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Probabilistic Models

20.6 A Water-Resource Model
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state 0, 1, or 2, and replacing it when it is in state 3. The minimum expected total
discounted cost of the system starting in state i, i = 0, 1, 2, 3, and evolving for one
period is given by 0, 1,000, 3,000, and 6,000, respectively. The optimal solution 1o
the two-period machine-maintenance model is '

Period | Leave machine alone when it is in state 0 or 1.
Overhaul machine when it is in state 2.
Replace machine when it is in state ‘3.

.“Period 2 Leave machine alone when it is in state 0, I, or 2. {
Replace machine when it is in state 3.

The minimum expected total discounted cost of the system starting in state i, i = 0,
1, 2, 3, and evolving for two periods is given by 1,294, 2,688, 4,900, and 6,000,
respectively. Finally, the optimal solution to the three-period model is

Period 1 Leave machine alone when it is in state 0 or 1.
and Overhaul machine when itsis in state 2.

Period 2 Replace machine when it is in state 3.

Period 3 Leave machine alone when it is jn state 0, 1, or 2.

. Replace machine when it’is in state 3.

The minimum expected total discounted costs over three periods, if the system starts
instate i, i = 0, 1, 2, 3, are given by 2,730, 4,041, 6,419, and 7,165, respectively.

- beginning of each month, water is released from the dam. The first unit is used 10

A multipurpose dam is used for generating electric power as well as for flood control.
The capacity of the dam is 3 units. The probability distribution of the quantity of
water, W, that flows into the dam during month ¢ (for r = 0, 1, . . .) is given by
Py, (m), where ‘ :

Py(0) = P(W = 0} = g \
Py(l) = P(W =1} =}
Py(2) = P(W=12=1
Py(3) = P(W = 3} = ¢.

For the purpose of generating electric power, | unit of water is required. At the

generate electric power and then used for irrigation purposes, the latter function be!nil
worth $100,000. If additional units are released, they can also be used for irrigﬁll(‘n :
purposes, and each unit is worth $100,000. If the dam contains less than | unit at th_
beginning of a month, additional power must be purchased at a cost of $300,000. F‘
at any time the water in the dam exceeds the capacity of 3 units, the excess water ©*
released through the spillways at no cost or gain. e ,

A release policy is sought. Policies are to be compared on the basis of eXPCf“d
discounted cost, with discount factor @ = 0.99. The policy improvement algorithm
will be used. !

_ Of course
¢ dam is 10 be



| Let X, denote the amount of w

The nawral laws of motion for this system (no water rele
(ransition matnx:

ater in the dam at time 1. Then X, =0,1.21. |
ased) are given by the |
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For example, the element in the second row and fourt
follows: If the dam contains | unit of water now,

water a month later, 2 or 3 units of water must flow into the dam during the month
(recall that dam capacity is 3 units, so that a flow of 3 pnits will result in | unit being
released through the spillways). This occurs with probability 3+ + & = L.

There are three possible decisions that can be mad

h column, p,,, is obtained as
then for it to contain 3 units of

€ at the beginning of each

month:
Decision Action
1. Rc'lca.scfl unit
2 Release2 units
3 Release 3 units v

B \ -
It is clear that releasing no units is not a sensible action, because 1 unit is needed for
clectric power generation anyway. Thus a policy calls for determining how many units
to release as a function of the quantity. of water found in the dam. A typical policy
R, might call for releasing all the water in the dam if it contains 0, 1, or 2 units, and
releasing 2 units if it contains 3 units. The resultant transition matrix is givenby

Of course, a
the dam is to be int

policy that calls for releasing 3 units when there is only 1 unit in

erpreted as calling for releasing all the available water. Necessary
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cost information can be obtained from the following data:

'

Stalcv Decision Cost (In Hundred Thousands)
0 1 ' 3
2 3
3 3
1 1 =]
2 -1
3 -1
2 1 -1
2 -2 5
3 -2
3. 1 e
2 -2 ;
3 -3 4

The policy R, will be used in the value-determination step (step 1) of the policy
improvement algorithm. Using the cost information just given, the values of Cyy, are

Cor/ = 3
Chp, = —1
Cop 5 52
Coy = =2,

The following four equations must be solved:

3+ 0.99[EVy(R,) + 3V,(R) + IVa(R) + #V4(R))]

Vo(R) =
iR = —1 + 0.9[Vy(R) + $V,(R) + IVa(R) + sVy(R))
Va(R)) = =2 + 0.99Vy(R,) + ViR + 3Wy(R) + V3R]
Vs(R) = =2 + 0.99 tVi(R) + 3Va(R,) + $Vy(R,)).
The simultaneous solution of these equations results in the values
Vo(R) = —103.881, V,(R) = — 107.881,
and Vy(R) = —108.881. Vy(R) = - 110.358.

