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Modeling accretion columns in accretion-powered pulsars
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ABSTRACT

Context. Accretion-powered X-ray pulsars show complex spectral and timing behavior that reflects the extreme conditions near the
neutron star. Modeling these observables remains challenging, particularly at high mass-accretion rates, Ṁ & 1017 g s−1, where the
extended accretion column plays a role in shaping anisotropic emission seen by a remote observer.
Aims. Here, we present a modular framework that links radiation processes inside the column to the emission observed at infinity. The
framework combines existing models for continuum and cyclotron resonant scattering feature (CRSF) formation in sidewall column
emission with ray tracing, thereby bridging the gap between the rest-frame emission and the observable flux.
Methods. We model the radiation from the accretion column using continuum emission from the column walls, calculated in the
regime of saturated Comptonization in the presence of a radiation-dominated shock. This emission then passes through a thin
outer layer with a fast-moving bulk flow, where CRSFs, derived from Monte Carlo simulations, are imprinted. Finally, a geometry-
independent ray-tracing code accounts for light bending in the Schwarzschild metric, incorporating the shape and location of the
emitting regions and neutron star rotation to compute the observed phase- and energy-dependent flux.
Results. We present the height-dependent anisotropic emission in the column rest frame. For the chosen model, approximately 70%
of the radiation is emitted within 1 km of the base of the column, predominantly at large angles to the magnetic field. Relativistic
boosting in the bulk flow affects the appearance of CRSFs in the spectra, leading to a strong dependence of the line locations on the
angle relative to the magnetic field.
Conclusions. The proposed theoretical framework allows a straightforward combination of internal emission models with ray tracing
to study the observed flux. Here, we focus on the joint treatment of the two-dimensional column structure and CRSF formation in
the neutron star rest frame. The observed phase and spectral variations of the flux are highly sensitive to the location of the emitting
regions and the observer’s viewing angle, which is explored in an accompanying paper.
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1. Introduction

Accretion-powered X-ray pulsars are neutron stars with
strong magnetic fields, found in binary systems where they ac-
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crete matter from a companion star. This scenario is most com-
monly observed in high-mass X-ray binaries, which host rela-
tively young (∼105–106 yr), slowly rotating neutron stars with
spin periods of ∼1–1000 s and magnetic field strengths of ∼1012–
1013 G. The extended magnetosphere of a neutron star stops the
accretion flow thousands of kilometers above the surface and
channels the infalling plasma onto the magnetic poles, form-
ing localized emission regions where the flow decelerates. If
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the spin and magnetic axes are misaligned, a remote observer
can see periodic changes in the flux as the emission regions ro-
tate through the line of sight (Lamb et al. 1973). For reviews of
these systems, see, for example, Caballero & Wilms (2012) and
Mushtukov & Tsygankov (2023).

During accretion onto a neutron star surface, the kinetic
energy of the plasma is converted into radiation. At high
mass-accretion rates relevant for this work, Ṁ & 1017 g s−1,
the resulting radiation pressure is sufficiently strong to in-
fluence the dynamics of the infalling flow, leading to a sig-
nificant radiative deceleration of the plasma (Davidson 1973;
Basko & Sunyaev 1976). Several analytical and numerical stud-
ies of two-dimensional radiation hydrodynamics have demon-
strated that the radiation-dominated shock takes a mound-
like shape, with its characteristic height of hundreds me-
ters to several kilometers away from the neutron star surface
(see, e.g., Davidson 1973; Wang & Frank 1981; Klein & Arons
1989; Klein et al. 1996; Postnov et al. 2015; Gornostaev 2021;
Zhang et al. 2022; Markozov et al. 2024; Gornostaev 2025). The
velocity of the flow in the accretion mound is greatly reduced,
and final deceleration can occur via charged particle collisions
(Basko & Sunyaev 1976; Wang & Frank 1981). These models
consistently show that at the edge of the accretion column the
free-fall region extends almost down to the neutron star sur-
face (Klein 1997). The spectral formation in the shock and
the accretion mound is primarily driven by the bulk and ther-
mal Comptonization of bremsstruhlung and cyclotron emission
(Arons et al. 1987; Becker & Wolff 2007).

In a strong magnetic field of ∼1012 G, the electron motion
perpendicular to the field is quantized into Landau levels, with
energy separations that fall in the X-ray range (e.g., Canuto et al.
1971; Mészáros 1992). This introduces resonances to radiative
processes, such as photon emission and Compton scattering.
The latter leads to the formation of cyclotron resonant scatter-
ing features (CRSFs) in the form of broad absorption features,
also known as cyclotron lines. These features typically vary
with pulse phase in energy, depth, and width (see Staubert et al.
2019, for a comprehensive review). These variations can be at-
tributed to the strong angular dependence of the cyclotron scat-
tering cross section, relativistic aberration due to the high veloc-
ity of the free-fall (∼60% of the speed of light), and the contri-
bution from several spectral-forming regions. In some sources,
the observed CRSF energy varies with the source luminosity,
L, typically showing a positive correlation at lower luminosity
(L . 1037 erg s−1) and a negative correlation at higher luminosity
(e.g., Staubert et al. 2007; Tsygankov et al. 2010; Becker et al.
2012; Poutanen et al. 2013; Lutovinov et al. 2015, and refer-
ences therein). These variations are generally interpreted as
changes in the structure of the emission region or character-
istics of the flow (e.g., velocity profile) interacting with pho-
tons in the channel (Becker et al. 2012; Mushtukov et al. 2015;
Loudas et al. 2024).

One of the most vexing questions is which region is pri-
marily responsible for the formation of observed CRSFs in
the high-Ṁ regime. The accretion column emits mainly from
the side walls (with the emission pattern typically described
as a fan beam), with the optically thick accretion mound serv-
ing as a primary source of radiation (see, e.g., Burnard et al.
1991; Klein et al. 1996; Postnov et al. 2015). It is often assumed
that the CRSF-forming region is associated with the radiation-
dominated shock, so that variations in CRSF energy reflect
changes in the characteristic height of the shock. (Becker et al.
2012; Loudas et al. 2024). However, the radiation energy den-
sity increases toward the base of the accretion channel, below

the shock (e.g., Zhang et al. 2023; Gornostaev 2025), and sev-
eral studies indicate that most of the radiation escapes through
the sidewalls of the accretion column near the neutron star sur-
face (Postnov et al. 2015; Gornostaev 2021). In this scenario, the
dynamic structure of the column, and in particular the outer free-
fall layer extending down along the sides of the accretion mound,
can affect line formation. Only a few simulations have addressed
this problem while accounting for the two-dimensional channel
structure, and these were limited to intermediate mass-accretion
rates (Ṁ ≈ 1016–1017 g s−1), where photon–flow interactions are
weaker, producing a pronounced CRSF in the spectrum of the
radiation in the neutron star rest frame (Rebetzky et al. 1989,
Markozov et al. 2024, see also also the preprint by Fotiadis et al.
2026 for a similar regime with a one-dimensional velocity distri-
bution in the channel). An alternative scenario attributes the for-
mation of CRSFs to the neutron star surface, either heated by col-
lisional stopping (in the outer rim of the column; Wang & Frank
1981) or illuminated by the column emission (Poutanen et al.
2013; Kylafis et al. 2021).

Distinguishing between these scenarios requires one to
compare model predictions with observations. For accretion-
powered X-ray pulsars, strong phase variability and complex
spectral energy distributions provide additional insights into the
source behavior. Modern X-ray missions and recently proposed
analysis tools (e.g., Ferrigno et al. 2023) have greatly expanded
the observational basis. However, on the modeling side, the
phase and energy domains are often treated separately. A consis-
tent description requires one to model the observed flux of angle-
and energy-dependent radiation emitted from regions with spec-
ified geometry and location, and project it onto the observer’s
plane. This is challenging due to the complexity of spectral for-
mation in the strongly magnetized plasma of the accretion col-
umn, often leading to neglect of one or more dimensions (e.g.,
photon energy, angle, or a height distribution of the emission).
Moreover, most emission models address only spectral forma-
tion in the plasma or neutron star rest frame, omitting general
relativistic effects and contributions from multiple emission re-
gions, which can significantly influence the observed flux. In
this work, we integrate these aspects within a unified modeling
framework.

