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ABSTRACT

We develop a new analytical model describing the radiative and dynamical

structure of an accretion-powered X-ray pulsar, including relativistic effects and

a detailed representation of the rotational and magnetic geometry of the neu-

tron star and the two accretion columns. The model provides for the first time

a simultaneous calculation of both the phase-averaged spectrum and the pulse

profile for an accretion-powered X-ray pulsar. The X-ray continuum spectrum is

calculated using the analytical model of Becker & Wolff (2022), which assumes a

conical accretion column geometry. The trajectory of the radiation escaping from

the two columns is tracked through the curved spacetime using the Schwarzschild

metric. The angular distribution of the radiation escaping from the surfaces of

the columns (the beaming pattern) is represented using a set of “laser-like” emis-

sion directions, with associated amplitudes, called weight coefficients, that each

contribute “sub-profiles” to the observed pulse profile. The sub-profiles provide

basis functions that are used to fit the observed pulse profile. This yields a set of

weight coefficients that determine the beaming pattern of the emission from the

accretion column. We use the new model to analyze NuSTAR data for Her X-1,

allowing the determination of the temperature, accretion rate, and magnetic field

strength, as well as the rotational inclination angle and the latitudes of the two

magnetic poles. The method also yields the beaming pattern of the emission,

hence providing for the first time a self-consistent phenomenological description

of the physical and radiative structures of the two accretion columns.
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1. INTRODUCTION

Accretion-powered X-ray pulsars (XRPs) are fascinating natural laboratories for probing

the physics of highly magnetized plasmas, subject to extreme gravitational and radiation

fields. These systems consist of a neutron star orbiting in a binary configuration with a main

sequence companion. The neutron star siphons matter from the atmosphere of the companion

via Roche lobe overflow in the case of low-mass X-ray binaries, or via stellar winds in the case

of high-mass X-ray binaries (see Verbunt 1982). The fully-ionized plasma is subsequently

accelerated to quasi-relativistic velocities as it is guided by the strong (B ∼ 1012G) magnetic

field onto the surface of the neutron star, forming luminous accretion columns over both

magnetic poles. Due to the conversion of gravitational potential energy into thermal energy,

the plasma within the accretion columns can reach temperatures T ∼ 107−8K (for a review,

see Mushtukov & Tsygankov 2023).

The physics governing the structure and properties of the plasma inside a pulsar accre-

tion column is quite complex and involves a number of processes operating in an environ-

ment characterized by intense radiation and magnetic fields and strong gravity. Collisions

between electrons and ions inside the column result in the generation of radiation due to

bremsstrahlung and cyclotron emission. These photons are reprocessed via thermal and bulk

Comptonization occurring in the hot infalling plasma before eventually escaping through the

walls and top of the accretion column to form the emergent X-ray spectrum (Becker & Wolff

2007). Additionally, at the bottom of the column, where the density is high enough to allow

for the establishment of full thermodynamic equilibrium, blackbody radiation with temper-

ature ∼ 107K is produced, which is subsequently reprocessed via electron scattering before

escaping to contribute to the observed X-ray spectrum.

1.1. Critical Luminosity

The X-rays observed from accretion-powered XRPs are generated by the conversion of

gravitational potential energy into radiation. The observed X-ray luminosity, LX, is therefore

given by the fundamental expression

LX =
GMstarṀobs

Rstar

, (1)

where Mstar and Rstar denote the mass and radius of the neutron star, respectively, and

Ṁobs represents the accretion rate in the observer’s frame. The accretion flows in XRPs are



– 3 –

channeled toward the magnetic poles of the neutron star by the strong magnetic field, but

the nature of the flow also depends on the X-ray luminosity. For low-luminosity sources, such

as X Per, with LX ∼ 1034 erg s−1, radiation pressure is insufficient to halt the flow before the

plasma collides with the stellar surface. On the other hand, in high-luminosity sources, such

as Her X-1 and LMC X-4, with LX ∼ 1037−38 erg s−1, the dynamics are more complicated, due

to the presence of a radiation-dominated, radiative shock within the accretion column, which

is a crucial consideration when building a suitable formalism to describe the formation of the

emergent radiation spectrum in luminous sources (Basko & Sunyaev 1975, 1976; Davidson

1973).

In situations involving spherically-symmetric accretion, the relevant luminosity charac-

terizing the dynamical role of radiation pressure is the spherical Eddington limit, which for

fully ionized hydrogen is given by

LE ≡ 4πGMstarmpc

σ
T

= 1.26× 1038
(
Mstar

M⊙

)
erg s−1 , (2)

where mp is the proton mass, c is the speed of light, G is the gravitational constant, σ
T

denotes the Thomson cross section, and Mstar is the stellar mass. In the case of the X-ray

pulsar accretion column, the flow is of course not spherically symmetric, and in addition,

the scattering cross section can be significantly below the Thomson value for the photons

propagating in the outward direction, which is aligned with the magnetic field. We therefore

find that the critical luminosity for X-ray pulsars is given by (Becker et al. 2012)

Lcrit = LE
πr2col

4πR2
star

σ
T

σ||
, (3)

where rcol is the radius of the column at the stellar surface, Rstar is the radius of the neutron

star, and σ|| is the electron scattering cross section for photons whose propagation direction

is aligned with the magnetic field. Here, we focus on the treatment of high-luminosity sources

(with LX > Lcrit) such as Her X-1, LMC X-4, and Cen X-3.

1.2. Previous Models

The category (1) models comprise those that focus on the application of fundamental

quantum electrodynamics (QED) calculations for the computation of the exact energy and

angular dependence of the electron scattering cross section in a strong magnetic field, with

applications usually confined to plasmas with a static slab or static cylindrical geometry.

These models do not include the dynamical effects associated with the accretion flow, and

they also do not treat the rotation of the star or the geometry of the magnetic poles. Category
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(1) involves some of the earliest attempts to fit spectral data for pulsating neutron stars,

which emerged 12 years after their discovery. The earliest theoretical studies of XRP emission

involved application of QED within a highly magnetized static plasma (see Ventura 1979;

Nagel 1981a) to study scattering cross sections. Incorporating simple “hot spot” geometries,

these early works calculated an intensity distribution emitted from a static “spot” on the

star. This led to early models for the radiation distributions emitted from accretion-powered

X-ray pulsars, such as those produced by Meszaros & Nagel (1985a,b). These models are

able to roughly reproduce the general morphology of observed X-ray pulsar emission spectra.

However, they are unable to fit the observational data for any specific source. The inability to

fit the observational data is due to the failure to include dynamical effects stemming from the

quasi-relativistic plasma motion, and also the lack of treatment of thermal Comptonization,

as discussed by Becker & Wolff (2007).

The models in category (2) incorporate detailed treatments of the effects of general

relativity (GR) on the propagation of radiation emitted from “hot spots” or “hot columns”

on the stellar surface. These models do account for the rotational and magnetic geometry

of the neutron star, but they do not include detailed treatments of the hydrodynamics of

the accretion flows, and typically assume that the emitting plasma is in a static configura-

tion. Furthermore, these models generally do not incorporate detailed calculations of the

continuum spectrum generated in the frame of the star, and instead make the simplistic

assumption that the escaping spectrum has a blackbody shape. Class (2) emission mod-

els for XRPs incorporate GR effects into analysis of XRP spectra. The work of Riffert &

Meszaros (1988, hereafter RM88) represented a landmark development in the field because it

facilitated the tracking of rays emitted at a fixed angle from a conical accretion surface as

they propagated through the Schwarzschild spacetime around the neutron star to reach a

distant observer. The general relativistic approach of RM88 stimulated subsequent work by

Kraus et al. (1995, 1996, 2003), Leahy (1991), Blum & Kraus (2000), Sasaki et al. (2010),

and Choudhury et al. (2024). These papers calculated pulse profiles from accretion-powered

X-ray pulsars, by focusing on modeling the emission generated from hot columns and hot

spots or hot rings, placed asymmetrically on the star. While these models were able to

produce pulse profiles in rough agreement with the data, they did not include simultaneous

calculations of the phase-averaged spectrum, nor do they treat the dynamics of the accreting

gas. Hence these models do not provide a comprehensive description of all the essential

physical processes occurring in the accretion flows powering X-ray pulsars such as Her X-1.