Step 2 can now be applied. We want to find an improved policy R, that has the
property that dy(R;) = k3, d,(R,) = ks, dy(Ry) = k2, and dy(R;) = k3 minimizes the

following expressions:

(0) Corg + 0.99( = 103.88 16 (k2) — 107.881pg, (3 ,
: 108.881pgy(k3) — 110.358p,,(k)] -

J

(0 Ciey + 0.99( = 103.881p,,(k!)

l

107.881p,,(k})
108.881p,5(kd) — 110.358p,,(k})]

14 m(kz)

O

# . For the re
fgenerally depen
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CLoEeE ) Cag + 0.99(= 103.881p(k3) — 107.881p,,(k2)

|

3 Cauy +.0.99( - 103.881p1(k3) ~ 107.881p,,(k2)

5 108.881p3,(k3) — 1 10.358p53(k3)].
£ r ' Td find I;°. the best decision: when the systcni ‘is in state 0, ‘it is necessary to
{ i%‘u . evaluate the first expression for ﬁll'possiblcrdecisi'ons. ‘lt‘is Clear that when the system
g a5 i is in state 0 (dam empty), there is no choice among the decisions because they all are
i 3 equivalent. The data for the necessary calculations for evaluating expression (0).
PR j follow: . ) ; .
R ;
P f.‘;":. 3 : ' ! v
z ,_} ] « State 0 :
):';r = 'j . : Total Value
5 Hou e Decision | poo(ky) | Porlks) | Poatks) | poyiky) Coi, | of Expression 0 b
fosilen i
sk 12,3 ¢ ! 3 ! 3 - 103.881
' X N
1e policﬁy 2 5 I,
. 5 ) . ..
ka. are 7 Similarly, for state 1 there is no choice among the decisions because they are all
Bty equivalent. The data for the necessary calculations for evaluating follow:
e o . o
'{ 3 :
1‘:‘ 7 - State |
¥ ‘?3;3_‘?- i Total Value
(;: PR Decision | p,qky) Pulky) | pia(ky) Pis(ky) Cu, of Expression 1
% o
kviv s S M
PLESC — -
ﬁ:&, x 12,3 ¢ L3 ¥ ¢ 1 107.881
v\_# - 7
s .
5 3 For the remaining two states, the appropnate transition probabilities and costs
A 0 generally depend upon the decisions made. The data for the necessary calculations =
BEESET : st : siie
5 -g“«u B for finding the best decisions, given the dam is in state 2 or 3, follow: I
Ge it : |
G
-; ';;5%, E _ State 2
AT : Total Value
Brisohs Decision | putky) | pulks) | pathy) | pul®, | Cp | of Expression 2
3 'i“‘g‘fl, 3 - - - -
Bz e 0 IR R | ool —109.358
SHEESEHE 23 | 1 ¥ ¢ ~2  —los.ssl
L cl’"«’-‘»f :
S .}-"!
it has € b . I
)
nizes the s ’
b . ‘ State 3 !
r’v_fﬁ%z? oL Total Value '
] 7, SE Decision | py(ka) | paylks) | patks) | pygtks) Cyi, | of Expression'3 !
g o 0 o | i -1 -110.011
'. ,gp 2 0 ¢ 4 i -2 ~110.358
B 3 O i ¢ <3 - 109.881
] el —L
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Thus dy(R,) = &} = d|(R,) = ky = 1,2, .0r 3; dy(Ry) = kI = 1. and dy(R,) =
k3 = 2. Hence policy R, calls for releasing all the water when ther 4
dam, | unit of water when there are 2 units available in the dam, and 2 unis when
there are 3 units available in the dam. This policy differs from R,, so that another

iteration is required. For the value-determination step, the equations that must now
be solved are : '

Yo(Ry) =

€ is 1 unit in (he

3+ 0.99(Vy(R,) + IVi(R,) + 3Va(Ry) + $V3(R,)]
MR = =1+ 0.990ViR,) + 3V(Ry) + 3Vy(Ry) + tvyRy)
ViR = -1+ 099 | ;
Vi(Ry) = —2 + 0.99(

%VI(RZ) + 3Va(Ry) + ‘zlfV;;(Rz)]
SViR) + 3Vy(Ry) + 3Vy(Ry)).