A formalism to account for gravitational light bending and
the Doppler effect in modeling the observed emission from a
slowly rotating neutron star was proposed by Pechenick et al.
(1983) and is widely adopted in the field of accretion-powered
X-ray pulsars. Modeling the observed flux necessitates calcu-
lating the trajectories of emitted photons in curved space-time,
which quickly becomes computationally expensive. Several an-
alytic solutions have been proposed (e.g., Beloborodov 2002;
Poutanen & Beloborodov 2006; Poutanen 2020, and references
therein) and successfully applied to obtain pulse profiles from
emission regions, such as hot spots on the neutron star sur-
face (e.g., Beloborodov 2002; Poutanen & Beloborodov 2006;
Cappallo et al. 2017; Markozov & Mushtukov 2024), or ex-
tended cylindrical and conical accretion columns (Ferrigno et al.
2011; Markozov & Mushtukov 2024). The models have evolved
from point-like sources on the neutron star surface to extended
emission regions, which can also be placed asymmetrically, and
thus resemble offset dipole geometries. However, most models
still rely on the assumption of azimuthal symmetry of the emis-
sion region, which simplifies the modeling.

We present a flexible ray-tracing code for the Schwarzschild
metric that enables general modeling of the observed flux.
Originally developed by Falkner (2013, 2018), it has been
applied with phenomenological emission profiles to fit pulse
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profiles of 4U 1626−67 (Iwakiri et al. 2019), combined with
a hotspot emission model to describe the low-luminosity
state of GX 304−1 (Sokolova-Lapa 2023), and used as the
basis for a simpler, lightweight model for EXO 2030+375
(Thalhammer et al. 2024). Unlike most earlier approaches, the
code implements full numerical ray tracing in the Schwarzschild
metric and, in principle, imposes no intrinsic restrictions or sym-
metry assumptions on the emission region.

Here, we introduce a framework that combines physical
models for emission in the falling plasma and neutron star rest
frames with a ray-tracing code. This setup enables us to study the
phase and energy variability of the sidewall column emission and
observability of CRSFs. We provide a detailed description of the
individual emission components and their integration in Sect. 2.
Section 3 presents the resulting emission from the accretion col-
umn in the neutron star rest frame and provides an example of
observed phase-dependent flux. Section 4 summarizes the mod-
eling approach and discusses key model-specific results and lim-
itations. A more detailed study of energy- and phase-dependent
emission for different column locations and viewing angles is
presented in an accompanying paper (Falkner et al. 2026, Pa-
per II).

2. Accretion column and emission model

We considered accretion onto a strongly magnetized, B ∼

1012 G, and slowly rotating neutron star, P > 1 s in the radiation-
dominated regime described above, Ṁ ∼ 1017 g s−1, where an
extended accretion column forms. We assumed a cylindrical col-
umn, with radiation emerging from its sidewalls in a “fan beam.”
In order to obtain a quasi-realistic energy-dependent emission
profiles, we combined two different models for emission: the
continuum obtained in the regime of saturated Comptoniza-
tion from a two-dimensional hydrodynamic column structure
by Postnov et al. (2015) (Sect. 2.1), and the cyclotron scattering
model by Schwarm et al. (2017a,b) (Sect. 2.2). As is illustrated
in Fig. 1, we divided the column itself into two parts: a dense in-
ner volume that is optically thick (Thomson optical depth τ & 1)
and in which the continuum emission is formed, and a geomet-
rically thin layer that surrounds this region. While optically thin
to the continuum radiation, this layer is still optically thick at
energies near the cyclotron resonances, such that CRSFs are im-
printed onto the continuum. We then transformed the emission
into the neutron star rest frame (Sect. 2.3) and projected it onto
the observer’s plane, accounting for light bending and gravita-
tional redshift using our ray-tracing code for the Schwarschild
metric (Sect. 2.4).

When performing these calculations, we are dealing with
three different reference frames. For the quantities that are sub-
ject of transformations and that depend on the photon energy
or propagation angle, we employed the notation system as de-
scribed below. The radiation is formed or reprocessed in the rest
frame of the down-falling plasma. As the bulk velocity depends
on height, discretizing the column introduces a separate rest
frame for each height slice. Quantities in this comoving frame
are denoted by a prime (′) in the following. In order to obtain the
emission profile of the column, photons generated in the plasma
had to be transformed into the rest frame of the neutron star and
the accretion column, indicated with a star (?). Finally, the trans-
formation into the observer’s frame of reference was performed
by the ray-tracing code, which accounts for the full geometric
setup of the problem. For the final observed angle- and energy-
dependent quantities, such as flux, no special notation was used.

Contin
uum

CRSF layer

light 
bending

Fig. 1. Schematic depiction of the modular accretion column model.
The proportions and conical shape of the column are illustrative and
do not correspond directly to the physical setup used in this study.
The sketch highlights three principal components of the model: the in-
ternal region where the continuum is shaped, the outer, optically thin
layer where CRSFs are formed, and the ray tracing of emitted photons
through curved spacetime.

2.1. Column structure and emission

Similar to Davidson (1973) and Wang & Frank (1981),
Postnov et al. (2015) performed two-dimensional simulations of
axially symmetric accretion columns by solving the steady-state
momentum and energy equations together with the gray radiative
transfer problem in the diffusion approximation. This provides
a structure of the radiation-dominated shock, where most of the
accretion energy is released, and allows one to obtain the temper-
ature and velocity distribution within the column. The spectrum
is then calculated based on the saturated Comptonization model
by Lyubarskii (1986).

In strong B fields, effects of magnetized plasma and
electron-positron vacuum polarization result in strongly
polarization-dependent photon propagation (Canuto et al. 1971;
Mészáros & Ventura 1978; Pavlov et al. 1980). The extraordi-
nary polarization mode, whose rotating electric vector remains
perpendicular to the B field, has a greatly reduced and highly
isotropic Compton scattering cross section in the continuum.
Due to their long mean free path, it is commonly assumed
that the flux through the sidewalls of the accretion column
is dominated by these extraordinary photons (Postnov et al.
2015). In this scenario, ordinary photons, for which the electron
scattering cross sections are strongly angle-dependent, escape in
directions almost tangential to the surface of the column. Their
energy density is taken into account during the calculation of
the column structure. It is assumed, however, that these photons
decelerate the infalling flow and are redirected downward
into the accretion mound through interactions with electrons,
providing only a minor contribution to the total emitted flux. For
a hot and optically thick plasma in a strong B field, Lyubarskii
(1986) showed that the spectrum of the extraordinary mode is
formed in the regime of saturated Comptonization and found
an analytic solution of the differential Fokker-Planck equation.
Here, we followed Postnov et al. (2015) and adopted this pic-
ture, noting, however, that polarization and redistribution effects
can generally lead to a mixture of polarization modes, even in
the case of emission from the column walls (Meszaros & Nagel
1985a; Sokolova-Lapa 2023).

We described the angular dependence of the specific inten-
sity for the extraordinary mode as a fan beam; that is, propor-
tional to (1 + 2 cos ζ′), where ζ′ is the angle with respect to
the normal of the emitting surface in the co-moving frame of
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µ′
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ζ′

ηS

η′

k′
eB

eS

Fig. 2. Local co-moving reference frame of the emitting plasma. The
direction of the local B field and the local normal to the emitting (col-
umn) surface are denoted by eB and eS, respectively, where eB · eS = 0.
The local emission direction of the photon is denoted by k′. The photon
emerges from the plane of the emitting surface (gray) with an angle,
ζ′, with respect to the surface normal, eS. The angle, η′, is measured
with respect to the B field, with µ′ = cos η′ = k′ · eB, while ηS = η′S is
the angle between the surface normal, eS, and the projection of k′ into
the plane perpendicular to the B field, with µS = cos ηS. The emission
pattern, i.e., the angle dependence of the specific intensity in Eq. (1),
projected into the three planes of the reference frame, is shown in or-
ange. The maximum emission is reached for ζ′ = 0◦ or equivalently
η′ = 90◦ and η′S = 0◦.

the emitting plasma (e.g., Lyubarskii 1986; Postnov et al. 2015).
Hence, the maximum emission is reached for ζ′ = 0 (Fig. 2).
Starting with this assumption, we can combine Equations (34),
(35), and (43) of Lyubarskii (1986), such that the local specific
intensity of extraordinary photons in this regime can be written
as1

I′E′ (µ
′, µS, h) =

3
7π

[
1 + 2µS

√
1 − µ′2

] (
E′

kT

)2 F⊥(h)
E′

exp
(
−E′

kT

)
.

