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Distributed 3-D Multi-Robot Cooperative
Localization: An Efficient and Consistent Approach

Yizhi Zhou , Yufan Liu, and Xuan Wang , Member, IEEE

Abstract—This letter studies the problem of Cooperative Local-
ization (CL) for multi-robot systems in 3-D environments, where a
group of mobile robots jointly localize themselves by using mea-
surements from onboard sensors and shared information from
other robots. To ensure the efficiency of information fusion and
observability consistency in a distributed CL system, we propose
a distributed multi-robot CL method based on Lie groups, well-
suited for 3-D scenarios with full 3-D rotational dynamics and
generic nonlinear inter-robot measurement models. Unlike most
existing distributed CL algorithms that operate in vector space
and are only applicable to simple 2-D environments, the proposed
algorithm performs distributed information fusion directly on the
manifold that inherently accounts for the non-Euclidean nature of
3-D rotations and translations. By leveraging the nice property of
invariant errors, we analytically prove that the proposed algorithm
naturally preserves the observability consistency of the CL system.
This ensures that the system maintains the correct structure of
unobservable directions throughout the estimation process. The
effectiveness of the proposed algorithm is validated by several nu-
merical experiments conducted to rigorously investigate the effects
of relative information fusion in the distributed CL system.

Index Terms—Cooperative localization, distributed estimation,
consistency.

I. INTRODUCTION

COOPERATIVE localization (CL) is widely employed in
networked multi-robot systems. Unlike single-robot local-

ization, which relies solely on a robot’s own measurements, CL
for multi-robot systems leverages shared or relative information
from neighboring robots through inter-robot communication,
significantly enhancing the localization accuracy of the ego
robot. CL methods are generally categorized into two types:
centralized and distributed. Centralized methods fuse all robots’
states into one vector to achieve optimal accuracy [1], but they
are vulnerable to single-point failures. In contrast, distributed
methods use only each robot’s local information [2], making
them more robust to node failures and dynamic network topolo-
gies.

Developing a fully distributed CL algorithm for multi-robot
systems in complex 3-D environments is challenging, par-
ticularly in fusing inter-robot measurements without explicit
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knowledge of cross-correlations between robots [3]. As robots
exchange information to refine their localization, intricate corre-
lations emerge between their state estimates, which are typically
unknown and intractable in a fully distributed framework [2].
Improperly handling these correlations during fusion can lead
to inaccurate results, a phenomenon known as inconsistency.
Most existing studies have addressed this problem in 2-D sce-
narios [2], [3] or simplified 3-D settings that neglect complex
rotations to achieve consistent fusion [4]. However, these ap-
proaches operate in vector spaces, making them ill-suited for
capturing the non-Euclidean nature of robot states in general 3-D
environments with complex rotations. Unlike the 2-D scenario,
which operates in a vector space, addressing the distributed
CL problem in complex 3-D environments requires handling
non-Euclidean state representations and incorporating 3-D rota-
tional dynamics. Some studies addressed the 3-D fusion problem
by representing the robot’s state using a Lie group SE(3) [5]
or an augmented quaternion, and fuse relative measurements
indirectly by converting them into state estimates of the observed
robot to ensure a consistent fusion. However, these methods
are restricted to relative pose measurements and cannot handle
general models.

Besides the improper handling of correlations between robots,
another common cause of inconsistency is the failure to preserve
system observability. Observability inconsistency occurs when
the estimated states fail to correctly capture the system’s inherent
unobservable directions, potentially leading to erroneous esti-
mates and degraded localization performance [6]. One approach
to solving this problem is to modify the system’s observable
directions to enforce proper observability properties. This is a
technique widely adopted in 3-D single robot localization [7]
and some 2-D CL scenarios [1], [6]. Another approach is the
invariant Kalman filter (InEKF), which represents the robot
state as an SE(3) matrix Lie group [8], [9] and naturally
preserves system observability due to the properties of the
invariant error. Nevertheless, existing InEKF-based methods are
primarily designed for single-robot localization or multi-robot
systems that do not incorporate relative information between
robots [10].

Motivated by these challenges, this letter proposes a novel
distributed invariant Kalman filter (InEKF) for 3-D multi-robot
CL on Lie groups, which ensures estimation consistency. Com-
pared to most existing CL methods that operate solely in vector
spaces, our approach leverages the Lie group structure to bet-
ter handle the non-Euclidean nature of 3-D robot states while
preserving system consistency. In addition, our method directly
fuses relative information, which we refer to as tightly-coupled
fusion, without requiring the transformation of relative mea-
surements before fusion. Thus, the proposed method does not
require relative measurements to be pose-only observations [5],
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making it suitable for general measurement models. The major
contributions of this work are:
� We propose a distributed InEKF on Lie groups for 3-D

multi-robot CL that tightly fuses relative information in a
fully distributed manner, while naturally handling the non-
Euclidean geometry of 3-D poses and supporting general
nonlinear measurements.