The category (3) models focus on providing a detailed treatment of the radiation hydro-

dynamics of the infalling plasma, coupled with a self-consistent calculation of the continuum

X-ray spectrum emitted from the walls and top of the accretion column. In order to render

the mathematical derivations feasible, this category of models generally employs an approx-



– 5 –

imate treatment of the electron scattering cross section. Furthermore, these models provide

a calculation of the X-ray continuum spectrum in the frame of the neutron star, and do

not account for the effects of the rotational and magnetic geometrical configurations. Works

such as Becker & Wolff (2007) and Becker & Wolff (2022, hereafter BW22) fall into class (3),

as they provide an extremely detailed analysis of the radiative transport equation in geome-

tries which are reasonable approximations of the accretion columns formed by the magnetic

poles. These models, most notably BW22, analyze the Comptonization of photons within the

accretion flow of the infalling matter.

By solving the transport equation describing the Comptonization of bremsstrahlung,

cyclotron, and blackbody seed photons in a conical accretion column, the model of BW22 is

able to reproduce the observed phase-averaged X-ray spectrum for Her X-1 with great success

(see Figure 2a). However, the BW22 model and other class (3) models do not include the

gravitational lensing and redshifting effects of GR, or the rotational and magnetic geometry of

the neutron star. Hence these models cannot be used to compute pulse profiles by themselves,

but they can be used to compute the continuum emission components in the frame of the

neutron star, which can then be cast in a proper geometric framework and linked with

a relativistic formalism to simulate the propagation of the radiation through the curved

spacetime. The resulting unified model can then be used to calculate pulse profiles and true

phase-averaged spectra measured in the frame of a distant observer. The development of

such a generalized model is the main goal of the present paper.

The category (4) models focus on investigating the multidimensional structure of X-

ray pulsar accretion columns. Examples include Gornostaev (2021), Zhang et al. (2022),

and Zhang et al. (2025), who simulate the column structure in multiple spatial dimensions

based on detailed magnetohydrodynamic (MHD) simulations. These models include detailed

analysis of the radiation-dominated shock, which is also present in our model. However, they

do not compute either pulse profiles or phase-averaged X-ray spectra that can be directly

compared with observational data. Category (4) models also include sophisticated time-

dependent simulations that investigate instabilities in the accretion flow onto the neutron

star. The goal of these models is to investigate the formation of the quasi-periodic oscillations

(QPO) observed from some sources such as Cen X-3 (Jernigan et al. 2000) and V0332+53

(Qu et al. 2005). For example, Abolmasov & Lipunova (2023) and Mushtukov et al. (2024)

perform MHD simulations in multiple spatial dimensions to simulate the variability of the

accretion rate distribution within the column. Furthermore, Zhang et al. (2023) investigate

the variability of the location of the radiation-dominated shock in ultraluminous sources.

However, these models do not calculate pulse profiles or phase-averaged spectra and hence

it is difficult to compare them with observational data.
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The various models described above each focuses on a particular part of the overall

physical problem of the relationship between the structure of an X-ray pulsar accretion

flow and the production of the emergent X-ray spectrum. However, only the category (3)

models provide a detailed calculation of the X-ray continuum spectrum based on a prescribed

dynamical structure. Hence these are the only models that make direct contact with the

observational data. In the present paper, we will therefore focus on exploiting the most

advanced category (3) model, developed by BW22, to simultaneously calculate both phase-

averaged X-ray spectra and pulse profiles that can be compared with the observational data

for a wide variety of sources spanning a broad range of luminosity.

1.3. Development of Generalized Relativistic Model

Our goal in this paper is to develop a new model that combines the detailed dynamical

and continuum calculations of models in category (3) with the comprehensive treatment of

the effects of GR and the rotational and magnetic geometries, which comprise the main

strengths of the category (2) models. To date, no model has combined the strengths of both

of these classes; that is, no model has provided a detailed treatment of the flow dynamics

along with the thermal and bulk Comptonization of the seed photons, while also tracking the

emergent emission spectrum along null geodesics toward the distant detector. The central

goal of this new formalism is to model the X-ray emission spectra and pulse profiles of XRPs

by considering these fundamental mechanisms, and using GR to account for the gravitational

lensing and redshifting of the emission spectrum as it propagates through space. In our work,

we will model the emission from neutron stars with two conical accretion columns. The

assumption of a conical geometry is a reasonable approximation of the dipole magnetic field

in the vicinity of the stellar magnetic poles, where the accretion columns form. Following

the work of Blum & Kraus (2000) and Leahy (1991), we will also allow for the possibility

that the two columns do not form an exactly dipolar pair. Indeed, in the case of certain

millisecond pulsars, such as PSR J0030+0451 and PSR J0740+6620, analysis of NICER data

suggests that the neutron star may have two hot spots occupying the same hemisphere Pétri

et al. (2023); Miller et al. (2019, 2021).

The new model developed here provides a number of crucial enhancements to previous

work. Namely, our new model: (1) employs a true continuum model that is dependent on

the radius measured from the center of the star and also on the photon energy; (2) uses

GR to identify the null geodesics that reach the distant detector; (3) uses GR to account

for potential redshifting effects on certain parameters from previous continuum models; (4)

preserves the dependence of the emission model on the geometry parameters of the star,
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namely the rotational inclination of the star, the rotational latitudes of the accretion columns

with respect to the spin axis, and the separation angle of the accretion columns; and (5)

allows for computation of pulse profiles by tracking the stellar emission over the course of

the rotational phase.

The remainder of the paper is organized as follows. In Section 2, we will briefly review

the dynamical and continuum model of BW22, and how we compute the spectrum in the

frame of the star using reprocessed blackbody, cyclotron, and bremsstrahlung emission. In

Section 3, we discuss the coordinate system and calculation of the flux in the frame of the

detector using relativistic coordinate transformations. In Section 4, we discuss the unitary

emission model, which essentially expands the angular dependence of the intensity field

in the local stellar frame using quasi-orthogonal basis functions that are connected with

specific “laser-like” beams of intensity radiating in specific directions. We also show how the

relativistic formalism introduced in Section 3 can be used to transform the flux produced by

the unitary emission model from the frame of the star into the frame of the distant observer.

In Section 5, we develop the mathematical framework for computing the pulse profile and the

phase-averaged spectrum based on the flux formalism, and in Section 6 we use the new model

to analyze the pulse profile and the phase-averaged spectrum for Her X-1 using NuSTAR

data. The fitting procedure allows the determination of the temperature, accretion rate,

magnetic field strength, and magnetic and rotational geometries of the source, in addition

to the beaming pattern of the emitted radiation field. In Section 7 we present our main

conclusions and compare our findings with previous work.

2. THE CONTINUUM MODEL

The BW22 model provides a detailed description of the velocity distribution in an X-

ray pulsar accretion column, as well as the emergent X-ray spectrum resulting from the

reprocessing of bremsstrahlung (free-free), cyclotron, and blackbody seed photons. Fun-

damentally, the reprocessing occurs via the thermal and bulk Comptonization of the seed

photons, which results from repeated collisions between the photons and the hot electrons

in the accreting plasma. The geometry of the model is depicted in Figure 1. In the case

of the highly luminous X-ray pulsars treated here, such as Her X-1, LMC X-4, the effect of

radiation pressure is so strong that the flow velocity is expected to vanish at the surface of

the neutron star, where the accreting gas merges with the star’s crust.