(1)

The photon energy, E′, and µ′ = cos η′, where η′ is the angle
between the B field and the photon emission direction k′, are
both given in the rest frame of the emitting plasma (see Fig. 2),
and µS = cos ηS is the cosine of the angle of the surface normal to
the projection of k′ onto the plane perpendicular to the B field.
As the bulk velocity is anti-parallel to the B field, the plane in
which ηS is measured is perpendicular to the velocity vector, and
therefore µS = µ′S.

The local electron temperature, T , in Eq. (1) depends on the
location in the column and is given by (Postnov et al. 2015)

T (r, h) =

 3Ṁv0c
4σSBπr2

AC

(
1 −

√
Q
)1/4

, (2)

where the radius, r, is measured from the center of the col-
umn of a radius, rAC. The other relevant quantities are the
height, h, which is measured from the neutron star’s surface, the
Stefan-Boltzmann constant, σSB, the mass accretion rate, Ṁ, and
Q(r, h) = v2/v0

2, where v(r, h) is the velocity inside the column
and v0 is the initial free-fall velocity of the infalling plasma near

1 The constant factor of 3/7π in Eq. (1) is chosen such that∫ ∞
0

∫ 1

−1

∫ π/2

−π/2
I′E′ cos ηS

√
1 − µ′2 dηS dµ′ dE′ = F⊥(h).
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Fig. 3. Column structure according to the model of Postnov et al.
(2015). Green lines show the contours of the dimensionless velocity
squared, Q, for an accretion column of radius rAC = 647 m accret-
ing with a rate of Ṁ = 5×1017 g s−1 and an initial free fall velocity
of v0 = 1×1010 cm s−1. The temperature, T , throughout the column is
indicated by the color map.

the neutron star surface (see Postnov et al. 2015). The continuum
model does not assume an exact magnetic field value for the col-
umn structure calculation and requires only a sufficiently strong
field to reproduce the polarization-mode behavior discussed ear-
lier.

Figure 3 shows the structure of an accretion column com-
puted with this formalism for a mass accretion rate Ṁ =
5×1017 g s−1. We will be using this column as an example
throughout the paper. The initial free fall velocity is v0 =
1×1010 cm s−1, which decreases to ∼0.1 v0 in the settling region
(depicted as the white, mound-like structure at the bottom of the
channel). The characteristic height of the radiation-dominated
shock, where the accreted matter is decelerated, strongly de-
pends on the radius within the column. Closer to the walls of the
column, the shock reaches further down to the bottom of the ac-
cretion channel and extends vertically. As expected from Eq. (2),
the temperature increases as the flow decelerates in the column.

Finally, the flux perpendicular to the B field is (Postnov et al.
2015, their Eq. 11)

F⊥(r, h) =

[
v0

2c
2κ⊥

∂Q
∂r

]
·

1 +
v0πr2

AC

6Ṁκ⊥
(
1 −
√

Q
) ∣∣∣∣∣∂Q
∂r

∣∣∣∣∣
−1

, (3)

where κ⊥ is the scattering cross section per unit mass perpen-
dicular to the magnetic field. Assuming that the accreted matter
consists purely of hydrogen, the mean opacity for Thomson scat-
tering is κT = σT/mp ∼ 0.398 cm2g−1, where σT is the Thomson
cross section and mp is the proton mass. Following Postnov et al.
(2015), we assume that κ⊥ = κT.

The denominator in Eq. (3) was introduced by Postnov et al.
(2015) as a modification to the diffusion approximation to im-
prove the validity of the equation in the outer layers. For τ < 1,
however, the efficiency of this modification drops, resulting in
a significant decrease and underestimate of the radial flux with
radius. In the evaluation of Eq. (3) we therefore use the radius
of constant radial optical depth, r(τ⊥ = 1, h), to represent the
boundary rather than the geometric radius of the column, rAC.
The radial component of the local optical depth perpendicular to
the B field is given by

τ⊥(r, h) = −

∫ rAC

r

Ṁκ⊥
πr2

ACv0
√

Q
dr̃ (4)
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and is measured inward, with τ⊥(rAC) ≡ 0. The relative deviation
from the geometrical radius for τ⊥ = 1 is very small, r(τ⊥ =
1, h)/rAC ≥ 98.7%, and therefore the assumption of a cylindrical
column is still fulfilled.

Using a numerical solution of the radiative transfer problem,
Postnov et al. (2015, see their Eqs. 11 and 12 and Fig. 2) de-
termined the structure of the accretion column for a variety of
different mass accretion rates. In order to obtain the emission
of the accretion column, we determined the radial energy flux,
F⊥(h) = F⊥(τ⊥ = 1, h), which emerges at a certain height from
the column’s side walls and the corresponding temperature, T , at
the boundary layer from their solution. Note that the total verti-
cal energy flux is negligible compared to the total radial energy
flux (Postnov et al. 2015).

2.2. Cyclotron line formation

While nonresonant continuum photons often escape strongly
magnetized plasmas immediately, resonant photons undergo
many scatterings due to their much shorter mean free path.
(Schwarm et al. 2017b, and references therein). Due to this very
large contrast between the scattering cross section inside and
outside of the cyclotron resonance, the formation of CRSFs is
typically limited to the outermost “skin” of the accretion col-
umn. The continuum photons generated in the dense inner re-
gion of the accretion column therefore act as “seed photons”
injected into the thin skin, where the continuum is imprinted
with the CRSF (see, e.g., Schönherr et al. 2007; Nishimura 2014;
Kumar et al. 2022).

Based on Monte Carlo simulations of the scattering pro-
cesses in an optically thin and highly magnetized plasma (e.g.,
Araya & Harding 1999), Schwarm et al. (2017a) provided pre-
calculated tables of the energy- and angle-dependent Green’s
functions for the resonant radiative transfer problem (see
Schwarm et al. 2017a,b, for more details). For this type of simu-
lation, the assumed small optical depth naturally corresponds to
the continuum (Thomson) value only – as follows for all charac-
teristic values for the optical depth stated below. At the cyclotron
resonance, the actual optical depth will be ∼4–6 orders of mag-
nitude higher (see, e.g., Schwarm et al. 2017b).

The line shape and emission pattern of the CRSF strongly
depend on the geometry of the emitting region (e.g., cylindrical
or slab-like) and on standard line parameters such as the B field
strength, the electron temperature along the field, and the emis-
sion angle (see, e.g., Meszaros & Nagel 1985b; Schwarm et al.
2017b). In our specific application, we assumed a cylinder ge-
ometry in which photons are emitted from a line along the B
field axis into a surrounding cylinder that has an optical depth,
τCRSF
⊥ , perpendicular to the B field axis (Fig. 1). Approximat-

ing a column of infinite height, we set the optical depth parallel
to the B field to τCRSF

‖
= 1000τCRSF

⊥ . Pure vacuum modes are
used in this model to describe photon polarization states, which
is justified by the small electron density at the outermost layer of
the column. In the following we choose a radial optical depth of
τCRSF
⊥ = 3 × 10−4.

