2. ¥(X) is a convex function 3. ¢(0) = 0. Then the

¥ - Orlicz norm of a random variable X is defined as : || X||y = inf{t > 0: Ev (@) <1}

Let us look at several examples :
1. Let ¢(xz) = 2P, p > 1. Then : || X||y = || X]], = (E\X|p)%
2. Let Yp(z) =€ —1, p>1

(a) p = 1: then || X||y, < oo is equivalent to X belonging to the class of Sub - Exponential
random variables.

12



(b) p = 2: then ||X]]y, < o0 is equivalent to X belonging to the class of Sub - Gaussian
random variables.

It is easy to show that ¢ [| X2y, = (1X[[g)2 XY, < [IX]lgallY Il

Theorem 4.2. (Concentration of a sub-Gaussian random vector) Let X = (X, ..., X4)T €
R? be such that : EX; =0, V(X;) = 1 and assume that X; € SG(c?). Then we can show that

| X2 = \/Z?ﬂ X? concentrated around \/d.

Proof. Since || X3 = Zle X2, s0 X? — 1 € SE(v?, @) where both parameters are determined by

o?. Thus, by the property of Composition property of Sub - Exponential, we have that

1 d 2t
- > < —Zmi d
P<d _t>_2exp{ 2m1n(yz,a>}, Yt >0

We will need to use the following fact : fix ¢ > 0. Then for any numbers z > 0 :

d

Sz -1

i=1

implies

|z —1] > ¢ 2?2 — 1 > max{c, ¢}

Using this fact allows to conclude that :

P (1 1) < (B8 ] ) 20 ()

4.4 Hoeffding vs Bernstein

Denote y = E(X) and 02 = V(X). Assume that |X — u| < b a.e. Then :

2exp | — %) Hoeffding

2 exp 72(0571!#0 Bernstein

For small t (meaning bt < 02) Bernstein’s inequality gives rise to a bound of the order:

t2
P(X — | > 1) < 2exp (—)
Cco

while Hoeffding’s gives:
t2
P(X —ul>t) <2 -——
(% =l 2 ) < 20 (- 5

But 02 < b? and thus, Bernstein’s bound is better / tighter.

13



Theorem 4.3. (Classic Bernstein inequality) Let X1, --- , X,, be independent random variables
such that | X; — EX;| <b, a.e and max V(X;) < o2. Then

1 nt?

n

> (Xi-EX))

i=1

Theorem 4.4. (Laurent-Massart bounds for X?) Let Zy,- -+ , Zq ~ N(0,1) anda = (a1, - ,aq)
witha; > 0,Vi € {1,--- ,n}. Let X =, a;(X?—1). Then for right-tail behavior is described
by

P(X > 2[lall2Vt + 2||al|ect) < e, ¥t >0

and for left - tail behavior:

P(X < —2||af2vt) <e 't >0

5 The bounded differences inequality

5.1 Bounded Difference Property

5.2 Application

6 Bound for Sub-gaussian vector and Covariance matrix

6.1 SG vectors and bound for the their norm

Definition 6.1. (Sub-Gaussian random vectors) A random vector X € R? is a sub - Gaussian
random vector with parameter o® if vI' X € SG(0?), v € St where ST1 = {x e R? : ||z]]2 =
1} is d - 1 unit sphere. We denote X € SGy(o?).

Claim : If X ~ N(0,%), then X € R? is a sub - Gaussian random vector with parameter ||X| .

Proof. For any v € S*1 vT%v < ||X|,p. Take MGF : E[e? X] = X v 20/2 < Nl1Bllon/2, O

Theorem 6.1. Let X € SGy(0?), then E||X||2 < 40v/d. Moreover, with probability at least
1—6 for 6 € (0,1),]|X||2 < 40vd + 20 /log(%).

Proof. U
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6.2 Covariance matrix estimation in the operator norm.

Theorem 6.2. Let Xy, -+, X, be iid samples from a distribution with mean 0 and covariance
matriz Y. Assume X; € SGq(0?) and are centered. Let %, = % 2?21 XZ-XiT. Then there exists
a universal constant C > 0 s.t.

S, -9 d+log(3) d+log(3
[En = Ellon 5 0y § (/41080 dH108G) () 55 (0,1
o n n

P

Proof. U

7 Matrix Concentration Inequalities

7.1 Matrix Bernstein Inequality

Theorem 7.1.

Proof. O
7.2 Matrix Hoeffding Inequality

7.3 Application

8 Ordinary and Penalized regression

8.1 OLS regression in high dimension

Recall : Y = XB* + ¢ where X is the fixed design matrix, ¢ € SG, (0?). We have that 8* =
(XTX)~1XTY as the OLS solution (which can be one of infinitely many solutions).

Theorem 8.1. There exists universal constants C' > 0 s.t. %HX(B—Q*)H% < Co? (%(1/01))
where 7 = rank(XT X).

Proof. O

8.2 Penalized regression

Be minlly = XBI3 + Auf(8)
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A classic penalty term is f(3) = || 3|3 (ridge regression) :
5ridge = (XTX + AnI)ilXTY

which is always unique even if n > d.

The interpretation is, consider the SVD decomposition of X = UAUT. Plugging this into X Bridge,
we have

T 2
2 T AT T gj
X Bridge = X(XTX + 2\, )7'XTY = UHU Y:j;ujg?ﬁmj,m

o?

J
U?+)\ .
directions u; with large O'JQ- and may be considered a smarter projection, whereas for OLS, all basis
u; is weighted the same amount.

where H is a diagonal matrix with H;; = We can see that ridge gives higher weight to

8.3 Slow and Fast rates for Lasso

9 Principle Component Analysis

10 Uniform Law of Large number
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