The conical geometry of the BW22 continuum model is depicted in Figure 1. Following

BW22, we assume here that the quasi-dipolar stellar magnetic field lines can be reasonably

approximated as radial lines near the magnetic poles on the stellar surface. Since the fully-
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Fig. 1.—: Schematic representation of the continuum model described in Becker & Wolff

(2022). Seed photons produced via blackbody, cyclotron, and bremsstrahlung processes are

injected into the conical accretion column, are reprocessed via electron scattering, and escape

through the column walls and top to form the observed X-ray spectrum.

ionized plasma is constrained to follow the magnetic field lines, we will therefore model an

accretion column which obeys a conical geometry. As seen in Figure 1, photons escape both

from the wall of the column and the top of the column. In the development of our relativistic

model, we will distinguish between the wall and the top as separate sources of radiation, as

both obey different equations describing their boundary conditions and emission spectra in

the conical geometry.

BW22 approximated the phase-averaged X-ray spectrum of an accretion-powered pulsar

by simply adding together the emission components generated by the walls and top of a

single conical accretion column, without regard to the rotational or magnetic geometry of

the neutron star. The resulting theoretical spectral fit in the case of Her X-1, depicted

in Figure 2a, provides good agreement with the observational data for this source. The

corresponding dynamical structure of the Her X-1 accretion flow is plotted in Figure 2b. In

the new model developed here, we will diverge from the basic BW22 model by incorporating

the emission from two separate accretion columns, which are expected to be located in a

roughly dipolar configuration on the stellar surface. Our model will also employ an explicit

treatment of the rotational and magnetic geometry of the neutron star, as discussed in

Section 6.2.

The detailed topology of X-ray pulsar magnetospheres has been studied by many previ-
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Fig. 2.—: The phase-averaged theoretical X-ray spectrum of Her X-1 computed using the

BW22 model is plotted in panel (a). Note that the spectrum is dominated by reprocessed

bremsstrahlung emission escaping through the column walls. In panel (b), the dimensionless

flow velocity, |υ|/c, for the Her X-1 accretion column, evaluated using the BW22 model, is

plotted as a function of the dimensionless radius, y = R/Rstar (blue line). For comparison,

the red dashed line indicates the local Newtonian free-fall velocity profile.

ous authors, most notably Leahy (1991) and Blum & Kraus (2000). Typically, these models

find that the two magnetic poles of an X-ray pulsar are not exactly dipolar, but rather that

the second pole will exhibit a nonzero deflection angle from the anti-dipodal position of the

first pole. Usually the deflection angle is relatively small, so that the overall topology of the

neutron star magnetic field can be considered to be “quasi-dipolar.” However, in extreme

situations, the models suggest that the two magnetic poles may even occupy the same hemi-

sphere of the star (see Leahy 1991; Pétri et al. 2023; Miller et al. 2019, 2021). In the case

of Her X-1, there is precedent from prior works which claim that the offset angle from the

anti-dipodal position between the two columns is in the range ∼ 5◦ − 15◦ (see Leahy 1991;

Blum & Kraus 2000).

In this section, we will review the formalism required to compute the continuum spec-

trum emitted from a single accretion column. This will form the basis for later work where

we will develop the procedure for computing the total spectrum emitted from a rotating neu-

tron star with two accretion columns that have arbitrary locations relative to the star’s spin

axis. In Section 4.6, we will compute the total flux from the neutron star as the sum of the

fluxes from each individual column. In the next section, we briefly review the methodology

used by BW22 to derive the solution for the continuum spectral components emitted from the

accretion column.
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Fig. 3.—: Dimensionless flow velocity, u = |υ|/c, of the accreting plasma near the surface of

a neutron star, plotted as a function of the dimensionless radius, y = R/Rstar. The values

of the parameters k0 and k∞ determine the relation between the flow velocity and the local

Newtonian free-fall velocity near the stellar surface (y = 1) and as y → ∞, respectively.
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2.1. The Transport Formalism

Transport equations are often used to describe the evolution of particle and radiation

distributions in high-energy astrophysical environments. In the X-ray pulsar application,

the transport equation must include specialized terms that are used to model the advection,

diffusion, energization, and escape of radiation propagating through the fully-ionized plasma

inside the accretion column. The intensity of the radiation field in the accreting plasma will

generally depend on the photon energy, the location within the column, and the time, and

we therefore need to specify a transport equation that governs the variation of the radia-

tion distribution function, f(r⃗, ϵ, t), with respect to each of these variables. The transport

equation utilized in the BW22 model can be written in the vector form

∂f

∂t
+ υ⃗ · ∇⃗f = (∇⃗ · υ⃗) ϵ

3

∂f

∂ϵ
+ ∇⃗ ·

(
c

3neσ||

∇⃗f

)

+
neσc

mec2
1

ϵ2
∂

∂ϵ

[
ϵ4
(
f + kTe

∂f

∂ϵ

)]
+Q , (4)

where f(r⃗, ϵ, t) is normalized such that ϵ2f(r⃗, ϵ, t)dϵ gives the number density of photons with

energy between ϵ and ϵ + dϵ at position r⃗ and at time t. In Equation (4), the quantities υ⃗,

σ, k, c, and ne, me and Te represent the flow velocity, the angle-averaged electron scattering

cross section, Boltzmann’s constant, the speed of light, and the electron number density,

mass, and temperature, respectively.

A thorough discussion of the definitions and physical motivations for each term in Equa-

tion (4) is presented in BW22, but in summary, the left-hand side represents the co-moving

time derivative of f , and the terms on the right-hand side represent first-order Fermi ener-

gization (“bulk Comptonization”), spatial diffusion, thermal Comptonization, and the radi-

ation source term, Q, respectively. The electron temperature, Te, appearing in Equation (4)

is assumed to maintain a constant value throughout the accretion column, reflecting the

Compton thermostat effect that is expected to operate in radiation-dominated flows (Becker

& Wolff 2007, 2022; Lyubarskii & Syunyaev 1982; Sunyaev & Titarchuk 1980). We note that

the radiation source term Q in Equation (4) is related to the photon emissivity, ṅϵ, via

ϵ2Q(r⃗, ϵ) = ṅϵ(r⃗, ϵ) , (5)

where ṅϵ(r⃗, ϵ) dϵ gives the number of photons injected into the accretion column per unit

time per unit volume at location r⃗ with energy between ϵ and ϵ + dϵ. It should also be

emphasized that the “lab” frame for Equation (4) is the frame of the star, and in this frame,

the radiation spectrum has a steady-state shape, although in the frame of a distant observer,

the spectrum will exhibit time variation due to the spin of the neutron star. Hence we will

set the time derivative ∂f/∂t = 0 in Equation (4).
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BW22 presents the adaptation of Equation (4) into a conical geometry with a source

term, Q, corresponding to the continual injection of monoenergetic seed photons at a single

radius. They demonstrated that the general solution corresponding to an arbitrary source

term can be obtained from the Green’s function solution via convolution. Since the BW22

model is developed in the frame of the neutron star, we must adapt our notation to allow for

the discussion of measurements made with respect to the reference frame of the observer on

Earth. We will use a standardized notation to distinguish among parameters in the frame

of the star, parameters in the frame of the observer on Earth, and parameters associated

with the injection of seed photons within the column. For these purposes, in our work,

parameters measured in the local frame that is stationary with respect to the neutron star

will be indicated using the “0” subscript. In our work, quantities measured in the frame of

an observer on Earth will not be given a subscript. For example, the energy of the photon

for an observer on Earth is ϵ and the distance from the center of the neutron star to the

observer is R. These quantities will obey the transformations described by the relativistic

characteristics outlined in Section 3.5.