The simultaneous solution of these equations results in the values Vi(R,) =
—119.642, V\(R,)) = —123.642, Va(Ry) = —125.119, and Vy(R,) = —126.119.

Step 2:can now be applied. We want to find an improved policy R, that has the -

property that do(R;) = K3, d\(R;) = kI, dy(Ry) = k2, and dy(R;) = k3 minimizes the
following expressions: :
|

©  Cog + 0.99{—119.642po (k%) — 123.642p,,(k3)
e — 125.119pn,(k3)

(1) Ciy + 0.99(=119.642p (k)

l

126.119py(K)]

!

123-6421311(,(;) .
= 125.119p5(k3) — 126.119p,,(k}))]
@) Gug + 0.99(-119.642p,4(K3) ~ 123.642p,,(K2)

oM = 125.119p5(k3) — 126.119p,,(k2)]

123.642p,,(3) | ,
= 125.119p5,(k3) — 126.119p5,(K3)).

G)  Cuy + 0.99[—119.642p,,(3)

The data on the transition matrices and the costs from the previous iteration can
again be used; the resulting values of the expression are

Value of Value of Value of Value of
Decision | Expression 0 Expression 1 Expression 2 Expression 3
! —119.642° —123.642 = 125.119 ~125.693
2 —119.642 =123.642 =124.642 =126.119
3 = 119.642 —123.642 —124.642 —125.642
. A s dJd
Thus dy(Ry) = kS = d(R,) = ky = 1,2, or 3; dy(Ry) = k3 o= 1oan

d3(Ry) = k3 = 2. Hence policy Ry and policy R, are identical, and the optimal relea~

. . S e Lo 4 Cawvater
policy calls for releasing all the water when there is 1 unit in the dam, [ unitol ™ Jb:'
when there are 2 units available in the dam. and 2 units when there are 3 units availabl

.in the dam.

. e o : . X TR 1y
Of course, direct enumeration would have been just as simple a techmque .
. . - i. - - . T Jdrativ e
use in this situation, but the policy improveément algorithm was used for illustra
purposes.
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20.7 Inventory Model

In Chap. 15 the following inventory problem was considered. A camera slore/s(ocks
a particular model camera that can be ordéred \veeklyT Let D\, D, . . represent
the demand for this camera during the first week, the'second week, . . . respectively.
ftis assumed that the' D, are independent. identically distributed random variables
huviﬁlg a Poisson distribution with parameter A cqual to 1. Let X, represent the number
of cameras on hand at the outset, X, the number of cameras on hand at the end of
week one, X, the number of cameras on hand at the end of week two, and so forth.
On Saturday night the store places an order that is delivered in time for the opening
of the store on Monday. The store uses an (s, S) ordering policy. If the number of .

cameras on hand at the end of the week is less than s = | (no cameras in stock), the

store ordersupto § = 3. Other&visc. the store does not order (if there are any cameras
in stock, no order is placed). It is assumed. that sales are lost when demand exceeds
the inventory on hand (no backlogging). The cost structure considered calls forin-
curring a penalty cost of $50 per unit for each unit of unsatisfied demand (lost sales).
If z > 0 cameras are ordered, the ¢ost incurred is 10 + 25z dollars. If no cameras
are ordered; no ordering cost is incurred. Holding costs are to be neglected. In Sec.
15.7, this policy was evaluated by using the (long-run) expected average cost per unit
time as the criterion. It is not evident that this policy is optimal, and the purpose of -
this section is-to find the optimal policy. Even though we know that the optimal policy
must be of the (s, §) form, we shall consider al] possible policies, although we shall

~assume that three cameras is the maximum number of cameras.that the store will

stock. The policy improvement algorithm will’ be used first, followed by the linear
programming formulation.