� We analytically derived the observability properties of
the multi-robot CL system on Lie groups and proved the
observability consistency of the proposed method. Please
refer to the supplementary material [11].

� We conducted extensive simulations as well as large-scale
real-world experiments to investigate the impact of rel-
ative information fusion on the observability properties
of the CL system. The results demonstrate that the pro-
posed method rigorously preserves observability consis-
tency while achieving higher state estimation accuracy,
thereby validating its effectiveness and scalability in prac-
tical multi-robot settings.

II. RELATED WORKS

A. Cooperative Localization

Effectively fusing relative information or measurements be-
tween robots is essential for consistent distributed multi-robot
CL [12]. A Covariance Intersection (CI)-based method is pre-
sented in [3] to fuse relative poses between robots. The method
in [13] incorporates a generalized maximum likelihood esti-
mation to further handle the biased sensor measurements. Zhu
et al. [2] introduces a tightly-coupled fusion method for fusing
the relative measurements suitable for any types of relative
measurements. However, all those methods only consider 2-D
environments where the robot states reside in the vector space.
Fang et al. [14] introduces an adaptive cubature split CI filter
to fuse the relative information in 3-D environments. In [5],
a distributed fusion method for 3-D CL is proposed to fuse
the relative poses between robots. Nevertheless, those methods
are specifically designed for relative pose measurements and
may not generalize to other types of relative measurements such
as distance-based measurements [15]. Meanwhile, cooperative
visual-inertial odometry approaches are proposed in [16], [17]
for distributed CL in 3-D environments, leveraging common
observations to enhance ego-robot localization. However, these
methods [16], [17] do not ensure observability consistency and
do not account for relative measurements between robots.

B. Observability Consistency of Localization System

The problem of observability inconsistency of an estimator
was first examined in [7]. To address this problem, methods such
as the first-estimates Jacobian (FEJ) [7] and the observability-
constrained (OC) approach [18], [19] have been proposed. These
methods ensure consistency by preserving the correct observ-
able directions of the estimator. Both approaches have been
successfully applied in single-robot [7], [20] and multi-robot
localization scenarios [18]. A Kalman decomposition-based ap-
proach is proposed in [1] to ensure the observability consistency
of the CL system by eliminating the error discrepancy items.
Instead of manually modifying the estimators’ observable space
for consistency, studies such as [21], [22] employ Lie group
representations for robot poses to achieve consistent localiza-
tion in single robot scenarios by leveraging the properties of

invariant observers [8]. Building on this, works such as [13],
[23] extend these approaches to multi-agent estimation, enabling
consistent localization across collaborative systems. However,
these methods [13], [23] do not consider relative measurements
between robots and therefore cannot be applied to multi-robot
CL scenarios.

III. PROBLEM STATEMENT AND ANALYSIS

A. Problem Statement and Model

Consider a networked multi-robot system consisting of m
robots in a 3-D environment, where the poses of each robot
are initially unknown and need to be estimated. Each robot is
equipped with proprioceptive (e.g., IMU or odometries) to mea-
sure its ego-motion, and exteroceptive sensors (e.g., camera or
Ultra-Wideband sensor) to observe static environmental features
and obtain relative measurements to other robots. In a distributed
CL setting, each robot may use its ego-motion measurements and
relative information received from other robots to estimate its
own state.

System State: We define the state of each robot i to be
estimated at timestep k as Xi,k ∈ SE2+L(3)×R6, where L
denotes the number of environmental feature points, and the
subscript represents augmented SE(3) group [9].

Xi,k = (Ti,k,Bi,k), Bi,k =
[
b�ai,k

b�ωi,k

]�
Ti,k =

[
G
Ii,k

R GvIi,k
GpIi,k

Gpf

03 I3

]
, (1)

where Ti,k ∈ SE2+L(3). The terms bωi,k,bai,k ∈ R3 denote
the gyroscope and accelerometer biases, respectively. G

Ii,k
R ∈

SO(3) represents the rotation from robot i’s inertial frame Ii,k
to global frameG at timestep k. GpIi,k and GvIi,k denote IMU’s
3-D position and velocity in global frame G, respectively. Gpf

represents the coordinate of an environmental feature point. For
simplicity, we assume the system Xi,k only contains a single
feature, i.e. L = 1, which is easily generalizable to the multiple
features case by augmenting matrix Ti,k. We define X̂i,k =