Finally, in the context of the Green’s function solution to the transport equation, a

subscript “*” will be used to indicate quantities describing the injection of seed photons. For

example, one would say that a seed photon was injected with energy ϵ∗ at radius R∗. Hence

the seed photon injection quantities (ϵ∗, R∗) are distinct from the general coordinate values

(ϵ0, R0), although both sets are measured in the same frame of reference. The quantities

(ϵ∗, R∗) in our work are directly analogous to the quantities (ϵ0, R0) in BW22. This distinction

is subtle, yet crucial for establishing the basis for the new theoretical model developed

throughout the remainder of the paper.

With this clarification of the notation, we are now ready to present the transport equa-

tion governing the Green’s function. By adapting Equation (4) into a conical geometry with

a monochromatic source term corresponding to the injection of Ṅ∗ photons per unit time

with energy ϵ∗ at radius R∗, we obtain in a steady state

υ
∂f

G

∂R0

=
1

R2
0

∂

∂R0

(
R2

0 υ
) ϵ0

3

∂f
G

∂ϵ0
+

1

R2
0

∂

∂R0

(
R2

0 c

3neσ||

∂f
G

∂R0

)
− f

G

tesc

+
neσc

mec2
1

ϵ20

∂

∂ϵ0

[
ϵ40

(
f
G
+ kTe

∂f
G

∂ϵ0

)]
+
Ṅ∗ δ(ϵ0 − ϵ∗) δ(R0 −R∗)

ΩR2
star ϵ

2
∗

, (6)

where the solid angle of the conical accretion column, Ω, is related to the outer opening

angle Θ1 and the inner opening angle Θ2 via

Ω = 2π (cosΘ2 − cosΘ1) , (7)

and tesc represents the “escape time,” which is the mean time for photons to reside in the
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plasma before diffusing through the walls of the conical accretion column, modeled using an

escape-probability formalism.

2.2. Emission from Column Walls

The value of the mean escape time, tesc, appearing in Equation (6) is computed using

the expressions

tesc(R0) =
r⊥
υdiff

, υdiff(R0) =
c

τ⊥
, (8)

where υdiff is the radiation diffusion velocity at radius R0 associated with the random walk

of the photons as they diffuse through the plasma toward the surface of the column. The

perpendicular scattering optical thickness, τ⊥, and the perpendicular radius of the accretion

column, r⊥, appearing in Equation (8) are given by

τ⊥(R0) = ne σ⊥ r⊥ , r⊥(R0) = bR0 , (9)

respectively, where σ⊥ represents the scattering cross section for photons propagating per-

pendicular to the magnetic field. In Equation (9), the constant b reflects the conical geometry

of the accretion column, with outer opening angle Θ1 and inner opening angle Θ2, and is

computed using

b = tanΘ1 − tanΘ2 . (10)

In a conical accretion column filled with fully-ionized hydrogen gas, the accretion rate, Ṁ ,

is given by

Ṁ = ΩR2
0 nemp |υ| . (11)

By combining Equations (8), (9), and (11), we find that the mean escape timescale can also

be expressed as

tesc(R) =
b2σ⊥Ṁ

Ωmp c |υ|
. (12)

2.3. Velocity Profile and Dynamical Boundary Conditions

The velocity profile adopted by BW22, resulting from the application of the separability

principle to the fundamental transport equation given by Equation (6) in a conical geometry,

is given by

υ(R0) = c u(R0) = −c
(

2Rg

Rstar

)1/2 [
k2∞(y30 − 1) + k20

y40

]1/2
, (13)
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where u = υ/c is the dimensionless flow velocity, Rstar is the neutron star radius, Rg =

GMstar/c
2 is the gravitational radius for a neutron star with mass Mstar, and y0 represents

the dimensionless radius, which is related to R0 via

y0 =
R0

Rstar

. (14)

We note that the velocity defined in Equation (13) is a negative quantity, which is appropriate

because we are dealing with inflowing gas. The parameters k0 and k∞ in Equation (13)

are constants of integration that are used to set the boundary conditions for the velocity

variation.

Next we briefly review the physical interpretation of the velocity parameters k0 and k∞.

If the infalling matter falls unimpeded towards the stellar surface, then the conversion of

gravitational potential energy to kinetic energy dictates that the velocity at radius R from

the center of the star will be given by the standard Newtonian relation

υNewt(R) ≡
(
2GMstar

R

)1/2

. (15)

The parameter k0 in the BW22 model represents the ratio of the impact velocity at the stellar

surface divided by the local Newtonian free-fall velocity, so that

k0 ≡
υ(Rstar)

υNewt(Rstar)
. (16)

Conversely, the constant k∞ denotes the ratio of the inflow velocity divided by the Newtonian

free-fall velocity in the asymptotic domain far from the star, and therefore

k∞ ≡ lim
R→∞

υ(R)

υNewt(R)
. (17)

The validity of the velocity profile given by Equation (13) was established by BW22 via com-

parisons with exact velocity profiles obtained by solving the coupled set of hydrodynamical

equations for pulsar accretion flows. The family of BW22 velocity profiles for sources with

different dynamical boundary conditions is plotted in Figure 3.

It is important to understand how the variation of the dynamical parameters k0 and k∞
affects the shape of the X-ray spectrum emitted from the column. This issue was explored

in detail by BW22, and we summarize the main results here. First we address the role of the

surface impact velocity parameter, k0, which describes the ratio of the impact velocity divided

by the Newtonian free fall velocity at the stellar surface (see Equation (16)). BW22 showed

that when k0 = 0, so that the flow precises stagnates at the stellar surface, the PdV work
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done on the radiation by the compressing gas is maximized. This process naturally produces

a flatter (harder) X-ray spectrum with a smaller power-law index, as observed in luminous

sources such as Her X-1. Furthermore, in this situation, the kinetic energy of the accreting

gas in the thermal mound is reduced, which minimizes the contribution of blackbody seed

photons relative to bremsstrahlung seed photons. On the other hand, when k0 > 0, less PdV

work is done on the radiation by the gas, the power-law shape is steeper (softer spectrum),

and the injection of blackbody seed photons is enhanced relative to bremsstrahlung injection

due to the larger kinetic energy flux in the thermal mound. This situation tends to produce

spectra with shapes typified by X Per. Next we focus on the physical effect of variation

of the asymptotic velocity parameter, k∞, which describes the ratio of the inflow velocity

divided by the Newtonian free fall velocity in the asymptotic region far from the star (see

Equation (17)). In luminous sources such as Her X-1, it is appropriate to use the value

k∞ = 1 because at large distances, the gas flows towards the neutron with the Newtonian

free-fall velocity. However, in low-luminosity sources such as X Per, we expect the flow to

pass through a gas-mediated discontinuous standing shock at the top of the column, which

causes the velocity to drop by a factor of four (Langer & Rappaport 1982). In this situation,

it is appropriate to set k∞ ∼ 0.25 (Becker & Wolff 2022).

In luminous sources such as Her X-1, Cen X-3, and LMC X-4, the dynamical structure

of the accretion column just above the surface of the neutron star leads to the deceleration

of the accreting material to rest at the stellar surface. However, the deceleration to rest is

the result of a limiting process in which the radiation pressure gradient gradually diminishes

as the flow decelerates. At the stellar surface, both the radiation pressure gradient and

the flow velocity vanish simultaneously. The fine-tuning between these two processes is not

arbitrary, but is a result of the fact that the kinetic energy of the accreting gas has to escape

from the flow in the form of radiation before the gas can settle onto the neutron star surface

and merge with the stellar crust. In the establishment of a steady state for a given input

accretion rate, the timescales for radiation diffusion and velocity deceleration adjust until a

balance is achieved and the gas comes to rest at the stellar surface (Becker 1998). Hence, at

the stellar surface, the pressure gradient vanishes, and the downward gravitational force is

balanced by the pressure of the degenerate neutrons in the stellar interior, establishing the

hydrostatic structure of the star (Lattimer & Prakash 2000).