Based on the above, in our model the CRSF volume itself
is characterized by its temperature, B field strength, and optical
depth perpendicular to the B field axis. We divided the volume
into infinitesimally small horizontal slabs to allow for parame-
ter gradients in the temperature and the magnetic field strength,
which have a strong impact on the properties of the CRSF. We
also assumed the τCRSF

‖
of each CRSF slab to be large, which

prevents the transition of photons between the individual CRSF

slabs. This assumption is a compromise between a physical pic-
ture of the accretion column and feasibility of the calculation.

In summary, the specific intensity (including CRSFs) emitted
by a slab of the column at height h is given by

I′E′ = I′E′
(
I′E′ (µ

′, µS, h),T, B, µ′, τCRSF
⊥

)
= K(T (h), B(h), µ′, τCRSF

⊥ ; µ′, µS) ⊗ I′E′ (5)

where K is the CRSF scattering kernel of Schwarm et al.
(2017a,b), the continuum emission I′E′ is given by Eq. 1, and
X ⊗ Y denotes the convolution of function Y with kernel X.

As was mentioned above, we assumed a cylindrical column
where the B field axis and the column axis are aligned. We also
assumed that the B field strength decreases with height following
the dipole approximation,

B(r, h) = B0
R3

NS

2

[
5(RNS + h)2r2 + 4(RNS + h)4 + r4

[r2 + (RNS + h)2]5

]1/2

, (6)

where B0 = B(0, 0) is the surface magnetic field strength at the
center of the column’s base and RNS the radius of the neutron
star. This means that CRSFs are imprinted onto the continuum
approximately at energies of

E′CRSFn(h) = 2n ×
~eB(h)

mec

1 +

√
1 + 2n

~eB(h)
m2

ec3
sin2 η′in


−1

∼ n × 11.6 keV
B(h)

1012 G
,

(7)

where n is the order of the Landau level, with n = 1 correspond-
ing to the fundamental line, and η′in is the angle between the pho-
ton propagation direction and the B field (see, e.g., Mészáros
1992). As is seen from the exact part of Eq. (7) in question,
the position of cyclotron resonances depends on the angle to
the magnetic field and shows a slight anharmonicity due to rel-
ativistic effects (Harding & Daugherty 1991; Araya & Harding
1999). In reality, the centroid energy and shape of the result-
ing scattering features are determined by a complex resonant re-
distribution and affected by higher-order processes. The model
of Schwarm et al. (2017a,b) considers these effects, demonstrat-
ing that redistribution and photon spawning can lead to stronger
emission wings of the fundamental line and a reduction of its
depths (see Schwarm et al. 2017a, for more details).

2.3. Neutron star rest frame

The specific intensity obtained from Eq. (5) is given in the local
rest frame of the emitting plasma. In order to obtain the emis-
sion profile of the entire accretion column, we have to take into
account the height dependence of the relativistic bulk motion.
This means that we have to transform the local specific intensity
emitted from different parts of the accretion column into a com-
mon frame of reference. An obvious choice for such a reference
frame is the rest frame of the neutron star.

Transformation of the specific intensity from the local rest
frame of the plasma (Eq. 5) to the rest frame of the neutron star,

I?E? (µ?) =

(
E?

E′

)3

I′E′ (µ
′), (8)

is obtained through a Lorentz transformation,

E′ = E? 1 + βµ?√
1 − β2

and µ′ =
µ? + β

1 + βµ?
, (9)
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where the bulk velocity β = v/c =
√

Qv0/c. Note that the ve-
locity vector is antiparallel to the B field. Starred quantities refer
to the rest frame of the neutron star. We assume that the CRSF
forming layer is coupled to the continuum emitting volume such
that both have the same velocity and temperature distribution
(Eq. 2).

2.4. Geometry and ray tracing

In order to predict what the column would look like to an ob-
server at infinity, we have to take into account general relativis-
tic effects; specifically light bending, which also causes a lensing
effect (solid angle amplification), and the gravitational redshift.
Since our work focuses on accreting X-ray pulsars in high-mass
X-ray binaries, we assumed that the neutron star is a slow ro-
tator with a rotation period P . 1 Hz, such that we could ne-
glect time delays of observed photons, as well as the oblateness
of the neutron star (the effects important for modeling fast rota-
tors such as accreting millisecond pulsars Morsink et al. 2007;
Bogdanov et al. 2019).

We used the developed ray-tracing code (see Sect. 1), which
computes photon trajectories in the Schwarzschild metric and
determines the observed energy- and phase-dependent flux,
FE(φ), for arbitrary geometries (i.e., the location of the poles and
the inclination of the rotation axis to the observer’s line of sight)
and emission characteristics of the emission regions. We adopted
a general approach based on the Schwarzschild metric, similar
to Beloborodov (2002), Poutanen & Beloborodov (2006), and
De Falco et al. (2016), who derived the observed flux for in-
finitesimal spots on a sphere. We extended this framework to
include extended emission regions, including radial structure,
as in the conical accretion column model Ferrigno et al. (2011).
In this case, photon trajectories with a periastron cannot be ig-
nored. The method, which is described in more detail in Ap-
pendix A, allows one to model arbitrary geometrical emission
regions, without any required symmetry or other restrictions to
the geometrical shape.

The ray-tracing code introduces additional parameters into
the emission model. The most important one is the compact-
ness of the neutron star, Rs/RNS, determined by the ratio of its
Schwarzschild radius (Eq. A.5) and its radius. The compactness
mainly influences the strength of the light bending – how much
the photon trajectories differ from those in absence of any mass
– and the gravitational redshift (Eq. A.24).

In addition to the compactness, the shape and location of
the emission region have to be defined. In our case the shape
of the cylindrical column is specified by the radius, rAC, and
its height, hAC. As is discussed in Sect. 2.1, these parameters
mainly depend on the initial free-fall velocity and Ṁ. The posi-
tion of the column on the neutron star’s surface is given by its
co-latitude ΘAC, that is, the inclination of the magnetic field, and
its azimuthal angle ΦAC (Fig. 4) with respect to an arbitrary zero
meridian on the neutron star’s surface. The azimuthal angle is
only important when multiple columns are considered. In this
case, it defines the angular offset between the columns. Here we
assume that the B field axes pass through the center of mass; that
is, that the accretion columns are perpendicular to the neutron
star surface. An asymmetric B field would be accounted for by
deviating from the antipodal case while still assuming the B field
axis to be centered. Columns are antipodal if

ΘAC1 = 180◦ − ΘAC2 and |ΦAC1 − ΦAC2| = 180◦. (10)

Finally, the inclination, i, of the observer’s line of sight relative
to the neutron star’s rotational axis must be taken into account.

x

y

z

i

Θ
AC1

ΦAC1

i

ΘAC2

ΦAC2

Fig. 4. Geometry of a neutron star with two antipodal accretion columns
sampled using triangular surface elements. The size of the surface ele-
ments is enhanced for visualization purposes. The inclination, i, of the
observer is defined to lie on the x,z plane and measured with respect
to the rotational axis z, as are the individual colatitudes of the accre-
tion columns, ΘAC1 and ΘAC2. The azimuthal angles of both columns
are designated ΦAC1 and ΦAC2.

3. Results

The framework described above allows us to obtain the height-
dependent radiation field from the column walls in the neutron
star rest frame (Sect. 3.1) and the observed phase- and energy-
dependent emission (Sect. 3.2).

3.1. Emission in the neutron star rest frame

Integrating the specific intensity over the whole height of the
column and over all emission angles gives the total luminosity
of the column in the energy band, E?

min and E?
max,

L? = 2πrAC

E?
max∫

E?
min

hAC∫
0

1∫
−1

π/2∫
−π/2

I?E? cos ηS

√
1 − µ?2 dηS dµ? dh dE?.

(11)

In most cases considered here, the X-ray band from 1 to 100 keV
approximately contains the total luminosity of the accretion col-
umn.