(T̂i,k, B̂i,k) as the state estimate of Xi,k, then formulate the
estimation error as

X̃i,k =
(
T̂i,kT

−1
i,k, B̂i,k −Bi,k

)
�

(
ηi,k, B̃i,k

)
, (2)

where ηi,k ∈ SE3(3) denotes the right invariant error:

ηi,k =

[
G
Ii,k

R̃ Γ1 Γ2 Γ3

03 I3

]
G
Ii,k

R̃ = G
Ii,k

R̂(GIi,kR)−1, Γ1 = Gv̂Ii,k − G
Ii,k

R̃GvIi,k

Γ2 = Gp̂Ii,k − G
Ii,k

R̃GpIi,k , Γ3 = Gp̂f − G
Ii,k

R̃Gpf ,

(3)

and B̃i,k = [(b̂ai,k
− bai,k

)�, (b̂ωi,k
− bωi,k

)�]�. By apply-
ing the log-linear property of the invariant error [9], ηi,k can
be approximated by the following first-order approximation1

ηi,k = expG(ξi,k) ≈ I6 + ξi,k
∧ ∈ R6×6, (4)

1expG(·) represents the exponential map that maps elements in Lie algebra
to the matrix Lie group. Details are given in the supplementary material.
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where (·)∧ : Rdimg → g is the linear map that transforms the
error vector ξi,k defined in the Lie algebra to its corresponding
matrix representation [9], and

ξi,k �
[
(ξθi,k)

� (ξvi,k
)� (ξpi,k

)� (ξfk)
�]� ∈ R12

ξθi,k = θ̃i,k = log(GIi,kR̃) ∈ R3

ξvi,k
= Gv̂Ii,k − (I3 + �θ̃i,k×�)GvIi,k ∈ R3

ξpi,k
= Gp̂Ii,k − (I3 + �θ̃i,k×�)GpIi,k ∈ R3

ξfk = Gp̂f − (I3 + �θ̃i,k×�)Gpf ∈ R3. (5)

We define the overall error state of each robot i at time tk as

x̃i,k =
[
ξ�i,k B̃�i,k

]�
∈ R18. (6)

System motion model: The motion model for each robot i in the
network adheres to a general 3-D rigid body continuous-time
kinematics described as follows:

G
Ii,k

Ṙ = G
Ii,k

R�Ii,kω×�, Gv̇Ii,k = G
Ii,k

R(Ii,ka) + Gg

GṗIi,k = GvIi,k ,
Gṗf = 0, ḃωi,k

= wωi
, ḃai,k

= wai

(7)

where Gg =
[
0 0 −9.8]� denotes the gravity vector. Ii,ka

and Ii,kω represent the acceleration and angular velocity in the
robot i’s own frame, respectively, which can be measured by the
IMU. The measurement model is given as

Ii,kam = Ii,ka− G
Ii,k

R
�Gg + nai,k

+ bai,k

Ii,kωm = Ii,kω + nωi,k
+ bωi,k

, (8)

where nai,k and nωi,k are assumed to be zero mean Gaussian
noises. bωi,k

and bai,k
are the biases which are modeled as

random walk process, where their time derivatives follow a
Gaussian distribution.

Measurement models: We consider two types of exteroceptive
sensor measurement models. The first type of measurement is
the visual measurement model, denoted as zi,k. When a static
environmental feature Gpf is tracked by the robot’s camera, the
corresponding measurement model is given by

zi,k = Π(Ipf ) + nci,k

Ipf
	
=

[
x y c

]�
= G

I R
� (Gpf − GpIi,k

)
(9)

where Π(
[
x y z

]�
) =

[
x/z y/z

]�
denotes the projection

function, and nci,k ∼ N (0,Qi) represents the measurement
noise assumed to be zero-mean Gaussian. The second type
involves relative measurements between two robots i and j,
which is typically a function of the relative pose between the
two robots, expressed as follows

zij,k = hij(Xi,k,Xj,k,nij,k) (10)

where nij,k ∼ N (0,Qij) denotes the relative measurement
noise, which is also assumed to be zero-mean white Gaussian.

Remark 1: In the algorithm derivation, the relative measure-
ment hij(·) is modeled as a general nonlinear measurement

Fig. 1. Comparison of Distributed Fusion Strategies: Loosely-coupled vs.
Tightly-coupled approaches. Red arrows indicate the transmission of a robot’s
own information, while blue arrows represent the use of a neighbor’s informa-
tion.

model without specifying the exact measurement type. In Sec-
tion IV-C, we present two representative examples of measure-
ment types (the relative distances and relative positions between
robots) to analyze how different types of relative measurements
influence the system’s performance.