It is worth noting that the constants k0 and k∞ are set a priori, and are not treated as

free parameters of the fit. Our respective assignation of 0 and 1 to these parameters is rooted

in the physical assumptions we make based on the observed X-ray luminosity of Her X-1.

As discussed in Section 1, it is highly likely that Her X-1 surpasses the critical luminosity

for the presence of a radiation-dominated shock. These values are therefore derived from the

assumed picture of infalling matter being decelerated from the Newtonian free-fall velocity
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far from the stellar surface and ultimately coming to rest at the stellar surface. For that

reason, the physics rooted in physical observation allows us to assign these values a priori.

For sources that are not supercritically luminous, further parameter studies will be necessary

to constrain the velocity profiles (see BW22 for discursive application of these studies to the

source X Per.

Though the flow velocity approaches zero at the stellar surface for sources with radiation-

dominated shock (which are the exclusive focus of this work), lower-luminosity sources like

X Per would have a finite velocity at the stellar surface. In these cases, the infalling flow

strikes the surface, yielding a finite radiation pressure gradient, meaning that a fraction of

the accretion power is absorbed by the surface. This energy is then re-emitted as thermal-

ized radiation. BW22 reprocesses this thermalized radiation and adds it to the blackbody

component of radiation, which is emitted from the thermal mound.

The velocity of the accretion flow described by Equation (13) and plotted in Figure 3 is

quasi-relativistic, approaching a maximum speed of ∼ 0.6 c (see Figure 2b). For k∞ = 1, the

velocity profile approaches the Newtonian free-fall velocity for the infalling plasma as y → ∞.

For k0 = 0, the flow velocity approaches zero at the stellar surface. This is indicative of

deceleration of the infalling plasma due to high radiation pressure. This limit is characteristic

of sources with luminosities exceeding the critical luminosity given by Equation (3), leading

to domination of radiation pressure slowing the flow velocity. In the application of our model

to Her X-1, we will utilize k∞ = 1 and k0 = 0, which is consistent with the expected behavior

of the flow velocity profile in a high-luminosity source.

2.4. Transformation of Spatial Variable

For convenience, BW22 also transformed the spatial variable in the transport equation

from the radius R0 to the electron scattering optical depth τ0 measured along the magnetic

field direction, and they also ignored the time derivative by considering only steady-state

solutions in the star frame. The scattering optical depth is related to the dimensionless

radius y0 via

dτ0 = ne(R0) σ|| dR0 = ne(y0) σ||Rstar dy0 . (18)

In a conical accretion column, the accretion rate, Ṁ , is given by Equation (11), which can

be combined with Equation (18) to show that

dτ0 =
Ṁσ||

ΩRstary20mp|υ(y0)|
dy0 . (19)
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It was demonstrated by BW22 that Equation (19) can be rewritten in the equivalent form

dτ0 =
3k2∞Rg

αRstary20|u(y0)|
dy0 , (20)

where u = υ/c is the dimensionless flow velocity, and the dimensionless constant α is related

to the accretion rate Ṁ via

α =
3k2∞ΩRgmpc

σ||Ṁ
. (21)

The optical depth relationship expressed in Equation (20) has an exact analytical solu-

tion given by

τ0(y0) =
3
√
2 k∞
α

(
Rg

Rstar

)1/2

[G(k0, k∞, 1)−G(k0, k∞, y0)] , (22)

where

G(k0, k∞, y0) ≡ 2F1

(
1

6
,
1

2
;
7

6
;
1− k20/k

2
∞

y30

)
1

√
y0

, (23)

and 2F1 denotes the hypergeometric function (Abramowitz & Stegun 1970). Equation (22)

will allow the calculation of τ0 for a given value of y0 = R0/Rstar. It is also convenient to

introduce a transformation to the dimensionless energy χ0 and the dimensionless injection

energy χ∗, defined by

χ0 ≡
ϵ0
kTe

, χ∗ ≡
ϵ∗
kTe

. (24)

Combining relations, we find that Equation (6) can now be written in the form

u(τ0)
∂f

G

∂τ0
=

1

y20

d

dτ0

[
y20 u(τ0)

] χ0

3

∂f
G

∂χ0

+
1

3y20

∂

∂τ0

(
y20
∂f

G

∂τ0

)
− ξ2u2(τ0)y

2
0fG

+
σ

σ||

kTe
mec2

1

χ2
0

∂

∂χ0

[
χ4
0

(
f
G
+
∂f

G

∂χ0

)]
+
Ṅ∗ δ(χ0 − χ∗) δ(τ0 − τ∗)

Ω cR2
starχ

2
∗(kTe)

3
, (25)

where the dimensionless radius y0 is an implicit function of the scattering optical depth τ0
via Equation (22), and the dimensionless flow velocity u is evaluated using Equation (13),

and the dimensionless parameter ξ is defined by

ξ ≡ ΩRstarmpc

b Ṁ(σ||σ⊥)
1/2

. (26)

Equation (25) can be solved exactly for the Green’s function f
G
by employing separation of

variables. The resulting solution is further discussed in Section 2.5.
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2.5. Green’s Function Solution

Next we will review the formalism developed by BW22 for solving Equation (25) for the

Green’s function, f
G
, representing the radiation distribution inside the accretion column re-

sulting from the continual injection of monoenergetic seed photons from a source located at

one specific injection radius. This fundamental solution will then be used to calculate the

continuum spectral components emitted through the walls and top of a conical accretion

column, via integral convolution of the Green’s function with a physical source term. Sepa-

rate results will be obtained for the cases treating the injection of bremsstrahlung, cyclotron,

and blackbody seed photons. In order to obtain the solution to Equation (25), we must also

impose a set of rigorous physical boundary conditions. Following BW22, we require that the

radiation flux vanishes at the stellar surface, and we also impose a free-streaming boundary

condition at the column top, located at radius Rtop, or equivalently at optical depth τtop.

As discussed in Section 2.3, the radiation pressure gradient vanishes at the surface of the

neutron star as a consequence of the deceleration of the accreting gas to rest at the stellar

surface. This implies that both the advective and diffusive components of the radiation

energy flux also vanish at the stellar surface (Becker 1998). We can interpret this behavior

as a consequence of energy conservation based on Equation (1), which gives the relationship

between the X-ray luminosity, LX, and the observer frame accretion rate, Ṁobs. Equation (1)

states that the change in the gravitational potential energy of the infalling matter must be

balanced by the escape of radiation energy before the gas merges with the stellar crust. This

provides an additional physical argument for the vanishing of the radiation energy flux at

the stellar surface.