Figure 5 shows the height-dependent emission profile and
other properties of the accretion column for the parameters listed
in Table 1. The energy-integrated emission profiles are plotted
as a function of height for several emission angles. All bin ex-
hibit similar behavior, with peak emissivity occurring at the base
of the column. Due to relativistic boosting, the relative contri-
bution is clearly dominated by large angles (Fig. 5, left). The
bulk velocity at the boundary layer is almost equal to the initial
free-fall velocity for most parts of the column and only starts
to decrease drastically h ∼ 100 m above the neutron star sur-
face (Fig. 5, right). The electron temperature has a similar but
smoother evolution as it is directly derived from the bulk veloc-
ity (Eq. 2).
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Table 1. Input parameters for the accretion column model.

parameter short value
initial free-fall velocity v0 1×1010 cm s−1

mass accretion ratea Ṁ 5×1017 g s−1

accretion column radius rAC 647 m
accretion column height hAC 5 km
radial optical depth of boundaryb τ⊥ 1
surface magnetic field strength B0 2.5×1012 G
radial optical depth of CRSF layerb τCRSF

⊥ 3 × 10−4

neutron star radius RNS 10 km
neutron star mass MNS 1.4 M�

Notes. (a) Ṁ relates to the mass accretion rate of the accretion column
and not to that of the neutron star in a whole. (b) Optical depths are given
in Thomson values.
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Fig. 5. Height-dependent emission profile and properties of the (single)
example accretion column of Fig. 3 in the rest frame of the neutron
star. Left: Emission profile of the accretion column (Eq. 8) integrated
over the energy range from 1 to 100 keV in different µ? bins, shown on
a logarithmic scale. The inset shows the height- and energy-integrated
beam pattern with respect to the angle η?. The colors correspond to the
angle bins in the main figure (the yellow region is located at the very
top of the beam pattern and is not visible at the chosen scale). The drop
in flux to zero at the very base of the column follows from the adopted
functional dependence on ∂Q/∂r (see Eq. 3) and does not affect any of
the presented results. Right: Velocity (solid black), temperature (dashed
green), and magnetic field strength distribution (dash-dotted orange) at
the boundary layer of the accretion column, i.e., r = r(τ⊥ = 1).

For our (single) example column, the total intrinsic luminos-
ity is L? = 2.2×1037 erg s−1, of which 100% is emitted below a
height of 5 km, 67% below 1 km, and 20% below 0.1 km (see
Fig. 5, left). Therefore we can consider the column to have a
height of hAC = 5 km. In the frame of the moving plasma, the
emission is concentrated in the direction normal to the cylindri-
cal column wall (Fig. 2). However, due to the boosting (rela-
tivistic aberration) caused by the bulk velocity, the emission in
the frame of the star is predominantly directed downward; that
is, toward the neutron star. In particular, 76% of the emission has
an emission angle of η? > 90◦ (or µ? < 0).

Figure 6 shows the height-integrated spectra for emission
from the column, using bins of the same angle as in Fig. 5. The
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Fig. 6. Angle-dependent spectra (Eq. 8) of the example accretion col-
umn in the rest frame of the neutron star. Top: Height-integrated emerg-
ing spectra for the different emission angle ranges indicated in the inset
(same as in Fig. 5). Bottom: Relative difference of the spectra to their
pure continuum contribution.

spectra strongly depend on the emission angle. The shape of the
CRSFs is largely determined by the behavior of the scattering
cross section at a given emission angle, with the deepest and
broadest profile occurring at smaller angles to the magnetic field
(Fig. 6, yellow line). In the rest frame of the plasma, these cor-
respond to directions close to the magnetic field, where the line
shape experiences the strongest Doppler broadening due to elec-
trons, moving freely along this axis. At larger angles to the mag-
netic field, line formation is accompanied by emergence of emis-
sion wings around the core (the effect is described in detail in,
e.g., Isenberg et al. 1998; Schönherr et al. 2007; Schwarm et al.
2017a). Notably, the centroid energies of CRSFs also strongly
depend on the emission angle. However, the visible increase in
centroid energies at larger angles to the magnetic field cannot
be explained by the angular dependence of the resonances in
the cross sections, which predicts no significant variation for the
fundamental and the opposite trend for higher harmonics (see,
e.g., Eq. 7 and Schwarm et al. 2017b,a). This correlation results
from the energy- and angle-dependent Lorentz boosting, which
accounts for the CRSF formation in the moving medium of the
column walls (Eq. 9). The boosting also contributes to a mild
hardening of the continuum at higher emission angles.

3.2. Observed emission

As was mentioned in Sect. 2.4, initiating a discussion on the ob-
servable properties of emission from accretion columns requires
one to consider the geometrical properties of the emission re-
gions, their locations, and the viewing angle of a remote observer
relative to the neutron star’s rotation axis. This consideration sig-
nificantly expands the parameter space. Our preliminary investi-
gation indicates that this necessitates a systematic study, which
will be the focus of Paper II. Here, we show a few immediate re-
sults for the directly observed column emission, which are read-
ily accessible based on the discussion above.

As an example, Fig. 7 shows the observer’s view of a neu-
tron star with two antipodal identical accretion columns, as well
as their specific intensity in the observer’s frame, IE (Eq. 8
and Eq. A.24). Light bending enlarges the visible fraction of
the neutron star, making it unlikely to observe only one pole
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Fig. 7. Sky projection of a neutron star with two accretion columns
observed at an inclination i = 80◦. The two columns are located at
(ΦAC1 = 37◦, ΘAC1 = 50◦) and (ΦAC2 = 143◦, ΘAC2 = 130◦). See Fig. 4
for an explanation of these angles. The colors encode the specific inten-
sity, IE . We consider only the column wall emission. The top surface of
the column is shown in white but does not emit.

(Ftaclas et al. 1986). In Fig. 7, the second column, partially hid-
den in flat space, becomes significantly more visible, contribut-
ing to phase- and energy-dependent emission.

A given observer views various parts of the columns’ sur-
faces under different angles at a specific rotation phase. Together
with the significant angle variability of the spectra (see Fig. 6),
this leads to a complex energy-dependent behavior of the ob-
served flux, FE(φ) (Eq. A.32). Figure 8 shows an example of
the resulting pulse profiles at different energies for a chosen ge-
ometry, using the specific intensity, IE , determined from each
emitting surface element. The normalization chosen for the pro-
files emphasizes their shape, rather than their absolute flux and
their relative pulsed fraction. The shape strongly depends on the
energy. In the soft X-ray band around ∼5 keV, below the funda-
mental CRSF, the pulse profile is double-peaked, without special
features. At higher energies, however, the main peak is split by
a dip, which becomes the global minimum at ∼90 keV. Changes
in angular dependency between different continuum energies re-
sult mainly from the energy-dependent Lorentz transformations
applied to the initially assumed fan-beam emission profile, as
shown in Fig. 6 for the neutron star rest frame. However, the be-
havior of the flux in the observer’s frame additionally includes
mixed contributions from different heights of the column and
visibility effects. The pronounced dips at higher energies are
caused by the occultation by the neutron star of the hot bottom
part of the column, emitting harder radiation. This and other visi-
bility effects are geometry-dependent and are addressed in detail
in Paper II.

Figure 9 shows energy-integrated pulse profiles for the same
observer’s viewing angle but different locations of the two an-
tipodal columns. Even in this case, the geometry produces a va-
riety of pulse shapes. At small ΘAC1, the pulse profiles show
a single broad peak at φ = 0, while for larger ΘAC1 a second
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Fig. 8. Energy-dependent pulse profiles normalized by their standard
deviation, σFE , using the specific intensity, IE , calculated with param-
eters given in Table 1. The B field of the two antipodal columns is in-
clined by ΘAC1 = 46◦ and ΘAC2 = 134◦, respectively, while i = 78◦.
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Fig. 9. Energy-integrated pulse profiles normalized by their standard de-
viation, σFE , for different antipodal two-column geometries with vary-
ing B field inclinations ΘAC1,2 for the model column with parameters
given in Table 1.

peak develops at φ = 0.5. Increasing ΘAC1, bringing it closer
to i, also leads to the formation of shoulders on the main or
secondary peaks. The contribution of the main peak (φ = 0)
increases significantly at ΘAC1 ∼ i (the effect was discussed
previously for physical and phenomenological column emission
models; see, e.g., Meszaros & Riffert 1988; Nollert et al. 1989;
Markozov & Mushtukov 2024). These basic examples demon-
strate that the observed flux is strongly dependent on energy and
the underlying geometry, which can be used to constrain the pole
location and the observer’s viewing angle. This problem is fur-
ther explored in Paper II.

