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4.1. Introduction 

In this chapter, we consider a stochastic process {Xn , n = 0, 1, 2, ... } thattakes on a finite or. countable number of possible values. Unless otherwise mentioned, this set of possible values of the process will be denoted by theset of nonnegative integers {O, 1, 2, ... }. If Xn = i, then the process is said tobe in state i at time n. We suppose that whenever the process is in state i, there is .a fixed probability Pii that it will next be in state j. That is, wesuppose that 
P{Xn+l =jlXn =i, Xn-1 =in-1,•··•xl =i1,Xo=io} =Pij (4.1)

for all states i0, i1, ... , in _ 1, i,j and all n � 0. Such a stochastic process is known as a Markov chain. Equation (4.1) may be interpreted as stating that, for a Markov chain, the conditional distribution of any future state Xn +igiven the past states X0, X 1, ••• , Xn -i and the present state X"' is indepen­dent of the past states and depends_ only on the present state.The value P;i represents the probability that the process will, when instate i, next make a transition into state j. Since probabilities are non­negative and since the process must make a transition into some state, wehave that 
Pij�o. i,j � O; <X> 

I Pij = 1, j=O i = 0, 1, ....
Let P denote the matrix of one-step transition probabilities Pij , so that 

Poo Poi Po2 
P10 Pu P12 

P=II P;o pil - P;2
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Example 4.1 (Forecasting the Weather): Suppose that the chance of rain tomorrow depends on previous weather conditions only through whether or not it is raining today and not on past weather conditions. Suppose also that if it rains today, then it will rain tomorrow with probability et; and if it does not rain today, then it will rain tomorrow with probability /j. If we say that the process is in state O when it rains and state 1 when it does not rain, then the above is a two-state Markov chain whose transition probabilities are given by 

p = II; � = ; II • 
Example 4.2 (A Communications System): Consider a communications system which transmits the digits O and 1. Each digit transmitted must pass through several stages, at each of which there is a probability p that the digit entered will be unchanged when it leaves. Letting Xn denote the digit · ·entering the nth stage, then {X�, n = 0, 1, ... } is a two�state Markov chainhaving a transition probability matrix

p = II 1 � p 
1 

; p II • 
Example 4.3 On any given day Gary is either cheerful (C), so-so (S), or glum (G). If he is cheerful today, then he will be C, S, or G tomorrow with respective probabilities 0.5, 0.4, 0.1. If he is feeling so-so today, then he willbe C, S, or G tomorrow with probabilities 0.3, 0.4, 0.3. If he is glum today,then he will be C, S, or G tomorrow with probabilities 0.2, 0.3, 0.5. Letting Xn denote Gary's mood on the nth day, then {X., n � 0} is athree-state Markov chain (state O = C, 'state 1 = S, state 2 = G) withtransition probability matrix 

0.5 0.4 0.1 
P = llo.3 0.4 0.311 +

0.2 0.3 0.5 
Example 4.4 (Transforming a Process into a Markov Chain): Suppose that whether or not it rains today depends on previous weather conditf?S through the last two days. Specifically, suppose that if it has rained fo�e past two days, then it will rain tomorrow with probability 0.7; if it rained­today but not yesterday, then it will rain tomorrow with probability 0.5; if it rained yesterday but not today, then it will rain tomorrow with probabil­ity 0.4; if it has not rained in the past two days, then it will rain tomorrow with probability 0.2. 
