B. Problem Analysis

To achieve efficient and consistent multi-robot CL, we found
two major challenges: how to efficiently fuse the inter-robot
information in a fully distributed manner, and how to ensure the
observability consistency of the system.

1) Distributed Fusion of Inter-Robot Information: In multi-
robot CL, relative measurements introduce implicit correlations
between robots, which are generally unknown in distributed
settings. To handle this, one can adopt either loosely- or tightly-
coupled fusion strategies as shown in Fig. 1.

The differences between Loosely and Tightly-coupled fusions
are detailed as follows:

Loosely-coupled fusion: As shown in Fig. 1(a), robot i first
estimates its own state using onboard sensors as (X̌i,k, P̌i,k),
and then uses the relative measurement zij,k to infer an estimate
of robot j’s state, denoted as (X̌i

j,k, P̌
i
j,k). This estimate is

transmitted to robot j, which fuses it with its own local estimate.
Since this approach indirectly incorporates relative information
at the state level, it requires the neighbor’s state to be fully
observable from the measurement, and is thus only applicable
to certain types of relative observations [5].

Tightly-coupled fusion: This paper considers tightly-coupled
fusion (Fig. 1(b)), which directly incorporates relative measure-
ments and neighbor information into the local state update. For
instance, robot i uses zij,k from neighbor j to update its estimate
(X̌i,k, P̌i,k). This enables more flexible use of relative informa-
tion, as full observability is not required. However, performing
such fusion on Lie groups while ensuring that the state remains
on the manifold is nontrivial.

2) Observability Consistency of CL: Observability reflects
how well the system states can be recovered from measurements
and is critical for consistent CL. While the observability of
single-robot 3-D localization is well understood, the introduc-
tion of inter-robot fusion in 3-D CL systems makes the analysis
more complex. It is therefore essential to examine how rela-
tive information fusion affects the observability directions and
whether it preserves consistency.
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Based on the above analysis, we define the problem of
interest as follows: Given the process and measurement models
described in (7), (9), and (10), each robot aims to estimate
their states and fuse the information in a tightly-coupled and
distributed manner, while ensuring the observability consistency
of the entire CL system throughout the estimation process.

IV. ALGORITHM DESIGN

In this section, we propose a consistent distributed CL algo-
rithm for 3-D multi-robot systems, consisting of a local estima-
tion and a tightly coupled fusion step.

A. Local Estimation

The local estimation step follows the general procedure of the
InEKF, where each robot i uses its own sensor measurements
to estimate its own state independently. Given the posterior
estimate (X̂i,k−1, P̂i,k−1) of the previous timestep k − 1, each
robot i first performs the propagation to compute a prior esti-
mate, denoted as (X̄i,k, P̄i,k). In the propagation step, the state
X̄i,k of the i’s robot is propagated forward using its own IMU
measurements Ii,kam and Ii,kωm based on kinematics (7). To
propagate the state covariance, we first linearize the continuous-
time kinematics (7) to compute a linearized error-state model as

d

dt
x̃i,k � Fi,kx̃i,k +Gi,kni, (11)

where x̃i,k is the overall error state of each robot i defined in (6);
Fi,k andGi,k are corresponding Jacobians. Given the linearized
system in (11), the error covariance can be propagated as

P̄i,k = Φi,kP̂i,k−1Φ�i,k +Oi, (12)

where Oi denotes the discrete noise covariance matrix;
Φi,k represents the discrete-time state transition matrix from
time tk to tk+1 which can be simply computed as Φi,k =
exp(Fi,kδt), δt = tk − tk−1. We provide more detailed deriva-
tions in Section 2 of the supplementary material.

Once the robot’s camera captures the environmental features,
the robot will update the prior estimate for a local estimate,
denoted as (X̌i,k, P̌i,k). Specifically, with the definition of error
states in (5), we linearize the camera measurements at the prior
estimate and compute the Jacobians as

z̃i,k = Hc,ix̃i,k + nci,k

Hc,i = Hpi

G
Ii,k

R̄
� [

03 03 −I3 I3 03×6
]

(13)

to perform the measurement update (detailed derivation is given
in Section 3.1 of the supplementary material).

