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1 Introduction

The exterior-point method is based on the nonlinear rescaling - augmented
Lagrangian (NRAL) technique, which generalizes the modified barrier - aug-
mented Lagrangian method [2]. The NRAL method uses the nonlinear rescal-
ing technique [8, 9] for inequality constraints and the augmented Lagrangian
[5, 11] for equations. The NR method at each step alternates the unconstrained
minimization of the augmented Lagrangian for the equivalent problem in the
primal space with both the Lagrange multipliers and scaling-penalty parame-
ter update. This is equivalent to solving the primal-dual system of equations.
The application of Newton’s method to the primal-dual system leads to the
exterior-point method.

The exterior-point method eliminates the necessity to find the minimizer
of the augmented Lagrangian for the equivalent problem at each step. More-
over, the EPM has two basic advantages over the Newton NR method, which
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consists of using Newton’s method for finding an approximation of the primal
minimizer followed by the Lagrange multipliers update [8] (see also [2, 6]).
First, instead of finding the primal approximation and updating the Lagrange
multipliers, the EPM performs one Newton step for solving the primal-dual
system. Second, a special way to increase of the penalty-barrier parameter
leads to a 1.5-Q-superlinear rate of convergence of the exterior-point method
in the neighborhood of the solution under the standard second-order optimal-
ity conditions.

The exterior-point method is the generalization of the primal-dual NR ap-
proach (see [3, 4, 10]) for problems with both inequality constraints and equa-
tions.

The paper is organized as follows. In the next section we describe the prob-
lem and the basic assumptions. In section 3 we consider a class of constraint
transformations and the augmented Lagrangian for the equivalent problem.
In section 4 we formulate the nonlinear rescaling — augmented Lagrangian
method. In section 5 we consider the primal-dual system, describe the exterior-
point method and prove a 1.5-Q-superlinear rate of convergence. We conclude
the paper by pointing out further directions of research.

2 Statement of the problem and basic assumptions.

We consider p + ¢ + 1 twice continuously differential functions f, ¢;, g; :
R'—-R i=1,...,p,j=1,...,q and the feasible set

R={z:¢(x)>0,i=1,...,p; g;jx)=0,j=1,...,q}.
The problem consists of finding
(P) z* € X* = Argmin{ f(z)|z € 2}.
The Lagrangian L : IR" x R} x R — R for problem (P) is given by

formula .
L(z,\,v) Z Niei(@) = > jg;()
j=1

We assume that I* = {i: ¢c(z*) =0} = {1...,r} is the active set of inequality
constraints, i.e cz( ) =0,i=1,...,7. We con51der vector functions ¢! (z) =
) =

(c1(2), o ep(@)), €y (2 (@), e (@), g7 (@) = (92(). .. gy()) and
their Jacobians Vc( = J(c(x)), Vc(r)( z) = J(cpy(x)) and Vg(z) =
J (g(z)) and assume that

rank <chg“(>3(c"f;)) —rtq<n, (1)

i.e. gradients Ve;(z*),i=1,...,7r and Vg;(z*),i =1,..., ¢ are linearly inde-
pendent at the solution. Then there exist two vectors A* € IRQ’_ and v* € IR?
such that the K-K-T conditions
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Vo L(x*, N, v*) = Vf(z*) — Vel (2)A* — Vg (2*)v* =0, (2)
Arei(z¥) =0, ¢(x*)>0, A>0, i=1,...,p. (3)
gz(x*) =0, i=1, 4 (4)

are satisfied.
We assume that
AF>0, i=1,...,r (5)

Let us consider the Hessian of the Largangian of the problem P
P a
V2, L A 0%) = V(@) = YA V2ei(z®) = > v Vigi(a").
i=1 j=1

The sufficient regularity conditions (1), (5) together with the sufficient condi-
tion for a minimum z* to be isolated

(V2,L(a*, A", 0*)E,€) = meTE, VE : Ve (@*)e = 0, Vg(a™)e = 0, m > 0
(6)

comprise the standard second order optimality conditions for the problem P.
Let d : IR x IR be the dual function defined by the formula

d(y) = d(\v) = xlen]%‘{” L(z, A\, v)

With the primal problem (P) is associated the dual problem
(D) d(y*) = d(\*,v*) = max {d(\,v)[A e R, v € R}

The standard second order optimality conditions guarantee the uniqueness
of the primal-dual solution (x*,y*) and the absence of the duality gap, i.e.

fzr) = d(y").