Because X, represents the state of the system, i.e., the number of cameras on
hand at the end of week r (before ordering), then X, = 0, 1, 2, 3. Similarly, there
are four possible decisions: ;

Decision | Action
0 I Do not order
1 Order | camera
2 Order 2 cameras
3 Order 3 cameras

The possible transitions are given by'

Decision 0 i ) .
State 0 -1 2 3
0 1 0 0 0
L | D=1} P{D =0} 0 0
2 PDz2} pPD=1} PO =0} 0
3 PD=3} pPD=2 PD=1 PD=0}

! Note that in this cxample the sct of possible decisions varies with the states.
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Decision ]

State 0 1 2 3
0 P{D = 1} P{D =0} 0 0
1 P{D = 2} P{D =1} P{D = 0} 0
2 P{D = 3) P(D =2} P(D = 1) P{D = 0}
3 Decision 1 not permitted
Decision 2
State 0 1 R 2 3
0 PD=2) pD=1) P(D = 0} 0
1 P{D = 3} P{D = 2} P{D =1} P{D = 0}
2,3 Decision 2 not permitted
b
Decision 3 :
State 0 1 2 3
0° PD=3} PO = 2} PD=1} P{D = 0}
1,2,3 Decision 3 not permitted
Reca

lling that the demand D is a Poisson random variable with parameter A = |

and using appendix Table A.5.4, these transitions can now be expressed as

Decision 0
State 0 1 2 3
0 1 0 0 0
1 0.632 0.368 0 0
2 0.264 0.368  0.368 0
3 0.080 0.184 0368 0.368
Decision 2
State 0 | -2 3
0 0.264 0.368  0.368 0
1 0.080 0.184 0.368  0.368
2,3

Dccision. 2 not permitted

The cost information required is similar to that given

. Decision 1
State 0 1 2 3
0 1 0.632 0.368 0 0
1 0.264 0.368 0.368 0
2 0.080 0.184 0.368 0.368
3 Decision 1 not permitted
Decision 3
State 0 1 2 3
0 0.080 0.184 0368 0.368
1.2,3 Decision 3 not permitted

urged (o review this material. A summary is given by

in Sec. 15.7, and you ar¢

Decision

W N O N~

—

- Choose the

>:value-determ
R calls for ord
d); otherwise
st be solved s

~n




3 S DR S -
o .‘ 2 2 State Decision Actual Cost Per Weck . Expected Cost Per Weck, Cu 799
- : 5 0 0D SOE(D) = 50 ‘ Markovian Decision
1 35 +50max {(O = 1,0} | 35 + SO(P{D = 2} + 2P(D = 3} + - <) = 534 Processes and
2 60 + 30 max (D - 2).0} | 60 + SO(IP(D = 3) + 2P(D = a) + - =65 Applications
3 85 + 50 max {(D - 3). 0} 85 + S0[1P(D = 4+ 2P(D = Sh+- -1 =362
! | 0 S0 max{(D - 1), 0) SO(1P{D = 2} + 2P(D = 3) 4 . . (] =18.4
| 35 4+ 50 max {(O - 2), 0} 35+ SO[1P{D = 3} + 2P(D = a} + ]=40.2
2 0 + 50 max {(D - 3).0} | 60 + SO(IP(D = 4} + 2P(D = 5} + 1=61.2
3 Decision 3 not '
permitted
2 0 SO max {(D. ~ 2). 0} SOUPD =3} + 2P(D = 2} + - -J= 5.2
: | 35+ 50 max {(D - 3).0} 35+ S50(1P(D =4} + 2P(D =5} 4 - J=36.2
2.3 Decisions 2. 3 not
permitted . !
3 0 50 max {(D — 3). 0} SO(1P{D = 4} + 2P(D = 5} + - - =12
1.2,3 Decisions 1. 2. 3 not
permitted