4. Summary and outlook

In this paper, we present a framework for computing the energy-
and phase-dependent X-ray flux from accreting neutron stars.
The model consists of three key components, each capturing dis-
tinct physical aspects within and around the accretion column.
We illustrate this approach by obtaining the conditions within
the accretion column, its dimensions, and its continuum emis-
sion using the model of Postnov et al. (2015) with CRSFs im-
printed based on Schwarm et al. (2017a,b) and take into account
the bulk motion in the column’s outer layer. The resulting ra-
diation field is then transformed into the observer frame using
general relativistic ray tracing. The developed methodology in-
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tegrates components, which are crucial to narrowing the gap be-
tween emission models and the accumulated multidimensional
observational data.

This model allows us to investigate the scenario, when
CRSFs originate in the side-wall emission. Some modification
of the spectra by imprinted CRSFs are visible at all emission
angles. The position of the lines and their shape depends dra-
matically on the angle, owing to the combination of Doppler
broadening in the rest frame of the plasma and Lorenz boost-
ing due to the formation in a fast-moving outer layer of the col-
umn. A very pronounced absorption feature appears only in the
directions closer to the magnetic field, where the overall flux is
significantly reduced. We would like to note that the second har-
monic is very weak in this case and most likely would not be
visible after taking into account a detection process. The contri-
bution of various angular beams to the total flux, and thus the
observability of the features, depends further on the geometry
and is addressed in Paper II.

As was mentioned earlier, the fast-moving outer layer in an
accretion column is a common result of two-dimensional hy-
drodynamic and magneto-hydrodynamic simulations (see, e.g.,
Gornostaev 2021; Zhang et al. 2022; Sheng et al. 2023). How-
ever, resonant processes are generally not included in detail
in such simulations, as they dramatically increase computa-
tional costs. Sheng et al. (2023) accounted for angle- and energy-
averaged magnetic opacities in the accretion column, which re-
sults in a significant difference in column structure and dynam-
ics compared to earlier work (Zhang et al. 2022). The general
behavior of the horizontal velocity profile, with the fast-moving
outer layer, is typically preserved. It remains unclear, however,
whether proper inclusion of intense resonant scattering in this
layer would affect this general picture. In this way, the combined
model used in this work provides a physical description of the
accretion column’s emission that is consistent with the state of
the art in the field and is compatible with the requirements of
the ray-tracing code presented here. However, we note that such
dynamical effects as photon bubbles described for nonstationary
calculations can modify the structure of the accretion mound and
also allow radiation to escape without reprocessing in the free-
falling region (Klein et al. 1996; Klein 1997; Zhang et al. 2022,
2023).

The modularity of our approach also has some limitations,
especially at the interfaces of the continuum and the CRSF
model, where an abrupt transition is implied between the two
regions. As discussed in Sect. 2.1, the continuum is formed at
the surface of constant optical depth, τ⊥ = 1 (Postnov et al.
2015). The CRSF model of Schwarm et al. (2017a,b), however,
assumes a very thin outermost layer that has an optical depth
of ∼10−4. Nevertheless, we assume the electron temperature and
the bulk velocity to be the same in both layers as the spatial sep-
aration is negligible. We also neglect the vertical redistribution
of photons due to the vertical discretization of the column. Fur-
thermore, the model by Postnov et al. (2015) used for the contin-
uum emission is based on Lyubarskii (1986), who considered the
photon energy to be smaller than the fundamental CRSF energy,
which itself is assumed to exceed the electron temperature, i.e.,
E′ � E′CRSF1 and E′CRSF1 � kT . While the second condition is
met, the first one is only partially fulfilled. As a consequence, the
contribution of ordinary photons to the continuum especially at
higher energies is underestimated. An estimate of this deviation
would only be possible using a more sophisticated description of
the accretion column emission.

In our model, a significant amount of radiation emitted by the
accretion column (∼58%) is intercepted by the neutron star sur-

face. This irradiation of a neutron star due to a bulk motion in the
accretion channel was first described by Kaminker et al. (1976)
and was later proposed by Poutanen et al. (2013) as a key factor
in explaining the correlation of CRSF energy and X-ray lumi-
nosity. While the re-emission (“reflection”) component can be
straightforwardly incorporated in our setup, calculating a phys-
ically motivated spectral and angular distribution for this com-
ponent is a complex task. This will be addressed in future work,
while the discussion here and in Paper II is limited to directly
observable emission from the accretion column as a foundation
for further development. It is also important to note that the ap-
proach used here to account for the presence of the bulk flow
is oversimplified. In reality, even when the emission predomi-
nantly escapes from the column wall, not all photons emitted
and up-scattered by thermal electrons in the settling interior of
the column interact with the fast-moving flow at the boundary.
In this way, the effect of the downward boosting of the contin-
uum in our model is likely overestimated (see, also, Kylafis et al.
2021, for the related discussion).

Currently, we do not include the treatment of polarization
in our setup. Polarization is an important dimension of the prob-
lem, and polarization effects in a strong magnetic field are crucial
for understanding emission formation (Mészáros 1992). Prop-
erly accounting for photon polarization modes in the observed
emission requires one to consider photon propagation effects in
the neutron star magnetosphere, which can modify the polar-
ization signal (see, e.g., Wang & Lai 2009 and, for ultra-strong
fields, Shaviv et al. 1999). This requires a different treatment of
ray tracing and will be addressed in future studies.

A detailed discussion of the directly observable emission
from an accretion column, as predicted by the model described
here, is given in Paper II. There we present a set of energy- and
phase-dependent implications and predictions relevant for inter-
preting observational data. The primary focus is the dependence
of these observables on the geometry – the inclination of the ob-
server’s line of sight and the location of the accretion columns.
The resulting angle- and energy-dependent flux has to be inves-
tigated in the systematic manner due to a complex parameter
space and warrants a separate discussion.

5. Data availability

The ray-tracing code is written in ISIS and is available at
https://www.sternwarte.uni-erlangen.de/research/
lbscripts. The current setup is complex, as required by
the broad ranges of the code applicability, and is not efficient
enough to be used directly for pulse profile or spectral fits
(all related examples mentioned in Sect. 1 relied on a set of
model-specific interpolation tables). Nevertheless, it serves as a
robust foundation for exploring the interplay between emission
characteristics and geometry, as well as a prototype for simpler
models with stricter assumptions and higher computational
performance (e.g., Thalhammer et al. 2024).
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Appendix A: Ray tracing method

In this appendix we describe the ray tracing method used in this
work. While much of the underlying calculations were already
presented in the literature, the notations used in the relevant pa-
pers are inconsistent with each other. This makes implementa-
tions of these theories error prone. Here, we summarize the liter-
ature in a consistent way. We give the mathematical formulation
in Sect. A.1 through A.4. In Sect. A.5 we then outline the numer-
ical implementation. In Sect. A.6 we verify the validity of our
ray tracing method by comparing our results to Ferrigno et al.
(2011).