In the following we use the lo vector norm ||r|| = max;<;<s |r;|, and the
S
corresponding matrix norm ||Q| = max [ > |g;] | -
1<i<s j=1

Later, we will also use the Lipschitz conditions for the Hessians V2 f(z),
V2¢i(z),i=1,...,pand V3g;(z), j = 1,..., ¢ in the neighborhood (2, (z*) =
{z :|]lz — 2*|| < e} of the primal solution x*.

[V2f(21) — V2f(22)| < Lollz1 — 2,
[V2ci(x1) — V3¢i(z2)|| < Li|lzr — asl, i =1,...,p, (7)
IV2g;(21) — V2g;(z2)|| < Ljllzs — 22, j=1,...,¢.

We conclude the section with the following lemma, which is a slight mod-
ification of the Debreu theorem [1].
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Lemma 1. Let A be a symmetric matriz, B : IR" — IR, A = diag(\i)i_;
with A\; > 0 and there is m > 0 that uT Au > muTu, Yu : Bu = 0. Then there
exists ko > 0 large enough that for any 0 < pu < m the inequality

u'(A+ kBT AB)u > puTu, Vuec R

holds for any k > kg.

3 Constraint transformations and augmented Lagrangian
for an equivalent problem.

We consider a class ¥ of concave monotone, increasing and twice continuous
differentiable functions ¢ : —oco < tg < t < t; < +00 — IR that satisfy the
following properties
19, (0) = 0.
20 9'(t) >
30. ' (0) = 1
40, w//( ) < 0.
50, a) ¢'(t) <a(t+1)"1, b) —"(t) < b(t+1)"2,t>0,a>0,b> 0.
Examples of ¢ € ¥ can be found in [9].
We will use ¢ € ¥ to transform the inequality constraints ¢;(z) > 0,
i =1,...,p into an equivalent set of constraints.
For any fixed & > 0 the following problem is equivalent to the original
problem (P) due to the properties of ¢ € ¥, i.e. we have

rre X =
Argmzn{f(:cﬂk*lz/;(kcz(m)) >20,i=1,...,p; g](l') =0,7=1,.. 7Q}

For a given k£ > 0, we define the augmented Lagrangian for the equivalent
problem £, : R" x R x R — IR' by the formula

k a
Li(z, A\, v) = -1 Z it (kei(x Z vjg,(x +3 Zg?(ac) (8)
j=1

The first two terms define the classical Lagrangian for the equivalent problem
in the absence of equality constraints (see [8, 9] and references therein). The
last two terms coincide with the augmented Lagrangian terms associated with
equality constraints (see [5, 11]). We would like to note that for any k& > 0
at the solution the augmented Lagrangian (8) for the equivalent problem has
the following useful properties:

1. Lg(a*, A5, 0%) = f(z*).

2. Vo Ly(x*, N, v*) = Vi L(x*, X\, v*) = 0.
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3. V2, L (a*, X, v¥)
= V2, L(z*, \*,v*) — kLD”(O)Vc(T;) (@) A Ve (@) + EVgT (z*)Vg(z*).
The following lemma is a direct consequence of the standard second order

optimality condition (1), (5) and (6) and Lemma 1.

Lemma 2. If the standard second order optimality conditions are satisfied
then there is ko > 0 large enough such that for any k > ko the matrixz
V2, Li(x*, \*,v*) is positive definite, i.e. there is 0 < p < m that

ul' V2 Li(z*, N 0" ) u > puTu,  Yu e R (9)

Let us consider the neighborhood §2.(2*) = {z = (x, A\, v) : ||z—2*|| < €} of
the primal-dual solution 2* = (z*, \*,v*). If f, ¢;, g; € C?, then the inequality
(9) remains true for any z = (z,\,v) € 2:(z*) In other words, for k > ko
the augmented Lagrangian for the equivalent problem Ly (z, A\, v) is strongly
convex with respect to z for any z € £2.(z*).

The problem (P) is a nonconvex optimization problem in z € IR, in
general. Nevertheless, by Lemma 2 under the standard second order optimality
conditions the augmented Lagrangian for the equivalent problem Ly (z, A, v)
is strongly convex for any fixed y : (z,y) € 2:(z*) and any k > ko. This
is not true, in general, for the classical Lagrangian L(x, \,v) for the original
problem (P) (see [8]).

The property (9) of the Hessian V2_ L (z, A, v) remains true in the neigh-
borhood (2. (2*) of the primal-dual solution. Therefore after finding the primal
minimizer of L (x, A, v) for k > ko large enough, at each step the NR method
finds the primal minimizer of the strongly convex function followed by the
Lagrange multipliers update by the formulas (14)-(15) described below.