B. Tightly-Coupled Fusion for Relative Information

If robot i has access to the relative robot-to-robot measure-
ment zij,k at the current timestep k, the robot will fuse this
relative information with its local estimate to compute a posterior
estimate, denoted as (X̂i,k, P̂i,k). As we analyzed before, the
relative measurement zij,k depends on both the states of related
robot i and j. To update the local estimate with the relative
measurements, we first build a linear residual system of the
relative measurement by linearizing the measurement zij,k in

(10) as

z̃ij,k = Hr,ix̃i,k +Hr,jx̃j,k +Gijnij,k, (14)

where Hr,i and Hr,j are the measurement Jacobian with respect
to the state of robot i and j at time k, respectively. Although these
Jacobians are inherently time-dependent, we omit the explicit
notation of k for simplicity and readability. x̃i,k and x̃j,k are
the corresponding error state vector in consistent with (6). Gij

is the jacobian with respect to the measurement noise nij,k.
Let Ni,k denotes the neighbor set of robot i where the relative
measurements zij,k are accessible by robot i, given as Ni,k =
{j1, . . . , jL}. By using all available relative measurements zij,k,
we obtain a stacked linear residual systems as

z̃i,k =

⎡
⎢⎢⎢⎣
z̃ij1,k
z̃ij2,k

...
z̃ijL,k

⎤
⎥⎥⎥⎦ = H̃i

⎡
⎢⎢⎢⎣
x̃i,k

x̃j1,k

...
x̃jL,k

⎤
⎥⎥⎥⎦+

⎡
⎢⎢⎢⎣
Gij1nij1,k

Gij2nij2,k

...
GijLnijL,k

⎤
⎥⎥⎥⎦

H̃i =

⎡
⎢⎢⎢⎢⎣
Hij1

r,i Hij1
r,j1

0 · · · 0

Hij2
r,i 0 Hij2

r,j2
· · · 0

...
...

...
. . .

...
HijL

r,i 0 0 · · · HijL
r,jL

⎤
⎥⎥⎥⎥⎦ (15)

For simplicity, we reorganize the structure H̃i in (15), where
each column of H̃i is rewritten as a block matrix:⎡

⎢⎢⎢⎣
z̃ij1,k
z̃ij2,k

...
z̃ijL,k

⎤
⎥⎥⎥⎦ �

[
H̄r,i H̄r,j1 · · · H̄r,jL

]
⎡
⎢⎢⎢⎣
x̃i,k

x̃j1,k

...
x̃jL,k

⎤
⎥⎥⎥⎦+ ñi,

(16)

and ñi denotes the stacked noise vector.
It is important to note that if robot i has used the relative

measurement zij,k, which depends on both robot i’s and j’s
states, to update its own state Xi,k, these two robots’ states
will become correlated afterwards. In other words, the cross
covariances between each local filter are non-zero, which is
generally unknown and nontrivial to handle in a fully distributed
setting. Thus, (16) cannot be directly used to perform the InEKF
update.

To properly handle the unknown correlation term and ensure
the consistency of the estimator, we leverage the covariance
intersection (CI) algorithm [16] that satisfies the following con-
dition to approximate the covariance matrix:

diag

(
1

ωi,k
P̌i,k, . . . ,

1

ωjL,k
P̌jL,k

)
�

⎡
⎢⎣

P̌i,k · · · P̌ijL,k

...
. . .

...
P̌�ijL,k · · · P̌jL,k

⎤
⎥⎦

(17)

where the right-hand side denotes the true covariance matrix
with cross-covariance terms and the left-hand side is the ap-
proximated covariance matrix by CI [16].ωi,ωjl are the weights
which satisfy

ωi,k +
∑

j∈Ni,k

ωj,k = 1,ωi,k > 0,ωj,k > 0. (18)
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Algorithm 1: Cooperative Localization for Robot i.

Input: IMU measurements Ii,kam, Ii,kωm, camera
measurements zi,k, relative measurements zij,k from
j ∈ Ni,k at each timestep k, and the initial estimate
(X̂i,0, P̂i,0).

1: for each timestep k = 1, 2, . . . do
2: /*Local Estimation*/
3: Obtain the prior estimate (X̄i,k, P̄i,k) by

propagating the previous estimate (X̂i,k−1, P̂i,k−1)
using the IMU kinematics (7).

4: if a camera observation zi,k is available then
5: Compute (X̌i,k, P̌i,k) through the local update.
6: else
7: (X̌i,k, P̌i,k)← (X̄i,k, P̄i,k).
8: end if
9: /*Tightly-Coupled Fusion*/

10: if relative measurements zij,k are available then
11: Communicate with neighbors j ∈ Ni,k to obtain

their estimates (X̌j,k, P̌j,k) and build the stacked
linearized system (16).