Choose the (s, S) policy already introduced as the initial policy for carryins out
the value-determination step (step 1) of the policy improvement algorithm. This prbcy,
R,, calls for ordering up to 3 units whenever the system is in'state 0 (no cameras on
: hand); otherwise, no order is placed. With this policy, the following four equanons
oA 2 g must be solved simultaneously for g(R,), Uo(Ry), v1(R)), and uy(R)) [recall that odR))
; R is arbitrarily taken to be zero]: :

s 420003

£ 3
_ e gm0=Qn+%m#WMO—%®)
. 1= -

3 —
- = SN = Gy, F ,Zopnj(k[)vj(Rx) — U(Ry) ('S SB
. £

g 2
3 L :‘S"r' 3
& TS = Cy, + 2 P2i(kJUi(Ry) = uy(Ry)
. ._..,_.r i=0
| .—, 5
b ~ = Cy, + 2, py(kuR)) — uy(R)),
— il 23 g j=0
A
5
e or, alternatively,
68 k] .
ASRACIN '
L ?‘»:‘;”‘ 8(R)) = 86.2 + 0.080uy(R,) + 0.184v(R,) + 0.368u,(R)) — uy(R))
iR :‘k : = 18.4 + 0.63204(R,) + 0.3680,(R,) ~- U(R)) :
g ’Zg.::
po = 92 + 0.264uy(R)) + 0.3680(R,) + 0.368u4R,) ~ vy(R,)
you arej i
ysiie ik = 1.2 + 0.08004(R,) + 0.184v,(R,) + 0.368v4R,). !
A48 : E
0 z
1% I
Ry
{ 2id !
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Step 2 can now be applied. It is necessary to find the im
has the property that dy(R,) = k3, d,(R,) = k!, dy(Ry)

‘The simultaneous solution of this system
8i(R))
Uo(R))
vy(R})
ux(R,)

minimizes the following expressions:

of equations yields

31.43

= 85.00
= 64.38

31.49.

1

proved policy R,, which
= k2, and dy(R,) =

|

85

64.38

31.49

©) Cowg + Pook2)85 + po,(k)64.38 + pyy(k2)31.49
i ) Ciay + Pio(k)BS + p, (k3)64.38 + py(k1)31.49
) Couz + pyo(k2)85 + py (k3)64.38 + poy(k2)31.49
3) Cogy + P3olk2)85 + p3(k2)64.38 + pay(k3)31.49.
-~ - To find the optimal decisions, the following data are required:
State 0
\ .
Total Value of
Decision | poolky) | poi(ky) Poalky) Cox, Expression 0
0 1 0 0 50 50
1 0.632 0.368 0 53.4 45.81
2 0.264 0.368 0.368 65.2 37.92
3 0.080 0.184 0.368 86.2 31.43
State 1
Total Value of
Decision | p,o(ky) p,,(h) Pialky) Ciy, Expression |
0 0.632 0.368 0 18.4 31.43
1 0.264 0.368 0.368 40.2 33.54
2 0.080 0.184 0.368 61.2 27.05
. State'2
Total Value of
Decision | paglky) | pay(ky) | paslky) Cy, Exprcssion 2
0 0.264 0.368 0.368 5.2 31.43
o 0.080 0.184 0.368 36.2 34.94

Nk S

Pxlk;)
0.080

Héy R, calls {
{ock; otherwise
pf the week
;iusc policy /
ui-_;cquations o

Step 2 can

2 the property

es the folloy

“Total *

Expre

0 5C

-1 4.

.2 3¢

3 X
]




State 3 : 80 1

‘ | Total Value of O Markovian Decision
Decision P30(k) Pyi(ky) Py:(ks) Ch, Expression 3 Processes and i
pecion ' Applications !
0 0.080 0.184 0.368 1.2 31.43 =
[+
0 — ol (o2 =
Thus do(Ry) = kY = 3, di(R,) = /\; =52 dz(Rz‘) = /\; = d4(R,) = kzl = 0. Hence , '
po‘liC)’ R, calls for ordering up to three cameras whenever there is 0 or | camera in O '
stock; otherwise, no ordering is done; i.c., if the number of cameras on hand at the @

end of the week is less than s ='2 cameras. the store orders up'to S = 3 cameras.
Because policy R, differs from policy R, another iteration is required. The following
four equations must be solved simultaneously for g(R,), Ug(R3), Uy(R,), and v, (R,):

8(Ry)

I

86.2 + 0.0800¢(R2) + 0.184v,(R;) + 0.3680,(R,) — vyR,)

61.2 + 0.08005(R,) + 0.184v(R,) + 0.3680,(R,) — v (R,) |

I

5.2 +20.264u4(R,) + 0.368v,(R,) + 0.368v,(R,) — U(RS)

I

1.2 + 0.08004(R,) + 0.184v,(R,) + 0.368v,(R,). i

The simultaneous solution of this system of equations yields

2Ry = 3033
Uo(Ry) = 85.00
U(Ry) = 60.00

vo(R,) = 30.68.