In this paper we replace the primal minimization and dual update by one
step of Newton’s method for solving the primal-dual system of equations.
The properties of the Hessian V2_ Ly (x, A, v) in the neighborhood 2.(z*), the
smoothness of f(z), ¢;(z),i=1,...,p and g;(x), j = 1,...,q along with the
properties 19 — 59 of the transformation ¥(t) provide important properties of
the primal-dual system in the neighborhood (2.(z*), which allow to prove a
1.5-Q-superlinear rate of convergence of the EPM.

4 Nonlinear Rescaling — Augmented Lagrangian
multipliers method.

In this section we consider the nonlinear rescaling — augmented Lagrangian
(NR) method for solving problem (P). First we define the extended dual do-
main. For ky > 0 large enough and small enough § > 0 we consider the
following sets
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D()\E,),ko,é) = {()\(T),k) N = A <ko, N >0,i=1,...,1m k> ko} ,

D(X| ko,8) = {(Ap—r), k) : 0< N < kb, i=r+1,...,p, k>ko},

(p—r)>
and

D(w*, ko, 8) ={(v,k) : lvi —v]| <ké, i=1,...,q, k>ko},
We define the extended dual domain as follows
D(y*, ko,0) = D(X(';,),ko,é) X D(X("p_r),ko,é) x D(v*, ko, 9).

Theorem 1. Let f,c;, g5 € C? and the standard second order optimality con-
ditions (1), (5) and (6) are satisfied, then there exists ko > 0 large enough and
0 > 0 small enough that for any (y,k) € D(y*, ko, ) the following statements
hold.

1) There exists a vector

& = 2(y, k) = argmin{ Ly (z,y)|z € R}

such that

2) Let §j = (A, 0) with
A=V (ke(@)A and & =v— kg(), (11)

where V' (ke(2)) = diag (¢(ke;(2)))r_, . Then for the pair (Z,9) the following
bound holds
max {[[& — ||, I — "I} < k™ ly =yl

where ¢ > 0 is independent of k > 0.
3) The augmented Lagrangian for the equivalent problem Ly (x,y) is strongly
convez in the neighborhood of .

Theorem 1, which can be proven by modifying the technique used in [2]
and [8], is the foundation for the following NR method. The method alternates
the unconstrained minimization of the augmented Lagrangian Ly (z,y) in the
primal space with Lagrange multipliers update.

Let the primal-dual approximation (z°,y*) = (z°, A*, v®) be found already.
We find the next approximation (x*t1,¢y5t1) = (2571 \sT1 vsT1) by the fol-
lowing formulas

¥ = arg min Ly (z, \*,0%), (12)
zcIR"

or, equivalently, we find 25! as a solution of the following system of equations

P q
=Y N (kei(@)) Vei(w) =Y (v — kg;(x)) Vgj(x) =0 (13)
- ~
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We find the new Lagrange multipliers by the formulas
AT =AY (Rei(2*th), i= 1 p; (14)

vj“ :v;fkgj(xs"’l), i=1,...,q. (15)

The unconstrained minimization (12) is an infinite procedure. In the next
section we replace the minimization (12) and the Lagrange multipliers update
(14), (15) by solving a primal-dual system of equations. The application of
Newton’s method for solving the primal-dual system leads to the exterior-
point method. The EPM reduces the computational complexity at each step
as compared with the Newton NR method (see [2, 6, 8]) and improves the rate
of convergence in the neighborhood of the primal-dual solution.

5 Exterior-point method.

In this section we introduce and analyze the exterior-point method.

The important component of the EPM is the merit function, which mea-
sures the distance between the current approximation (z, A,v) and the solu-
tion:

v(z,y) = v(z, A\, v) = max {||VyL(z, A\, v)||, — mini<;<p c; (),
maxi<i<q [9i(2)], 3201 [Ailles(@)], —mini<icp A,
(16)
For a given scaling parameter k > 0 and a starting point z = (x, A, v) one
step of the nonlinear rescaling - augmented Lagrangian method is equivalent
to solving the following primal-dual system for z, X and

vl“ck(ﬁa)‘vv) = vf(A) NP'( 1('%)) )‘ivci(j) (17)
- 25:1 (vj — kg; (@ )) Vg;(@) =0

A= (ke(2)) A =0, (18)

b vt hg(@) =0, (19)

where W'(kc(2)) = diag(y'(ke;(2)))?_,. After replacing in (17) the terms
Y (kei(Z)) A by A; and (v; — kg;(2)) by 9; we obtain an equivalent primal-
dual system

m q
VoL(#, A, 0) = Vf(z) — Z Z Vg (2) = (20)