A.1. Equations of motion

Solving the geodesic equation based on the Schwarzschild met-
ric in spherical coordinates (t, r, θ, ψ) yields the equations of mo-
tion for photons. In particular, exploiting spherical symmetry
and the conservation of angular momentum (θ ≡ π/2), the com-
ponents of the photon’s four-velocity can be written as (see, e.g.,
Misner et al. 1973)

ut ≡
dt
dλ

= (1 − Rs/r)−1 (A.1)

ur ≡
dr
dλ

=
[
1 − b2 (1 − Rs/r) /r2

]1/2
(A.2)

uθ ≡
dθ
dλ

= 0 (A.3)

uψ ≡
dψ
dλ

= br−2 (A.4)

where

Rs = 2GMNS/c2 (A.5)

is the Schwarzschild radius for a neutron star of mass MNS, and
where b the impact parameter, i.e., the distance between the tra-
jectory and the line of sight, which connects the center of the
neutron star and the observer (Fig. A.1). The impact parameter
can be expressed in terms of the radial emission angle α, i.e.,
the angle between the radial position vector, n, and the initial
emission direction of the photon, k?. With Eqs. (A.2–A.4),

tan(α) =
|uψ|
|ur |

∣∣∣∣∣∣
θ= π

2

(A.6)

such that

b =
R sinα
√

1 − Rs/R
. (A.7)

The trajectory of the photon can then be described by the ellipti-
cal integral

ψb(R) =

∫ ∞

R

dψ
dλ

dλ
dr

dr

=

∫ ∞

R

dr
r2

[
1
b2 −

1
r2

(
1 −

Rs

r

)]−1/2

,

(A.8)

where ψ is the polar angle between the direction to the observer
at infinity and the current location R of the photon (see Fig. A.1).
Note that R is not necessarily equal to the radius of the neutron
star, RNS, i.e., R ≥ RNS.
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Ψ
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Fig. A.1. Visualization of the ray tracing parametrization. The orange
solid line represents the trajectory of photons emitted at (R, ϕ, ϑ) in the
direction k? with the emission angle α with respect to the radial vector
n. R represents the radius of emission. The photon reaches the observer
plane (at infinity) at the impact point (A = b cos ρ, B = b sin ρ) at a
distance b. The direction k toward the observer is defined to lie in the
x, z-plane, inclined by the inclination i with respect to the z-axis, which
is also the axis of rotation. The angle between n and k is the apparent
emission angle Ψ . The magenta dashed line represents the second pos-
sible trajectory, Ψ ∗, to the observer of a photon emitted at (R, ϕ, ϑ). In
this case the photon is emitted toward the neutron star, that is, α > 90◦
and exhibits a periastron at (Rp, Ψp).

Those trajectories in Eq. (A.8) for which α ≥ 90◦, i.e., pho-
tons emitted toward the neutron star, can exhibit a periastron at

Rp(b) = −2

√
b2

3
cos

1
3

arccos
3
√

3
2

Rs

b

 +
2π
3

 , (A.9)

where α = 90◦ corresponds to the periastron itself. Equa-
tion (A.9) is only valid for b > bc, with the critical impact pa-
rameter

bc =
3
√

3
2

Rs, (A.10)

and the critical radius

Rc = Rp(bc) =
bc
√

3
=

3
2

Rs, (A.11)

below which photon trajectories do not exhibit a periastron and
spiral inward to the center of mass. From Eq. (A.7) we derive the
maximum radial emission angle,

αmax = π − arcsin

bc

R

√
1 −

Rs

R

 . (A.12)

To account for periastra, the photon trajectory in Eq. (A.8) has
to be considered, such that

Ψb(R) =

{
ψb(R) for α ≤ 90◦

2ψb(Rp) − ψb(R) for α > 90◦
. (A.13)
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Fig. A.2. Accuracy of the analytical photon trajectory approximation
(Eq. A.14). This figure is similar to Beloborodov (2002, Fig. 2) and
shows contour lines (solid, dotted) of constant deviation δξ/ξ of the
bending angle ξ = Ψ − α of the analytical approximation (Eq. A.14)
to the exact solution (Eq. A.13). The black and purple shaded re-
gions relate to the maximum radial emission angles, αmax and α

approx
max ,

for the exact and approximated case, respectively. The orange shaded
area confines the region that can be occupied by a neutron star with
MNS = 1.4 M� (see, e.g., Steiner et al. 2013). Note that the y-axis of
Beloborodov (2002, Fig. 2) actually begins at Rs/R = 0.01 and not at 0
as implied in their figure.

A.2. Analytic approximations

Beloborodov (2002) presents an accurate analytical approxima-
tion for the photon trajectory defined by Eq. (A.8) given by

1 − cosα = (1 − cosψ)(1 − Rs/R), (A.14)

which De Falco et al. (2016) derive in a more general approach.
This approximation requires that R > 2Rs = Rapprox

c . Note that
the critical radius in this approximation is larger than that in the
exact solution (Eq. A.11). In other words, in the approximation
of Beloborodov (2002) a neutron star with a radius of 2Rs would
look like a neutron star of radius 3

2 Rs based on the exact calcu-
lation. Objects therefore appear to be more compact when us-
ing the approximate solution rather than the exact calculation. In
contrast, the relative deviation of the bending angle, ξ = Ψ − α,
which is the most crucial parameter for ray tracing, deviates only
by at most 10% from the exact solution (Fig. A.2). This maxi-
mum relative deviation is reached only for the extreme case of
α→ αmax (Eq. A.12).

For α ≤ 90◦ the accuracy map in Fig. A.2 matches that of
Beloborodov (2002, their Fig. 2), which shows the correctness
of our numerical calculation of the photon trajectory given by
Eq. (A.13). Note that as expected we obtain δξ = 0 for Rs/R→ 0
and arbitrary α, as the apparent and radial emission angle are
equal, i.e., α = Ψ .

Several more accurate approximations for the bending an-
gle and amplification factor in the Schwarzschild field have been
proposed in recent years, many of which improve the treatment
of trajectories with a periastron (see, e.g., La Placa et al. 2019;
Poutanen 2020; Bakala et al. 2023). We expect that integrating
some of these approximations into the ray-tracing code will im-
prove computational performance without a significant loss of
accuracy.

A.3. Sky projection

By setting θ ≡ π/2 in the geodesic equations in Eqs. (A.1–A.4)
we can reduce the three dimensional problem into a plane, where
a trajectory can be identified only by its impact parameter b. To

obtain the projected image in the observer plane we need to in-
troduce another variable. The azimuthal angle ρ in the observer
plane allows us to define the impact point (X,Y) of a photon tra-
jectory in the observer plane (see Fig. A.1) as

X = b cos ρ and Y = b sin ρ, (A.15)

where ρ is defined by

cos ρ =
[k × (n× k)] · ey
|k × (n× k)|

=
sinϑ sinϕ√

sin2 ϑ sin2 ϕ + (sin i cosϑ − cos i sinϑ cosϕ)2

(A.16)

and

sin ρ =

∣∣∣[k × (n× k)] × ey
∣∣∣

|k × (n× k)|

=
sin i cosϑ − cos i sinϑ cosϕ√

sin2 ϑ sin2 ϕ + (sin i cosϑ − cos i sinϑ cosϕ)2
,

(A.17)

where

k =

 sin i
0

cos i

 (A.18)

is the direction vector to the observer, which is inclined to the
z-axis by the inclination angle i. The angle ψ is geometrically
described by

cosψ = k · n = cos i cosϑ + sin i sinϑ cosϕ. (A.19)

The initial emission direction k? can be expressed as

k? =
sinα
sinΨ

k +
sin(Ψ − α)

sinΨ
n. (A.20)

Note that in case of geometrical projection in flat spacetime.
k? = k as Ψ = α. Finally, we can express the solid angle oc-
cupied by an infinitesimal spot dS for an observer at distance D
in terms of the impact parameters,

dΩ = dX dY/D2. (A.21)

A.4. Flux determination

Using the above definitions we can determine the energy- and
phase-resolved flux observed from the neutron star. In order to
do so, we need to integrate the specific intensity, IE , as measured
in the observer’s rest frame over the solid angle in the observer’s
sky, Ω, that is occupied by the surface of the emitting area, S , at
rotational phase φ,

FE(φ) =

"
S

IE dΩ. (A.22)

While the geometry of the emitting surface, S , may be static, the
corresponding solid angle, which represents the projection of the
surface element on the observer’s sky, depends on the rotational
phase and the line of sight, i.e., Ω = Ω(S , φ, k) (Eq. A.21).

The transformation between the specific intensity in the rest
frame of the accretion column and that in the observer rest frame
is analog to Eq. (8), i.e.,

IE(k) =
(
E/E?