12: Determine the optimal CI weights.
13: Compute the posterior estimate (X̂i,k, P̂i,k) by

updating the local estimate using (19) and (20).
14: else
15: (X̂i,k, P̂i,k)← (X̌i,k, P̌i,k).
16: end if
17: end for

It is worth noting that the weight terms for each robot can either
be optimized online during the estimation process based on
various performance criteria [24] or fixed to enhance compu-
tational efficiency [16]. We discuss the trade-offs between these
two strategies in the supplementary material. By substituting the
approximated covariance (17) into the update step of InEKF, the
relative measurements can be used to update the local estimate
of each robot. In particular, robot i’s covariance can be updated
as

P̂i,k =
1

ωi,k
P̌i,k − 1

ω2
i,k

P̌i,kH̄
�
r,iS

−1
k H̄r,iP̌i,k

Si,k =
∑

j∈({i}∪Ni,k)

1

ωj,k
H̄r,jP̌j,kH̄

�
r,j +Ri, (19)

where Ri denotes the covariance of the stacked noise vector ñi;
and the state is updated as

X̂i,k = X̌i,k � εi,k =

[
exp(εAi,k

)Ťi,k

B̌i,k + εBi,k

]

εi,k �
[
εAi,k

εBi,k

]
=

1

ωi,k
P̂i,k|k−1H̄�i,kS

−1
i,kz̃i,k (20)

Remark 2: The correction term εi,k =
[
ε�Ai,k

ε�Bi,k

]�
is

applied to the state estimate X̌i,k. It consists of two compo-
nents: εAi,k

and εBi,k
, which are used to correct the Lie group

component Ťi,k and the vector component B̌i,k of the state X̌i,k,
respectively.

C. Observability Analysis

Observability plays a crucial role in analyzing system con-
sistency, as it determines whether the system can recover its
initial state using all the available measurements. Following the
proof of Theorem 1 of [6], the local observability matrix for the
time-varying error state of the whole system is defined as

O =

⎡
⎢⎢⎢⎣
O0

O1

...
Ok

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎣

H0

H1Φ̄1|0
...

HkΦ̄k|0

⎤
⎥⎥⎥⎦ , (21)

where Φ̄k,0 = diag(Φ1,k|0, . . . ,Φm,k|0) is the joint state transi-
tion matrix of all the robots; Hk denotes the measurement Jaco-
bian. Since the derivation is formulated for a general nonlinear
measurement model, we illustrate the exact observability by an-
alyzing two common cases: relative-position and distance-only
measurements.

Distance-only Measurement: The distance measurement be-
tween two robots i and j can be modeled as a function of their
positions with noise nij,k:

zij,k = ‖GpIi,k −G pIj,k‖2 + nij,k (22)

and the corresponding measurement Jacobian in (14) at the local
estimate X̌i,k is computed as

Hr,i =
Gp̌�ij
‖Gp̌ij‖2

[−�Gp̌Ii,k×� 03 I3 03×9
]

Hr,j =
Gp̌�ij
‖Gp̌ij‖2

[�Gp̌Ij,k×� 03 −I3 03×9
]

(23)

Theorem 1: If each robot undergoes general motion in the
3-D environment, the multi-robot system has unobservable di-
rections, denoted as N, given by

N =
[
N�1 · · · N�i · · · N�m

]�
Ni =

[
Gg� 01×3 01×3 01×3 01×6
03 03 I3 I3 03×6

]
,

for i = {1, . . . ,m} (24)

where OkN = 0. The detailed derivation is given in Section 4
of the supplementary material.

Theorem 1 shows that the multi-robot CL system remains
unobservable with four directions, corresponding to the global
yaw and position. In general, withm robots running independent
visual–inertial localization (without relative measurements), the
system exhibits 4m unobservable directions, since each visual–
inertial system inherently has four [20]. Incorporating relative
measurements reduces these to four, as global yaw and position
remain unobservable while inter-robot relative poses become
observable. Thus, relative measurements enhance localization
by increasing the number of observable directions.

Lemma 1: As the unobservable space N is unrelated to the
system state and only consists of constant values, the system
unobservable space will not be affected by system linearization
change. Thus, the correct observability of the overall CL system
is preserved naturally with our proposed fusion algorithm.

Authorized licensed use limited to: George Mason University. Downloaded on June 26,2026 at 19:05:17 UTC from IEEE Xplore.  Restrictions apply. 



ZHOU et al.: DISTRIBUTED 3-D MULTI-ROBOT COOPERATIVE LOCALIZATION: AN EFFICIENT AND CONSISTENT APPROACH 2311

TABLE I
SIMULATION PARAMETERS. ALL THE ALGORITHMS AND ROBOTS USE THE

EXACT SAME PARAMETERS AS THE TABLE (REL MEAS. NOISE MEANS

RELATIVE MEASUREMENT NOISE)

Relative-position Measurement: The relative position mea-
surement between two robots i and j can be modeled as:

zij,k =
(
GpIi,k −G pIj,k

)
+ nij,k (25)

Following the similar line as the previous analysis, we have the
following Theorem:

Theorem 2: If each robot undergoes general motion in the
3-D environment, the unobservable directions of the CL system,
denoted as N, are given as

N =
[
N�1 · · · N�i · · · N�m

]�
Ni =

[
03 03 I3 I3 03×6

]
, for i = {1, . . . ,m} (26)

where OkN = 0. Similarly, by fusing the relative posi-
tion measurements as additional geometric constraints between
robots, the unobservable directions of the CL system has reduced
from 4m to 3. Due to the space limitations, we provided a more
detailed proof and analysis in the supplementary material.