A= (ke(2)) A =0, (21)
0 —v+kg(z)=0. (22)
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Let us consider one Newton step for solving the system (20)-(22) for z,
A and ¢ from the starting point (2,y) = (z, A, v). By linearizing the system
(20) - (22) and ignoring the terms of the second and higher order we obtain
the following system for finding the primal-dual Newton direction (Ax, Ay) =
(Azx, AN, Av)

V2.L() —Vel'() Vg ()] [Ax —V.L(-)
—kAY" () Ve(-) I, 0 AN = A=\ |, (23)
kVg() 0 I, Av —kg(+)

whete V() = Ve(x), Vg(-) = Vg(x), 0(-) = 0" (ke(x)) = diag (1" (kei(2)))y
A=V (ke(z)) A\, A = diag (X\;)?_, and I,,, I, are the identity matrices in IRP?
and IR”? respectively. By introducing

V2 L() =Vel'() =Vg' ()
No() = | —kAW" () Ve() I, 0
kVg(-) 0 I,

we can rewrite system (23) as follows

Az —V.L(")
Ni(:) | AX A=)
Av —kg(")

Another important component of the EPM is the relation between the
scaling parameter and the merit function value. We define the relation by the
following formula

k= v(x,\v) %5, (24)

Now we can describe the EPM step. For a given x € IR", Lagrange multi-
pliers vectors A € IRﬁ +» v € IR, and a scaling parameter £ > 0 one step of
the exterior-point method consists of the following operations:

1. Calculate the scaling parameter

k=uv(z,\v)" "5 (25)

2. Find the primal-dual Newton direction from the system

Ax —V.L(")
Ne() | AN = | A=X |. (26)
Av —kg()

3. Find the new primal-dual vector
fi=x+Ar, A:=A+A\ O:i=v+ v (27)

Very often matrix N(+) is sparse, so numerical linear algebra techniques
developed for the interior point method (see i.e. [12]) can be used for solv-
ing (26). The following lemma guarantees that the method (25)—(27) is well
defined.



Advances in Mechanics and Mathematics, Vol. IV 9

Lemma 3. If the standard second order optimality conditions (1), (5), (6)
and the Lipschitz conditions (7) are satisfied then there exists g > 0 small
enough that for any (x, A\,v) € ¢, (z*, X*,0*) = 2, the matriz

My, (x, M\, v) = V2, L(z,\,v) — kVcL (2)8” (ke(x)) AVe(x) + kVgT (2)Vg(z)

is positive definite and therefore the matriz Ni(z, A\,v) = Ni() is nonsingular.

Proof. Note that My (z*,y*) = V2, L(z*,y*), therefore from Lemma 2
follows the existence of 1 > 0 such that

ul My (2%, N v ) uy > puluy,  VEk > ko, Vup € R?

It follows from the Lipschitz conditions (7) that there exists g > 0 such that
for any triple (z, A\, v) € £2., the matrix My(x, \,v) is positive definite.

To prove that Ni(z, A,v) = N(-) is nonsingular V (z, \,v) € {2, and k > ko
we show that the equation Ny (-)u = 0 implies © = 0, where u = (uq, ug, us).
We can rewrite the system

Vi L() =Vel'() =Vg' ()] [m 0
—kAP" () Ve(-) I, 0] tua | =10
k:Vg() 0 Iq us 0
as follows
(V2,L(z, A\, v)) uy — Ve(z) ug — Vg(z) ug = 0, (28)
—kAP" (ke(x)) Ve(z)ur + ug = 0. (29)
—kVg(x)us +us =0. (30)

By substituting the value of uz and us from (29) and (30) into (28) we
obtain the following system

Mp(z, X\, v)ur = (V2,L(z, A\, v) — kVcL ()" (ke(x)) AVe(z) 31

+kVg(z)TVg(z)) uy = 0. (31)
Since the matrix M (x, A, v) is positive definite then from (31) follows u; = 0
and, consequently, due to (29) and (30) we obtain us = ug = 0.

The lemma is proven.

We recall that I* = {1,...,7} and I° = {r +1,...,p} are the sets of the
active and the passive inequality constraints respectively. Let c(,) (), Ve (),
Ay €p—r)(2), Ve (z)and A,_ry be the vector-functions, their Jacobians
and the vector of the Lagrange multipliers corresponding to the active and
passive sets respectively. Let L4.q)(2, A(ry,v) = f(x) — )\%;,)C(T)(x) —vTg(x)
be the Lagrangian corresponding to both the active set and the equations.

We need the following auxiliary lemmas.
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Lemma 4. Let the matriz A € IR*" be nonsingular, |A7| < M and e > 0

small enough. Then any matriz B € IRV™ such that || A—B|| < € is nonsingular
and |B~Y| < 2M.