)3
I?E? (k?). (A.23)
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Fig. A.3. Flow chart sketching the steps of the numerical procedure of
the relativistic ray tracing method (see Sect. A.5). As a first step the ge-
ometrical setup, the emitting surface, is defined by a mesh of triangular
surface elements. Additionally an interpolation table has to be provided,
which contains information of possible photon trajectories. Based on
these inputs the main step, the projection onto the observer sky, can be
performed. In this step the two solutions for trajectories are determined
and saved if valid for each phase φ and for each surface element n. In
an optional step (dashed arrows) overlapping projections are filtered. In
the end the given specific intensity is applied to the valid projections of
each individual surface element and the resulting overall observed flux
is determined.

where

E = E?

√
1 −

Rs

R
= E?/ (1 + z) (A.24)

refers to the gravitational redshift z of a photon that is emitted
at the radius R away from the center of mass. Equation (A.20)
transforms between the observed, k, and the intrinsic emission
direction, k?, of the photon.

A.5. Numerical procedure

Figure A.3 gives an overview of the numerical procedure that
implements the steps outlined in the previous sections. We first
define the geometrical setup, i.e., mass, MNS, and radius, RNS,
of the neutron star, and the spatial extent of the emission re-
gion and its location. As indicated in Fig. 4, using an approach
common in computer graphics, we achieve the independence of
symmetry requirements by sampling the emitting region with a
mesh of small triangular surface elements. In particular, we sam-
ple the surface S of the emitting region with a set of vertices
Rl(R, ϕ(φ), ϑ), where l ∈ L ⊂ N and |L| depends on the cho-
sen resolution. These vertices are forming a mesh of triangular

surface elements

∆Sn =
1
2

(Rn1 − Rn0 ) × (Rn2 − Rn0 ), (A.25)

such that each normal vector points outward and their sum adds
up to the area of the emission region, i.e,

∑
n |∆Sn| = S , where

n numbers the surface elements and nm ∈ L with m ∈ {0, 1, 2}
indicates the corresponding vertices. Note that each vector Rl
can be a vertex in several (up to six) surface elements. The vertex
coordinate

ϕ(φ) = ϕ0 + φ (A.26)

depends on the initial azimuthal position ϕ0 = ϕ(0) and on the
rotational phase φ (see Fig. A.1). There are no restrictions or
requirements to the shape of the emitting surface, except for R >
Rc.

A pre-calculated interpolation table (Fig. A.3) is used to per-
form the relativistic projection. This projection is represented by
the solid angle Ω corresponding to the emitting surface S . Based
on the position of the neutron star with respect to the observer,
which is determined by the radius R and the angle Ψ , we calcu-
late the light bending parameters (b, α) required for the projec-
tion. The tabulation step is necessary as the calculation of pho-
ton trajectories exhibiting a periastron requires the periastron to
be known beforehand (see Eq. A.13). The periastron, however,
is determined by the impact parameter, b, of the trajectory (see
Eq. A.9), while the calculation of b requires the emission an-
gle α and the emission radius R (Eq. A.7). Using Eq. (A.7) and
Eq. (A.13) we therefore calculate b and Ψ for given sets of R and
α, which together provide the interpolation table. To improve the
efficiency the radial range of the table can be limited to the geo-
metric extent of the given setup.

The main step of the numerical procedure is the projection
of the 3-dimensional geometrical structure onto the observer sky
as a function of the rotational phase (Fig. A.3). This projection
is given by the solid angles, ∆Ωn, occupied by the corresponding
surface elements, ∆Sn. The numerical approximation of the solid
angle in Eq. (A.21) is

∆Ωn =
1

2D2

[
(Xn2 − Xn0 )(Yn1 − Yn0 ) −

(Xn1 − Xn0 )(Yn2 − Yn0 )
]
. (A.27)

that is, the triangular area enclosed by the impact points
(Xnm ,Ynm ) in the observer plane corresponding to the vertex set
Rnm forming the surface element ∆Sn.

The calculation of the solid angles for the determination of
the pulse profiles is performed in a series of steps defined by
a grid of rotational phases, φ j. At each phase only a subset of
the surface elements has a valid projection. The individual steps
and different criteria for a valid projection at a given phase are
described in the following.

First, using Eq. (A.19) we determine Ψnm for all according
vertex sets nm based on the line of sight, k, and the current loca-
tion, Rnm . for the two possible trajectory sets, Ψnm and 2π − Ψnm

(see Fig. A.1) we can then look up the corresponding ray tracing
parameters, bnm and αnm in the interpolation table. Both solutions
are checked for validity. A trajectory set is dismissed if it inter-
sects with the neutron star surface, that is, if for any nm

αnm > 90◦ ∧ bnm < RNS/
√

1 − Rs/RNS (A.28)

or equivalently

Rp(bnm ) < RNS (A.29)
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In this case, the corresponding surface element, ∆Sn, would be at
least partially invisible. To obtain the initial photon emission di-
rection k?n for each valid solution, single ray tracing parameters
are determined by averaging according to

αn =
1
3

∑
m

αnm and bn =
1
3

∑
m

bnm . (A.30)

From Eq. (A.20) we then obtain the corresponding initial emis-
sion direction, k?n , and the emission angle, ηn, relative to the sur-
face normal vector, where

cos ηn = k?n · ∆Sn/ |∆Sn| . (A.31)

Surface elements with relative emission angles ηn > 90◦, i.e.,
trajectories pointing inward into the emitting surface, are again
dismissed. As a result, at a given phase, for each surface element,
∆Sn, there are either no, one, or two projections, ∆Ωn. The latter
case is very unlikely and requires a special kind of geometry
with surface elements with normal vectors pointing toward the
neutron star surface, for example an emission region detached
from the neutron star surface.

An optional step is to check for overlapping projections
(Fig. A.3), i.e., solid angles ∆Ωn that (partially) occupy the same
area in the observer sky. This check is very time consuming and
unnecessary in most cases. An example are solid columns, which
are located roughly on opposite sides of the neutron star. Their
projections do not occupy the same area at any phase (see, e.g.,
Fig. 7). For hollow columns or columns located very close to
each other, however, it is likely that there are photon trajectories,
which are intercepted by another part of the emission region. In
such cases, adjacent solid angles in the observer’s sky have to be
checked for overlaps and those shadowed by another are tagged
as invalid.

Finally, at each phase and for each surface element with at
least one valid solution we determine the observed flux from a
simple numerical approximation of Eq. (A.22),

FE(φ) =
∑

n

IE∆Ωn. (A.32)

A.6. Code verification

In order to verify our approach we compare our results with
those of Ferrigno et al. (2011), who presented semi-analytical
pulse profiles for conical accretion columns, accounting for light
bending. These authors use a mixture of two Gaussians as the
emission pattern

I?Ferringo(α) =

2∑
j=1

N j exp

−1
2

(
α − α j

σ j

)2 , (A.33)

with α1 = 150◦, α2 = 0◦ and σ1 = σ2 = 28◦.2 To test our ray
tracing method we used the same setup of two conical accretion
columns of the same height and opening angle asymmetrically
placed on the canonical neutron star. The comparison of the re-
sulting pulse profiles is shown in Fig. A.4. With deviations less
than 2% the results agree very well.

2 Ferrigno et al. (2011) stated that σ1 = σ2 = 45◦, which, however,
does not match the corresponding emission pattern in their Fig. 9 (C.
Ferrigno, priv. comm.).
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Fig. A.4. Normalized pulse profiles in comparison. Dashed gray lines
relate to calculations by Ferrigno et al. (2011, bottom right panel in their
Fig. 9) and solid lines to the numerical ray tracing method presented
here. Red and blue corresponds to the contribution of the two conical
accretion columns with N1 = N2 = 100 positioned asymmetrically at
(ΘAC1 = 74◦, ΦAC1 = 178◦) and (ΘAC2 = 148◦, ΦAC2 = 293◦), respec-
tively, as shown by the inset. The lower panel shows the corresponding
relative differences of the two ray tracing models. Both columns have
a height of 2 km and an opening angle of 4◦. The neutron star of mass
1.4M� and radius 10 km is seen under an inclination of i = 60◦.
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