V. SIMULATION EXPERIMENTS

A. Simulation Setup

In this section, we implement the proposed algorithm in a
nontrivial 3-D CL scenarios with six robots following distinct
pre-designed trajectories. For each trajectory, the algorithm is
evaluated using two types of relative measurements: relative-
pose and relative-distance-only observations, both sampled at
10 Hz. Each robot is equipped with an IMU (100 Hz) for ego-
motion sensing and a monocular camera (10 Hz) that intermit-
tently observes six randomly placed static features. To simulate
limited inter-robot communication, relative measurements from
neighbors are available with a detection probability of 60% at
each timestep. All robots are initialized with the ground-truth
state, and the initial state covariance is set as

P̂i,0 = diag
(
0.022I3, 0.05

2I3, 0.01
2I9

)
(27)

We conduct 100 Monte Carlo trials using the simulation pa-
rameters in Table I. All algorithms share identical parameter
settings and are tested on the same simulated datasets. In each
trial, robots simultaneously perform ego-motion estimation,
inter-robot communication, and local sensing. Performance is
evaluated using root mean squared error (RMSE) for accuracy
and normalized estimation error squared (NEES) for consis-
tency. For a consistent estimator, NEES values for position
and orientation should remain below their respective degrees
of freedom (3 each). Final results are averaged over all runs.
We compare the performance of the proposed algorithm with
several baseline methods. These include the standard Extended
Kalman Filter (EKF) and the Lie group-based Invariant EKF
(InEKF) [21], both of which are widely used for single-robot

TABLE II
AVERAGED RMSE AND NEES ERRORS OVER 100 MONTE-CARLO RUNS

localization but cannot incorporate inter-robot relative measure-
ments. We also consider a naïve fusion method that fuses rel-
ative measurements without accounting for cross-correlations.
Although such a method can exploit relative information, it
typically leads to inconsistency. While consistent methods such
as the loosely coupled approach proposed in [5] exist, they are
designed specifically for full relative-pose measurements and are
not applicable to partial inter-robot observations such as relative
distances, as illustrated in Fig. 1(b).

B. Simulation Results

1) Experiment 1 (fusion with relative distances): In this case,
we consider that each robot is equipped with an Ultra-Wideband
(UWB) sensor to measure inter-robot distances as relative in-
formation between robots. Fig. 2 shows the NEES and RMSE
of the robot team over time, averaged across 100 Monte Carlo
runs for each algorithm. Table II summarizes the average RMSE
and NEES across 100 Monte Carlo runs. The results show that
the proposed method significantly improves both position and
orientation accuracy compared with single-robot localization
algorithms (standard EKF and InEKF) by effectively fusing
inter-robot distance measurements. Unlike the loosely-coupled
approach, which requires full relative-pose observations, our
method can incorporate partial observations, making it more
general and applicable to diverse sensor configurations while
still achieving superior accuracy. Moreover, the proposed al-
gorithm exhibits the slowest RMSE growth, highlighting its
improved long-term robustness. The table further shows that
our method maintains consistency in both position and orien-
tation estimates by properly fusing relative information while
preserving the system’s observability properties, as established
in Lemma 1. By contrast, the naive fusion method and standard
EKF are inconsistent: the former neglects inter-robot corre-
lations, while the latter suffers from linearization errors that
distort observability. The InEKF remains consistent but is less
accurate than our approach. Finally, results reported in the
supplementary material [11] for trajectory set 2 show that the
position NEES of our method falls below the expected value of 3,
indicating consistent yet slightly conservative estimation. This
behavior stems from the use of the CI algorithm, which yields
conservative estimates under unknown cross-correlations [5]. In
3-D Lie group settings, where the nonlinear manifold structure
introduces additional complexity, CI tends to be even more
conservative in order to ensure consistency. Despite this con-
servativeness, our method consistently achieves accurate and
robust localization performance.

2) Experiment 2 (fusion with relative positions): In this case,
each robot can measure the relative position between other
robots as relative information, which can provide more informa-
tion compared with the distance-only measurements. As shown
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Fig. 2. Averaged estimation performance of the multi-robot system over 100 Monte Carlo trials using the proposed algorithm for two types of relative measurements
(relative position and relative distance) on traj set 1, compared against the naive fusion method, InEKF, and the standard EKF.