The proof of Lemma 4 can be found for example in [4].
It follows from the standard second order optimality conditions (see [7])
that the matrix

VixL(r+q)(x*,)\’(*T),v*) 7VC%;)(£L'*) —VgT(z*)
A= A(l‘*, )\*, 'U*) = VC(T) (x*) 0 0
Vg(x*) 0 0
has an inverse and there is M > 0 such that
A7 < M. (32)

We will use (32) and Lemma 4 to prove the following lemma.

Lemma 5. If the standard second order optimality conditions (1), (5), (6)
and the Lipschitz conditions (7) are satisfied then there exists €9 > 0 small
enough such that for any primal-dual vector z = (x,y) = (x, A, v) € 2, the
following hold true

1) There exist 0 < Ly < Lo such that the merit function v(z) yields

Lillz = 27| < w(2) < Laf|z = 27, (33)
2) For any z € {2, the matriz

V2. Liriq) (T, Ay, 0) —ch;)(x) —Vgl(x)
Az, Ay, v) = Ve (x) 0 0
Vy(z) 0 0

is nonsingular and there exists M > 0 such that the following bound holds
||A_1($,)\(T),’U)H S 2M. (34)

3) Let D, = diag(d;)i_, be diagonal matrices with bounded from above

elements, i.e. max{d;}/_; = d < oo. Then there exists kg > 0 such that for
any k > ko and any z € 2., the matriz

V2,L(z,\v) Vel () ~VgT(a)
Bk(l‘,k,’l}) = VC(T)(I) %Dr 0f,
Vg (z) 0

is nonsingular and there exists M > 0 such that the following bound holds

1By (A, v)|| < 2M. (35)
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Proof. Keeping in mind that v(z*) = 0 the right inequality (33) follows
from the Lipschitz conditions (7) and the boundedness of 2., i.e. there exists
Lo > 0 such that

v(z) < La||z — 27|

From a definition of the merit function (16) we have

[VaL(z, A, 0)|| < v(2), (36)

- oin ciz) < v(2), (37)

nax |gi(z)] < v(2), (38)
Nillei(@)| < v(z), i=1,...,p. (39)

Due to the standard second order optimality conditions there exists 7 > 0
such that ¢;(z) > 71, i € I°, if 2 € §2,. Therefore from (39) we get

1
[Ai] < T—I/(Z) =Cw(z), iel (40)
1

Due to the boundedness of {2, there exists also 75 > 0 such that || Veq,_ .y (2)|| <
7o for all z € 2. Thus, taking into account (36) we have

||v;cL(r+q)($a )‘(T)vv)” < HVJCL(Ia )‘7U)|| + ch{mfr)(x))‘(?*T)H

41
< IV L A0l + ey s [Ves(@) M| < Cov(z), (41)

where Co = 1+ (p—r)Cy72. Also due to the standard second order optimality
conditions there exists 73 > 0 such that \; > 73 for ¢ € I* and z € (2.
Combining (37), (38) and (39) we obtain

max {[|cir) (2)]], lg(@)lI} < Csv(2), (42)

where C5 = min{1, 7—13}
After linearizing Vi L(,4q) (%, Ay, v), ¢()(z) and g(x) at the solution
(", A, v"), we obtain

me(r—i-q)(xa )\(T), ) V L('r—i—q) (:L' )\(T), )

+vixl’(r+q) (I*v )‘zr)v ’U*)(I - ) VC (r) ( )()‘(r - )‘z})) (43)
=V (@*)(v = v*) + Oyl — 2*||?,

e () = ey (2") + Ve (27) (@ = 27) + O [l — 2™, (44)
9(x) = g(=") + Vg(a™) (@ — a") + O |z — =™||*. (45)
Keeping in mind K-K-T conditions we can rewrite (43)—(45) in a matrix form
V2. L
VC(T)(
( *

) (5 ALy v) —vel (z*) =VgT (z*)] [x —z*
+q) ’l“) (r) y
z*) 0 0 |Am) = Ay | = (46)
) 0 0| |v—o*

T
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vl‘L(TJrq) (I, )‘(r)v U) +O(n)Hx - x*Hj
¢ () +O( ||z — 30*||2
9(x) +O0(gllz — =

Due to the standard second order optimality conditions the matrix

V2 Liriq (™, Al 0") —Vca)(x*) —VgT(z*)
Az, )\E‘T),v*) = | Ve (2*) 0 0
Vyg(z*) 0 0

is nonsingular (see [7], p. 231) and there exists M > 0 such that

A= @™, MGy, vl < M. (47)
Hence from (46) we have
-z
Ay = Al || £ Mmax{Cy, C3}v(z) + O]z — 2|2
v — v~

Using (40) and assuming 1/L; = max {C7,2M max{C2,C3}} we obtain the
left inequality (33), i.e.
Lijlz — 2] < w(2).