Equation (25) can be solved to determine the Green’s function, f
G
(τ∗, τ0, ϵ∗, ϵ0), using

an expansion over the spatial eigenfunctions, gn(τ). This results in a rapidly converging

series given by (see BW22 for complete details)

f
G
(τ∗, τ0, ϵ∗, ϵ0) =

3ψṄ∗ ω(τ∗) kTe ϵ
κ−4
0 e(ϵ∗−ϵ0)/(2kTe)

αΩ cR2
star y

2
∗ ϵ

κ
∗

∞∑
n=0

Γ(µ− κ+ 1/2)

In Γ(1 + 2µ)

× gn(τ∗) gn(τ0)Mκ,µ

(
ϵmin

kTe

)
Wκ,µ

(
ϵmax

kTe

)
, (27)

where

ϵmax ≡ Max(ϵ0, ϵ∗) , ϵmin ≡ Min(ϵ0, ϵ∗) , (28)

and the symbols Mκ,µ and Wκ,µ denote the Whittaker functions (Abramowitz & Stegun

1970). The parameter In appearing in Equation (27) represents the nth quadratic normal-

ization integral of the spatial eigenfunctions, defined by

In ≡
∫ τtop

0

g2n(τ∗)ω(τ∗) dτ∗ , (29)
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where τtop is the optical depth at the column top. The indices κ and µ of the Whittaker

functions are computed using

κ ≡ 1

2
(ψ + 4) , µ ≡ 1

2

[
(3− ψ)2 + 4ψλ

]1/2
, (30)

where λn denotes the nth eigenvalue, associated with spatial eigenfunction gn(τ), and the

constant ψ is defined by

ψ ≡ α

3

σ||

σ

mec
2

kTe
. (31)

Finally, the weight function ω(τ∗) is given by

ω(τ∗) = y2(τ∗) exp

{
9Rgk

2
∞

αRstar

[
1− 1

y(τ∗)

]}
. (32)

The Green’s function solution given by Equation (27) represents the radiation distribution

inside the accretion column resulting from the continual injection of Ṅ∗ monochromatic seed

photons per unit time with energy ϵ∗ at optical depth τ∗, which is the fundamental solution

to the radiation transport problem. The next step is to understand how Equation (27) is

used to compute the components of the spectrum resulting from the escape of radiation

through the wall and top of the accretion column.

2.6. Green’s Function for Column Wall Emission

The Green’s function describing the photon number distribution for the radiation es-

caping through the walls of the conical accretion column is given by

ṄG
ϵ (τ∗, τ0, ϵ∗, ϵ0) ≡

ΩR2
0ϵ

2
0

tesc(τ0)
f
G
(τ∗, τ0, ϵ∗, ϵ0) , (33)

where f
G
is computed using Equation (27), the photon escape timescale tesc is given by Equa-

tion (12), and ṄG
ϵ is normalized so that ṄG

ϵ dϵ0 dR0 gives the number of photons escaping

through the column wall with energy between ϵ0 and ϵ0 + dϵ0 from the disk-shaped volume

between radii R0 and R0+dR0 due to the continual injection of seed photons with energy ϵ∗
at optical depth τ∗. We note that the variables R0 and τ0 are related via Equation (22). We

can now substitute Equation (27) into Equation (33) to derive the closed-form solution for

the Green’s function representing the photon number spectrum escaping through the column

wall. The result obtained is

ṄG
ϵ (τ∗, τ0, ϵ∗, ϵ0) =

9k2∞y
2
0ξ

2Rg|v0|ψṄ∗ ω(τ∗)kTeϵ
κ−2
0 e(ϵ∗−ϵ0)/(2kTe)

α2cR2
stary

2
∗ϵ
κ
∗

×
∞∑
n=0

Γ(µ− κ+ 1/2)

InΓ(1 + 2µ)
gn(τ∗)gn(τ0)Mκ,µ

(
ϵmin

kTe

)
Wκ,µ

(
ϵmax

kTe

)
, (34)
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where In is computed using Equation (29), and ϵmin and ϵmax are defined in Equation (28).

2.7. Green’s Function for Column Top Emission

Next we compute the Green’s function describing the number distribution for the pho-

tons escaping through the top of the conical column, at radius Rtop. We can accomplish this

by utilizing the free-streaming upper boundary condition to write

Ṅ G
ϵ (τ∗, ϵ∗, ϵ0) = cΩR2

top ϵ
2
0fG

(τ∗, τtop, ϵ∗, ϵ0) , (35)

where Ṅ G
ϵ dϵ0 gives the number of photons escaping from the column top with energy be-

tween ϵ0 and ϵ0+ dϵ0 due the continual injection of monoenergetic seed photons with energy

ϵ∗ at optical depth τ∗. The relationship between the quantities Rtop and τtop is given by

Equation (22). We can also combine Equations (27) and (35) to derive the closed-form

solution for the column-top photon number distribution, obtaining

Ṅ G
ϵ (τ∗, ϵ∗, ϵ0) =

3ψṄ∗ ω(τ∗) kTeR
2
top ϵ

κ−2
0 e(ϵ∗−ϵ0)/(2kTe)

αR2
star y

2
∗ ϵ

κ
∗

∞∑
n=0

Γ(µ− κ+ 1/2)

In Γ(1 + 2µ)

× gn(τ∗) gn(τtop)Mκ,µ

(
ϵmin

kTe

)
Wκ,µ

(
ϵmax

kTe

)
, (36)

where ϵmin and ϵmax are defined in Equation (28), and In is defined in Equation (29).

2.8. Photon Number Spectrum for General Source

To obtain the photon number spectrum describing the emission due to a given photon

source mechanism, one must perform a convolution of the Green’s function with the respec-

tive source function. The detailed expressions depend on whether the radiation is escaping

through the walls or the top of the accretion column. For the column wall component, the

number spectrum of the escaping radiation is computed using the integral convolution

Ṅϵ(R0, ϵ0) =

∫ Rtop

Rstar

∫ ∞

0

ṄG
ϵ (R∗, R0, ϵ∗, ϵ0)

Ṅ∗
ϵ2∗ΩR

2
∗Q(R∗, ϵ∗) dϵ∗ dR∗ , (37)

where the Green’s function ṄG
ϵ is computed using Equation (34) and the quantity Ṅϵ dϵ0 dR0

represents the number of photons escaping per unit time with energy between ϵ0 and ϵ0+dϵ0
from the disk-shaped region between radii R0 and R0 + dR0. Making a change of variable

from dR∗ to dτ∗ using Equation (20) yields the equivalent form

Ṅϵ(τ0, ϵ0) =

∫ τtop

0

∫ ∞

0

ṄG
ϵ (τ∗, τ0, ϵ∗, ϵ0)

Ṅ∗
ϵ2∗ΩQ(τ∗, ϵ∗)

αR4
stary

4
∗|u(τ∗)|

3k2∞Rg

dϵ∗ dτ∗ , (38)
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where Q(τ∗, ϵ∗) represents the source function for a given radiative process.

Next we calculate the emission component escaping through the column top resulting

from an arbitrary seed photon injection process. In this case, the required integral convolu-

tion is given by

Ṅϵ(ϵ0) =

∫ Rtop

Rstar

∫ ∞

0

Ṅ G
ϵ (R∗, ϵ∗, ϵ0)

Ṅ∗
ϵ2∗ΩR

2
∗Q(R∗, ϵ∗) dϵ∗ dR∗ , (39)

where Ṅ G
ϵ is evaluated using Equation (36). It is convenient to transform the spatial variable

of integration in Equation (39) from R∗ to τ∗ using Equation (20), which yields

Ṅϵ(ϵ0) =

∫ τtop

0

∫ ∞

0

Ṅ G
ϵ (τ∗, ϵ∗, ϵ0)

Ṅ∗
ϵ2∗Q(τ∗, ϵ∗)

αΩR4
star y

4
∗|u(τ∗)|

3k2∞Rg

dϵ∗ dτ∗ , (40)

where τtop is related to Rtop = Rstar ytop via Equation (22). In this paper, we wish to

compute the total radiation spectrum emitted through the walls and top of the accretion

column resulting from the reprocessing of cyclotron, blackbody, and bremsstrahlung seed

photons. We must therefore evaluate Equations (38) and (40) for all three of these injection

sources in order to obtain the total emission components radiated through the column walls

and top.