TABLE III
PERFORMANCE UNDER VARIOUS RELATIVE-MEASUREMENT NOISES

in Figs. 2(b) and (c), incorporating relative position measure-
ments significantly improves localization accuracy compared
to both single-robot localization and fusion using only relative
distance. This result is consistent with Theorem 2, which states
that fusing relative position measurements improves observabil-
ity by introducing more informative constraints than relative
distance measurements, thereby enhancing overall localization
accuracy. Due to space limitations, additional simulation results
are provided in the supplementary material (see the Simulation
section).

3) Experiment 3 (fusion under different noise level): To
further evaluate the robustness and consistency of our fusion
method, we test its performance on trajectory set 1 using relative-
distance measurements under three noise levels. As shown in
Table III, our distributed InEKF achieves low localization errors
across all cases, even under high measurement noise. This
demonstrates that the proposed method can effectively incorpo-
rate relative measurements despite significant uncertainty. We
also observe that under severe noise, the NEES falls below its
nominal value, indicating that the fusion algorithm becomes con-
servative. This conservativeness arises from CI fusion: by upper-
bounding unknown cross-covariances, it inflates the covariance
to ensure consistency. Moreover, since our approach operates on
the SE(3) manifold in 3-D, the uncertainty propagation is more
complex than in many 2-D methods, which further amplifies
the CI inflation effect. These results highlight that CI fusion
in high-dimensional spaces requires careful tuning to balance
consistency and covariance tightness.

VI. REAL-WORLD EXPERIMENTS

In this section, we evaluate our algorithm on the pub-
licly available UTIAS 2-D multi-robot cooperative localiza-
tion dataset [25]. Although the method is designed for 3-D
scenarios, real-world 3-D experiments are highly challenging,

Fig. 3. Estimated trajectories versus ground truth of five robots in sub-dataset 1
of the UTIAS dataset.

and, to the best of our knowledge, no publicly available 3-D
multi-robot dataset exists. The dataset was collected using five
differential-drive robots operating in a 15m× 8m indoor en-
vironment with 15 static landmarks. Each robot is equipped
with a monocular camera with a 60◦ field of view, from which
relative range and bearing measurements are obtained when-
ever another robot or landmark enters the view. Ego-motion
data, including linear and angular velocities, is also recorded.
Ground-truth robot trajectories and landmark positions in the
global frame are provided by a Vicon motion capture system.
The dataset comprises nine subsets with varying robot motion
profiles, offering diverse and challenging scenarios for evalua-
tion. Fig. 3 illustrates the estimated trajectories of all robots in
sub-dataset 1, demonstrating the effectiveness of the proposed
CL algorithm. To further evaluate its performance, we compare
our method with a centralized approach and two state-of-the-art
decentralized estimation methods: the decentralized dual fusion
(DDF) method [26] and the distributed extended information
filter (DEIF) [2]. It should be emphasized that these baselines
are restricted to two-dimensional vector spaces and thus cannot
be extended to the three-dimensional non-vector formulation
considered in this work. This highlights the advantage of our
approach, which directly operates on the 3-D Lie group structure,
while the comparisons with vector-space baselines are provided
only as a point of reference. In these experiments, the initial robot
poses are generated by perturbing the ground truth with a±0.2m
offset in position and a±5◦ offset in orientation, rather than using
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TABLE IV
AVERAGED RMSE FOR SUB-DATASET 1

the exact poses as in the previous simulation setup. As shown
in Table IV, our algorithm achieves comparable performance.
Considering that DDF requires two communication rounds per
iteration, whereas our method needs only one, this highlights the
superior communication efficiency of our approach while main-
taining comparable accuracy. Additional experimental results
are provided in Section 5.2 of the supplementary material.

VII. CONCLUSION

In this letter, we proposed a novel distributed invariant Ex-
tended Kalman Filter (InEKF) for multi-robot CL in 3-D envi-
ronments. Our method is fully distributed and accommodates
general nonlinear inter-robot measurements by fusing the rel-
ative information in a tightly-coupled manner. Additionally,
unlike most existing distributed CL approaches that operate in
vector space and often fail to maintain observability consistency,
our method directly fuses relative information on the Lie group,
ensuring both consistency and efficiency for distributed CL in
3-D environments. We also experimentally validated the effec-
tiveness of the proposed algorithms. For future work, we plan
to extend our approach to multi-robot SLAM, leveraging com-
mon observations as additional relative information to further
enhance estimation accuracy.
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