The bounds (34) and (35) follow from Lemma 4 and the Lipschitz condi-
tions (7). Lemma 5 is proven.

The NR method (12), (14), (15) requires finding an unconstrained mini-
mizer at each step. The Newton NR method replaces the unconstrained mini-
mization by finding an approximation of the primal minimizer using Newton’s
method [2, 6, 8]. Several Newton steps are required to find the primal approx-
imation and the updated Lagrange multipliers. Due to Theorem 1 finding the
primal approximation followed by the Lagrange multipliers update reduces
the distance between the current primal-dual approximation and the solution
by a factor 0 < v < 1, v = ck™!, i.e. the Newton NR method has a linear rate
of convergence.

The EPM improves the Newton NR method in two directions. First, each
step of the EPM requires only one Newton step for solving the primal-dual
system (26). Second, instead of a linear rate, the EPM converges to the primal-
dual solution with 1.5-Q-superlinear rate.

Now we are ready to establish our main result. For the method (25)—(27)
the following theorem holds.

Theorem 2. If the standard second order optimality conditions (1), (5) and
(6) and the Lipschitz conditions (7) are satisfied then there exists g > 0
small enough such that for any primal-dual triple z = (x, A\, v) € {2, only one
step of exterior-point method (25)-(27) is enough to obtain a new primal-dual
approxzimation 2 = (&, 5\, 0) such that the following estimation holds
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|2 = ="l < Cll= — 2" %, (48)
where C' > 0 is a constant depending only on the problem’s data.

Proof. From Lemmas 3 and 5 follows the existence of ¢g > 0 small
enough such that the matrix Ni(-) is nonsingular for any = € {2.,. There-
fore the method (25)-(27) is executable for any starting point z € {2,. Let
z = (x,\,v) € £, be such that ||z — z*|| = ¢ < &o.

Due to the formulas (24) for the scaling parameter update and (33), we
have

—— 7 <k< e73. (49)

We rewrite the system (23) specifying the active and the passive con-
straints sets

V2.L(-) Vel () =Vel, () =V ()
—k-/l(r)g[/(';) () VC(T) () I,« 0 0
7]43/1(1,_7.)47(/;_7“) () VC(p_T) () 0 Ipfr 0
kVg(-) 0 0 I,

AN Ay = Aw)

X = 3 ) (50)
AXp—r) Ap—r) = Ap-r)
Av v—v

First, we consider separately the system corresponding to the passive con-
straints. After rearranging the terms we obtain

Ap—r) = Ap—r) T ANpr) = Apr) + kA )T,y () Ve (1) Az,

Therefore for any i € I° we have
5\1' =\ + A\ = ’lﬂl(k’cz(.ﬁ)))\l + k:w”(kci(x)))\chi(x)TAa:.

We recall that o' (t) < a(t+1)"1, =" (t) < b(t+1)"2,t > 0,a > 0,b > 0. Also
due to the standard second order optimality conditions and the boundedness
2, there exists 71 > 0, 72 > 0, n3 > 0 such that ¢;(x) > 1, [|Vei(z)]] < 12,
|Az|| < n3, i € I° for any (z,\,v) € {2,. Using the formula (24) for the
scaling parameters update, keeping in mind that |\;| < e for i € I° and (49)
we obtain

. b
< pox+ B < Cuct e 1)
1 1

where Cy = an_vle + o Lanans

1
Now we concentrate on the analysis of the primal-dual system that corre-
sponds to the active inequality constraints and equations. The first, the second
and the fourth rows of the system (50) are equivalent to
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Vi, L() ~Vel () =Vg"()] [ Ax
kAP () Ve () I 0| | A\ | =
kVg(-) 0 I, Av
—VaL() + Ve(, () A
= [ A —Am
v—v

After multiplying the second row of the system by [fk/l(,«)@” ()} ! and di-
viding the third one by k& we obtain

VL) V() VT

B ) 12
Ve () {*k/lm (i»(-)} 0 2%«) (52)
V() 0 1 v

—V.L() + ch;)zr)
kAl O)]
=9()
Keeping in mind that ¢;(z*) = 0 for ¢ € I* and using the Lagrange formula
we have