Step 2 can now be applied. It is necessary to find the improved policy R;, which :
has the property that do(Ry) = k3, d\(R;) = K, dy(R3) = k3, and dy(R;) = k3 min- . NE
imizes the following expressions: .

© . Cog + Poo)85 + po,(K60 + ppy(k930.68 — 85 i
(1) Ciy + Pio(k3)85 + p, (k)60 + P12(k3)30.68 — 60
. |
@) Cog + P2o(k3)8S + pyy (kD60 + poy(k2)30.68 — 30.68 ; l :
3) Cyy + pao(3)85 + P3u(k3)60 + py(k3)30.68. it
| : o
Using the data from the previous iteration, the relevant calculations are e Ql—)% 3 !
—
B (i S B
Totwal Value of | Total Value of | Total Value of Total* Value of -
3 Decision Expression 0 Expression | Expression 2 Expression 3
0 50 34.20 ©.30.33 30.33 « v :
1 44.20 36.01 34.65 — &
2 36.01 30.33 Ce = , :
3 30.33 = - = c> ,L)
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Thus do(Ry) = k§ = 3, d\(Ry) = k} = 2, dy(Ry) = ki = dyR,) = k3 = 0. Hence

policy Ry and policy R, are identical, so that the optimal policy calls for ordering up

to three cameras when there is 0 or 1 camera in stock; otherwise, no ordering is done
The linear programming formulation calls for finding the y,, that

Minimize SOy, + 53.4y0, + 65.2q, + 86.2y0y + 18.4y,0 + 40.2y,
+ 612y, + 5.2y, + 36.2y5, + 1.2y,

subject to ’
Yo & Yot Yoot Yos F Yiot Y F Yzt Yoo F Yot oyy = 1L
Yoo+ Yor + Yoo + Yo3 = [Yoo + Yoi(0-632) + y0/0.264) + y40.080)
+ ¥10(0.632) + y,,(0.264) + y,,(0.080) + y,0(0.264)
. + ¥21(0.080) + y4,(0.080)] = 0,
Yio + Y 2 = [701(0:368) + yp0.368) + yo5(0.184) + y,(0.368) ;
+ y11(0.368) + y,,(0.184) + ;20(_0.368) + y1(0.184) + y5,(0.184)] = 0.
Yoo + Y1 — [¥0o(0.368) + y65(0.368) + y,,(0.368) + ¥1,(0.368)
| o y(0.368) + y(0.368) + y,4(0.368)) = 0.
Y30 = [703(0.368) + y,,(0.368) + y,,(0.368) + y,,(0.368)] = 0.
and Yoo Yo1» Yo2» Yo3» Y100 11> Y120 Y200 Y210 Y30 = 0.

This linear programv can be solved by using the simplex: method. The results
yield all y;, equal to zero, except for

Yo3 = 0.148, = y,, = 0.252, Y20 = 0.368, ¥3o = 0.233.
The corresponding D, are given by
Do3 = Dy, = Dy = Dzo =1,

and all the remaining D,, = 0.

20.8 Conclusions

The material presented in this chapter represents. a powerful tool for formulating
models and finding the optimal policies for controlling a large class of systemsflhf‘“
that are Markovian decision processes. These techniques are applicable to the solutm‘n
of problems in such areas as queueing theory, inventory, maintenance, and probabi-
listic dynamic programming, in general. : :
Two algorithms were presented, the policy improvement algorithm and the [in¢d!
programming formulation, for finding optimal policies. It is evident from the exf}mPl‘_"
that data-collection requirements are high. Even if the solution converges rqP'dl-"_ il
the policy improvement algorithm, completing step 2 requires considerable calculatio?
for systems with a large number of states. Using the linear programming fOfﬂ]U““"“n
with, say, 50 states and 25 decisions leads to 1,250 variables and 51 constraints
(excluding the nonnegativity constraints), which represents a large linear program
Nevertheless, these two solution methods are useful for solving real-world problem>
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'18 1 SCOPE OF THE MARKOVIAN DECISION
: PROBLEM: THE GARDENER EXAMPLET

In this section we introduce a- s1mp1e example that will be used as a vehlcle of
explanation throughout the chapter. In splte of its srmphclty, the ‘example' para-
phrases a number of important applications in the areas of inventory, replacement
cash flow management, and regulatlon of water reservoir capacity. ’

Every year, at the beginning of the gardenmg season, a gardener applies’ chermcal
tests to check the soil’s condition. Depending on the outcomes of the tests, the
garden’s productivity for the new season is classified as good, fair, or poor.