2.8.1. Column Wall Spectrum due to Cyclotron Seed Photons

We begin by considering the source function corresponding to cyclotron seed photon

emission, which is given by

Qcyc(τ∗, ϵ∗) = 2.10× 1036ρ(τ∗)
2B

−7/2
12 H

(
ϵc
kTe

)
ϵ−2
∗ e−ϵc/(kTe)δ(ϵ∗ − ϵc) , (41)

where the cyclotron energy, ϵc, and the dimensionless magnetic field strength, B12 are defined

by

ϵc ≡ 11.57B12 keV , B12 ≡
B

1012 G
, (42)

and the function H is defined by

H

(
ϵc
kTe

)
≡

{
0.41 , ϵc/kTe > 7.5

0.15
√
ϵc/kTe , ϵc/kTe < 7.5

. (43)

The delta function appearing in Equation (41) reflects the resonant nature of the cyclotron

emission mechanism around ϵc. We can compute the continuum spectrum resulting from the
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reprocessing of the cyclotron seed photons by substituting Equation (41) into Equation (38).

The energy integration is trivial due to the delta function in Equation (41), and the remaining

spatial integration can be carried out analytically. The result obtained for the photon number

spectrum emitted through the column walls due to the reprocessed cyclotron seed photons

is given by

Ṅ cyc
ϵ (τ0, ϵ0) = 2.10× 1036B

−3/2
12 H

(
ϵc
kTe

)
e−ϵc/(kTe)

∞∑
n=0

Γ(µ− κ+ 1/2)

InΓ(1 + 2µ)
gn(τ0)

× 3Ṁ2y20ξ
2|u(τ0)|ψkTeϵκ−2

0 e−ϵ0/(2kTe)

αΩR2
starc

2

(
Rstar

2Rg

)1/2

Jnϵ
−κ
c eϵc/(2kTe)

×Mκ,µ

[
min(ϵ0, ϵc)

kTe

]
Wκ,µ

[
max(ϵ0, ϵc)

kTe

]
, (44)

where In is defined in Equation (29) and we have introduced the new quantity Jn, defined

by

Jn ≡
∫ τtop

τth

ω(τ∗) gn(τ∗)√
k2∞(y(τ∗)3 − 1) + k20

dτ∗ , (45)

which appears as a result of the integration of the emission region over the volume of the

accretion column.

2.8.2. Column Wall Spectrum due to Blackbody Seed Photons

As discussed by Becker & Wolff (2007, 2022), the emission spectrum of Her X-1 is

dominated by reprocessed bremsstrahlung radiation, with a significant contribution made

by reprocessed cyclotron emission, which appears in the vicinity of the cyclotron energy, ϵc
(see Figure 2). The contribution made by reprocessed blackbody seed radiation is relatively

unimportant in this source, but it can become dominant in low-luminosity X-ray pulsars

such as X Per. In the case of blackbody emission, the seed photons are primarily injected

from the thermal mound, located at the base of the flow, where the accreting gas achieves

full thermodynamic equilibrium. The radius at the top of the thermal mound is denoted by

Rth, with the associated altitude from the stellar surface, zth, defined by

zth ≡ Rth −Rstar . (46)

In the BW22 model, the thermal mound radius, Rth, is determined by setting the free-free

absorption optical depth across the column equal to unity. The corresponding temperature

at the top of the thermal mound is denoted by Tth, and the associated electron scattering

optical depth, τth = τ(Rth), is computed using Equation (22).



– 23 –

The source function corresponding to blackbody emission is given by (Rybicki & Light-

man 1979; Becker & Wolff 2007, 2022)

Qbb(R∗, ϵ∗) =
2π

c2h3
δ(R∗ −Rth)

eϵ∗/(kTth) − 1
. (47)

In order to model the contribution to the spectrum made by reprocessed blackbody photons

escaping through the column walls, we substitute Equation (47) into Equation (38), which

yields

Ṅbb
ϵ (τ0, ϵ0) = 18y20ξ

2|u(τ0)| ψω(τth)(kTe)4−κϵκ−2
0 e−ϵ0/(2kTe)

× Ω
πk2∞Rg

α2c2h3

∞∑
n=0

Γ(µ− κ+ 1/2)

InΓ(1 + 2µ)
gn(τth) gn(τ0)Gn(χ0) , (48)

where

Gn(χ0) ≡
∫ ∞

0

χ2−κ
∗ eχ∗/2

eχ∗Te/Tth − 1
Mκ,µ[min(χ0, χ∗)]Wκ,µ[max(χ0, χ∗)] dχ∗ , (49)

with χ0 = ϵ0/(kTe).

2.8.3. Column Wall Spectrum due to Bremsstrahlung Seed Photons

Next we consider the source function corresponding to bremsstrahlung seed photon

emission, given by

Qff(τ∗, ϵ∗) = 3.68× 1036ρ2(τ∗)T
−1/2
e ϵ−3

∗ e−ϵ∗/(kTe) , (50)

where ρ = nemp is the mass density for a plasma composed of fully-ionized hydrogen. By

substituting Equation (50) into Equation (38) and carrying out the two integrations, we

can compute the photon number spectrum for the radiation escaping through the column

walls due to the reprocessed bremsstrahlung seed photons generated within the column. The

result obtained is

Ṅff
ϵ (τ0, χ0) = 3.68× 1036

(
Rstar

2Rg

)1/2
3y20|u0|Ṁ2ξ2ψkT

1/2
e e−χ0/2χκ−2

0

αΩR2
starc

2(kTe)2

×
∞∑
n=0

Γ(µ− κ+ 1/2)

InΓ(1 + 2µ)
gn(τ0) JnBn , (51)

where In and Jn are computed using Equations (29) and (45), respectively. The quantity

Bn appearing in Equation (51), defined by

Bn ≡
∫ ∞

χabs

χ−1−κ
∗ e−χ∗/2Mκ,µ[min(χ0, χ∗)]Wκ,µ[max(χ0, χ∗)] dχ∗ , (52)
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expresses the integration over the injection energy for the bremsstrahlung source term, where

χ0 = ϵ0/(kTe) and χabs = ϵabs/kTe represent the dimensionless injection energy and the

dimensionless self-absorption cutoff, respectively. For values of the photon energy below

ϵabs, the plasma is optically thick and the bremsstrahlung emission makes a transition to

blackbody emission. We set χabs = 0.05, which is a reasonable approximation for luminous

accretion-powered X-ray pulsars (Becker & Wolff 2007, 2022). In practice, we find that the

expansion in Equation (51) and is rapidly convergent, so that taking the first ∼ 10 provides

about 3 decimal digits of accuracy, which is sufficient for the astrophysical applications of

interest here.

2.8.4. Column Top Spectrum due to Cyclotron Seed Photons

By substituting Equation (41) into Equation (40), we can obtain the number spectrum

for cyclotron photons escaping from the column top. This yields

Ṅ cyc
ϵ (ϵ0) =

5.76× 10−13Ṁ2 Te y
2
top ψ

√
RgRstarH[ϵc/(kTe)] ϵ

κ−2
0

ΩR2
g k

2
∞ e(ϵ0+ϵc)/(2kTe) ϵ

κ+3/2
c

×
∞∑
n=0

Γ(µ− κ+ 1/2)

Γ(1 + 2µ)

Jn gn(τtop)

In
Mκ,µ

[
min(ϵ0, ϵc)

kTe

]
Wκ,µ

[
max(ϵ0, ϵc)

kTe

]
,

(53)

where In and Jn are defined in Equations (29) and (45), respectively.