(Ai = A) (kA" ()7 = (Nt (Rei (1) = At (ke (27))) (=kAigp” () 7F =
Xk (&)(ci(-) = ci(@ ) (kX" ()7 = =" (&) (" () " eil),

where & = kb;c;i(-) + k(1 — 0;)ci(z*) = kO;ci(+), 0 < 0; < 1. Therefore the
system (52) is equivalent to

()ANp—r)
Ay = Aw)

VieL()  =Vel,()  =Vg'(

B ) Ax
Ve () {—Mm (Ial")(')i| ol | A\
Vy(-) 0 14 Av
=V L(-) + Vcafz)l(')AA(p—r)
= =00, [70,0] em) |
—9()
where (7, (§) = diag(y" (&))i-y, or
B(-)Az, = b(-),
where
VL) =Vely() . —-Vg" ()
B() = | Veuy () [~kaeel, ()] 0l
V(") 0 20
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—VoL(-) + Vcafi)l(')A)‘(pw)
bO) = | =20y ©) [20,0)] e |
—9()
and Az = (Az, AX(), Av).
We compare the Newton directions Az, with those generated by Newton’s

method applied to the Lagrange system of equations that corresponds to the
active constraints and equations

VEL(riq) (@, Ay, v) = Vf(2) = Vel (2) Ay — Vg (z)o =0, (53)

c(ry(z) =0, (54)
g(z) = 0. (55)

By linearizing the equations (53)—(54) the linear system to find the primal-
dual Newton direction is given by

vixL(rJrq)(') _vcz;)() _ng(.) Ax’ 7V1L(7.+q)(-)
Ve (1) 0 0 | AN | = | () ;
V() 0 0] | Av —g(-)
A()AZ, = al-),
where
V2 L) Vel () =V () VL)
A() = Vc(r)(') 0 0], a()= 76(7‘)(')
V() 0 0 —g()

and Az, = (Ax/, A)\’(T), Av'). The new primal-dual approximation is obtained
by the formulas

& =x+ A, X'(T) = Ay + ANy, O =v+ A (56)

or
=24 Az

Let us estimate |[2(,4q) — z(*r+q)||, where 2(,,4) = (2, 5\(,«),@) is generated
by (25)-(27).

Zr4q) = Hrrq) = Artrq) T A% — 204 g) = 2raq) T A2z + A2y — Azy — 20,4

= 22T+q) — Zz‘rJrq) — AZ(II + AZ}).

Therefore

||2(T+q) - ZZr+q)|| S ||ZET+q) - ZZr+q)|| + ||AZ¢IJ, - AZbH (57)
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First let us estimate ||Az), — Azp||. Due to Lemma 5 there exist inverse
matrices A~! = A7!(-) and B~! = B7!(-) and for a = a(-), b = b(-) we have

|42, — Az|| = |[A'a— B~ || = [|[A'a— B 'a+ B ta— B =

(A7 =B a+ B (a=b)| < A7 = B~ |[[lall + [|1B~"|[la — bl <

A=A = BB Hall + 1B~ lla — o] (58)
We consider the following matrix
?ZTJFI )\iV2ci(x) 0 . 0
A-B=10 —3 2" ()] 0
0 0 11,
Due to the formulas (24), (42) and (49) we obtain
C3Ly 1 .
kei(v)| < ez, jel*. 59
ki)l N (59)
and hence there is 14 > 0 such that
1
9" (ki) = —. (60)

74

Due to the boundedness of (2, there exists 74 > 0 such that for z € 2., we

have
HVQQ-(:E)H <7y, 1€lp. (61)

Therefore keeping in mind the formulas (24), (49) and (61) we have

|A—BJ| < max{(m(p —1))e, \/L_2n45%,5%} = max{\/L_gm, 1} 2 (62)

for 0 < € < g¢ small enough.
Let’s now estimate ||a — b :
~VaL(iq() + VaL() = VC@J),('I)A%—T)
lla =Bl =11 —cqy () + (@"(€)) [g//(kcm(')} cm() |- (63)

For the first component we obtain using (51)

| = VaLiriq) () + VaL() = Vel ()Ml =

H - VJCL(TJrq)(') + VGL‘L(TJrq)(') - vcafr)('))‘(pfr) - ch;fr)(')AA(pfr)H =

3 3
IVelyry YAy + Do)l = IV (Ao | < 112Cae
Next we estimate the second component of (63). Using the Lagrange formula
for i € I* we have
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A I SN B () R GE10)

Kwkci(-)) 1> m‘ s‘ ) e <

@l — ke, o @Ik~ DI
[0 (kei ()] lei()] < 07 (ki ()] lei ()]

where & = 0;& + k(1 —0;)c;(-) = kei (1) (0:0; +1 —6;). Due to (59) there exist
15 > 0 such that for i € I* -
" (&)] < ns.