Over the years, the gardener observed that current year’s productivity ‘can be
assumed to depend only on last year’s soil condition. The transition probabilities
over a 1-year period from one productmty state to another can thus be represented
in terms of the followmg Markov chain:’ ,

.State of
“ the system
next year -

., s 1 2 3 e * .
Stateof V42, 503} 0 e
the system ¢ 210 .5 ,.5]= Pv1 i
this.year (3|0 A0 | :

The representatlon assumes the followmg correspondence between productnvnty andf

the states of the cham : , s ol e
‘ Product1v1ty : o
(Soﬂ Condmon) State of the System
4 : — — :
~ Good : A
Fair, )

3

The transition probabilities in P! indicate that the productivity for ‘a current year -
can be'no- better than last year’s: For example, ‘if the soil condmon for ‘this year is
fair (state 2), next year’s productivity: may remar it;

poor (state 3), also with probability .5.
The ‘gardener can alter-the transition probabilit ,
of action. Typically, fertilizer.is applied to boost the s01l con d mon whlch ylelds the-
\followmg transition matrix P2 e , :

b2

: 11:.3 ;.;6‘ 1
P2=2(1 6 3|

3L0s 455

With the apphcatron of the fertlhzer, it is possrble to 1mprove the cor i
over last year’s.

+ A review of Markov chains is given in‘ Section 18.6. «
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To put the decision problem in perspective, the gardener associates a return func:
tion (or a reward structure) with the transition from one state to: another ‘The return
function expresses the gain or loss durmg a l-year period, dependmg on the states
- between which the transition is made. Since the gardener has the options of using or

'not using fertrhzer, gain and losses are expected to vary, dependmg on the decision
made. The matrices R! and R? summarize the return functions in_hundreds of
dollars associated with the matrices P! and P2, respect1ver Thus R! applies when
no fertilizer is used; otherwrse R2 is utllrzcd in the representatlon of the return
function. : ,

HAg g

‘=Jrjl=2{0 s 1|

30 .0 —1]

; Lty
. e 5 -1 j

R=|rZl=2[7 "4 o

e 316 -3 2]

Notice that the elements r7 of R? take into account the cost of applying the fertil-
izer. For example, if the system is in state 1 and remains in state. 1 ‘during next year,
its gain will be 73, = 6compared to r,{l = 7when no fertilizer is used. ,
What kind of a decision problem:does the gardener have? First, we must know.
. ‘whether the gardemng activity will continue for a limited number of years or, for all
‘practical purposes, indefinitely. These situations are referred to as ﬁmte-stage ‘
infinite-stage decision problems In both cases, the _gardener would need to deter-‘
mine the best course of action to be followed (fertlhze or.do not fertilize) given the
outcome of the chemical tests (state of the system). The optrmrzatlon process will: bef
based on maxnmlzatron of expected revenue: 3 o

The gardener may also be interested i in-evaluating the expected revenue resultmg’
from following a prespecified course of action whenever a given state of the system
occurs. For example, fertilizer may be apphed whenever the soil condition is poor.
(state 3).- The decision- makmg process in thls case is sald to be represented by a
stationary policy. - o

.. We.must note; that each statlonary pohcy will be assocrated with-a dnﬂ'erent tran-
smon and return matrices, which; in general, can be constructed from the ‘matrices
P!, P2, R!, and R2. For example, for the stationary policy callmg for applying
fertilizer only when the soil ¢ondition is: poor (state: 3); the resultmg transition: and
return matrices; P and R, respectively, are given as . Lo ~

706 3]

253 v
P=[0 5 5| R=[0 5 1
05 4 .55 L le, 3 =2

These matrices differ from P! and R! in the third rows only, which are taken
directly from P2 and R2. The reason lS that P2 and R2 are the matrices that result
when fertrllzer is apphed in every state. ; b

Exermse 18.1-1 : :
(a) Idennfy the ‘matrices P 'and R associated with the: statronary pollcy callmg for using
fertrlrzer whenever the soil condmon is farr or:poor.
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