Thus taking into consideration the formulas (24), (41), (49), (59) and (60) we
obtain for i € I

9" (&)kei(-) (1 — 65)
[ (kei ()]
where § = min;<;<, 0;.

Finally combining the formulas (24), (34), (35) (41), (42), (49), (58) and
(62) we have

o)) < mams(1 — O)C2I3LT 3% = Cue?,

1Ay, — Ayl < [ATHINA = BB lall + 1B la — bl <

4M? max {\/ Loy, 1} max{Co, C3}L25%

+2M max{n,Cy, Cste? = Cye?. (64)

Due to the quadratic convergence of Newton’s method for solving Lagrange
system of equations that corresponds to the active constraints and equations
(see [7], Theorem 9, p. 247), we obtain

||’2ET+q) - ZZr+q)|| < 00627 (65)

where 2, = (%, 5\'(T), 0') defined by (56) and 2, = (2", A{,), v").
Therefore combining (57), (64) and (65) we obtain

1Z¢t+a) = Z(rs g | < 1EGrig) = 2lpg | + 1 AG — Ays|| <

0062 + C@E% < 076%. (66)

Finally combining (51) and (66) for 2 = (&, X, 0) we have

e

12 — 2*|| < max{Cy,Cr}e? = Ce? = C||z — 2*||2.
The proof of Theorem 2 is complete.

Remark 1. To make the matrix N(-) nonsingular for any (z, A, v) we can reg-
ularize the Hessian of the Lagrangian L(z, A, v).
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V2. L()+al, —Vc'() =Vg"()
No() = | =kA®" () Ve() I 0 (67)
kVg(:) 0 I,

where I, is an identity matrix in IR™". It is possible to show that a certain
choice of regularization parameter o does not compromise the rate of conver-
gence and at the same time guarantee that the method is well defined for any
(x, \v).

6 Concluding remarks

The local convergence analysis of the exterior-point method emphasizes the
fundamental difference between the primal-dual NR approach (25)—(27) and
Newton NR method (see [2, 6, 8]), which is based on sequential unconstrained
minimization of L (z, A, v) in 2 by Newton’s method followed by the Lagrange
multipliers update. The latter method converges with a fixed scaling parame-
ter, keeps stable the Newton area for the unconstrained minimization and
allows the observation of the “hot start” phenomenon [2, 6, 8], when from
some point on one Newton step for primal minimization is enough for the
Lagrange multipliers update. To improve the rate of convergence one has to
increase the scaling parameter from step to step. However, the unbounded
increase of the scaling parameter leads to substantial numerical difficulties,
since the Newton area for unconstrained minimization degenerates to a point.
Moreover, in the framework of the NR method, any rapid increase of the scal-
ing parameter after the Lagrange multipliers update leads to a substantial
increase of the computational work per update because several Newton steps
are required to get back to the NR trajectory.

The situation is fundamentally different with the exterior-point method
(25)—(27) in the neighborhood of the primal-dual solution. The rapid increase
of the scaling parameter does not increase the computational work per step.
Just the opposite: by using (25) for the scaling parameter update we obtain
the Newton direction for the primal-dual system (26) close to the Newton
direction for the Lagrange system of equations that corresponds to the active
inequality and equality constraints. This enables us to prove 1.5-Q-superlinear
rate of convergence of the EPM. At the same time, the EPM requires solving
only one linear system (26) per step. Therefore the exterior-point method is
more efficient in the neighborhood of the solution than Newton NR method.

We would like to emphasize the importance of the standard second or-
der optimality conditions for performance of the EPM. They are critical for
the efficiency of the exterior-point method and enable us to prove a 1.5-Q-
superlinear rate of convergence. Preliminary numerical results obtained so far
are encouraging [3, 4, 10]. The exterior-point method for NLP with inequality
constraints was numerically implemented and a number of NLP problems from
cops and CUTE sets have been solved with high accuracy (see [4, 10]). For
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all solved problems the “hot start” phenomenon predicted in [8], has been
systematically observed. For most problems just a few Lagrange multipliers
updates are required before each Newton step of EPM improves the accuracy
by at least one digit. Recently the EPM was implemented using linear algebra
developed in [12]. The numerical results show that the EPM can find solu-
tions with very high accuracy in certain cases when an interior-point method
experiences difficulties [3].

The next important step is to analyze the global convergence of the
exterior-point method for nonconvex problems. This requires a modification
of the method (25)—(27). We also plan to conduct extensive numerical exper-
iments and work on implementation issues.
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