2.8.5. Column Top Spectrum due to Blackbody Seed Photons

Next, we will compute the number spectrum for blackbody photons escaping from the

column top. By substituting Equation (47) into Equation (40), we find that

Ṅ bb
ϵ (ϵ0) =

2πΩR2
th

c2h3

∫ ∞

0

Ṅ G
ϵ (Rth, ϵ∗, ϵ0)

Ṅ∗

ϵ2∗
eϵ∗/kTth − 1

dϵ∗ , (54)

which, upon simplification, reduces to

Ṅ bb
ϵ (ϵ0) = 2πΩ

3ψω(τth)(kTe)
4−κR2

topϵ
κ−2
0 e−ϵ0/(2kTe)

αc2h3

×
∞∑
n=0

Γ(µ− κ+ 1/2)

InΓ(1 + 2µ)
gn(τtop)gn(τth)Gn(χ0) , (55)

where Gn(χ0) is defined in Equation (49).
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2.8.6. Column Top Spectrum due to Bremsstrahlung Seed Photons

Finally, we can substitute Equation (50) into Equation (40) to obtain the number spec-

trum for bremsstrahlung photons escaping from the column top. This yields

Ṅ ff
ϵ (ϵ0) =

3.40× 107 Ṁ2 y2top ψ ϵ
κ−2
0 e−ϵ0/(2kTe)

√
RgRstar

k2∞R
2
g Ω (kTe)κ−1/2

×
∞∑
n=0

Γ(µ− κ+ 1/2)

Γ(1 + 2µ)

gn(τtop) Jn
In

Bn , (56)

where In, Jn, and Bn are computed using Equations (29), (45), and (52), respectively.

2.8.7. Total Number Spectra from Column Wall and Column Top

The photon number spectrum components emitted from the column wall and the column

top will form the basis for the relativistic formalism developed in subsequent sections, which

will allow us to link the continuum spectrum emitted in the frame of the neutron star with

the flux measured by a distant observer via propagation through the Schwarzschild metric.

As a final note in this section, we will present expressions for the total number spectra

emitted from the column wall and the column top, obtained by summing over the individual

components due to bremsstrahlung, cyclotron, and blackbody seed photons.

The total number spectrum due to all sources emitting from the column wall, in photons

erg−1 s−1 cm−1, is given by

Ṅ tot
ϵ (τ0, ϵ0) = Ṅff

ϵ (τ0, ϵ0) + Ṅ cyc
ϵ (τ0, ϵ0) + Ṅbb

ϵ (τ0, ϵ0) , (57)

where Ṅff
ϵ , Ṅ

cyc
ϵ , and Ṅbb

ϵ are computed using Equations (51), (44), and (48), respectively.

Likewise, the total number spectrum due to all sources emitting from the column top, in

photons erg−1 s−1, is given by

Ṅ tot
ϵ (ϵ0) = Ṅ ff

ϵ (ϵ0) + Ṅ cyc
ϵ (ϵ0) + Ṅ bb

ϵ (ϵ0) , (58)

where Ṅ ff
ϵ , Ṅ cyc

ϵ , and Ṅ bb
ϵ are computed using Equations (56), (53), and (55), respectively.

We will utilize Equations (57) and (58) in our calculations of simulated pulse profiles and

phase-averaged spectra. In the remainder of this section, we will derive the connection

between the photon spectra computed using Equations (57) and (58) and the local intensity

measured in the local frame that is stationary with respect to the neutron star. The local

intensity will then be linked with the RM88 formalism to compute the intensity measured by

a distant observer after the photons propagate through the Schwarzschild metric.
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2.9. Total Continuum Flux in the Local Frame

Our central goal in this paper is to compute pulse profiles and phase-averaged spectra

resulting from the application of the BW22 continuum model in the context of a relativistic

neutron star, with the propagation of the radiation modeled using the formalism developed

by RM88. In order to accomplish this, we must calculate the intensity distribution in the

local frame that is stationary with respect to the star, which is hereafter referred to as the

local RM88 frame. The intensity specified in this frame provides the input required in order

to utilize the relativistic formalism developed by RM88. This requires us to connect the BW22

continuum model with the local intensity measured in the frame of the star. In carrying this

out, it is convenient to use the locally measured energy flux as an intermediate concept.

2.9.1. Local Flux for Radiation Escaping from Column Wall

The specific energy flux measured in the local frame due to photons escaping through

the column wall, computed using the BW22 continuum model, is denoted by Fwall
ϵ,cont, with

units of erg s−1 cm−2 erg−1. It is important to relate this quantity to the photon number

spectrum for emission through the column wall, Ṅϵ, with units of s−1 cm−1 erg−1, which is

computed using Equation (38) for a general source term. Referring to the geometry indicated

in Figure 4, we find that

Fwall
ϵ,cont dA0 = ϵ0Ṅ

tot
ϵ dR0 , (59)

where

dA0 = 2πR0 sinΘ1 dR0 , (60)

represents the differential area element on the surface of the column wall corresponding to a

thin ring at radius R0 with width dR0. Solving Equation (59) for the wall flux, Fwall
ϵ,cont, and

substituting for dA0 using Equation (60), we obtain

Fwall
ϵ,cont(R0, ϵ0) =

ϵ0Ṅ
tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

, (61)

where Ṅ tot
ϵ (R0, ϵ0) is computed using Equation (57). We will use Equation (61) to make the

connection between the column wall continuum spectrum computed using the BW22 model

and the flux and intensity measured in the local RM88 frame, which is the primary input for

the relativistic RM88 formalism.
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Fig. 4.—: Diagram illustrating the geometry for the escape of photons through band area

dA0 on the column wall, with D = R0 cosΘ1 and Z = R0 sinΘ1. See the discussion in the

text.
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2.9.2. Local Flux for Radiation Escaping from Column Top

The specific energy flux due to emission through the column top, computed using the

BW22 continuum model, is denoted by F top
ϵ,cont, with units erg s−1 cm−2 erg−1. We must relate

this quantity to the photon number spectrum for emission through the column top, Ṅ tot
ϵ ,

computed for a general source term using Equation (40). We have

F top
ϵ,contAtop = ϵ0 Ṅ tot

ϵ , (62)

where Atop = ΩR2
top is the area of the upper surface of a conical accretion column with solid

angle Ω. Solving Equation (62) for the specific energy flux at the column top yields

F top
ϵ,cont(ϵ0) =

ϵ0 Ṅ tot
ϵ (ϵ0)

ΩR2
top

, (63)

where Ṅ tot
ϵ (ϵ0) is computed using Equation (58). In the following section, we will introduce

the relativistic formalism used to trace the emission from the wall and top of the accretion

column through the Schwarzschild metric to a detector located in the frame of a distant

observer.

3. RELATIVISTIC FORMALISM

The formalism developed by BW22 provides a rigorous framework for the computation of

the X-ray continuum spectrum in the frame of the neutron star that yields good agreement

with the observational data for a wide variety of accretion-powered X-ray pulsars. However,

in order to compute pulse profiles and true phase-averaged X-ray spectra, this continuum

model must be cast in a relativistic framework so that the photon propagation through the

Schwarzschild metric is properly followed, including the effects of gravitational lensing and

the gravitational redshift. In addition, we must also implement a rigorous model for the

rotational and magnetic geometry of the neutron star. In this section we will develop the

required coordinate system and solve the relativistic characteristic equations for a photon

produced at an emission point located on either the wall or top of the accretion column.

We will then be able to calculate the corresponding spectral flux in the frame of the distant

observer by making use of the appropriate coordinate transformations.

3.1. Coordinate System

We will follow the propagation of the photons produced in the XRP frame as they

travel along null geodesics to the frame of the distant observer using the formalism developed
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by RM88. The emission geometry is represented using a spherical-polar coordinate system

centered at the emission point, Q, which is located at radius R0 from the neutron star’s

center, on either the wall or the upper surface of the conical accretion column, as depicted

in Figure 5. The photon propagates along a curved path to the distant observer at point P ,

which is located at radius R from the center of the neutron star and has polar angle Θ relative

to the axis of the accretion column, which is also the magnetic axis. As illustrated in Figure 6,

the angle between the photon propagation direction and the radial vector measured in the

frame of the distant observer at point P is denoted by θ. The corresponding propagation

angle measured in the RM88 frame at the emission point Q is θ0, and the associated azimuthal

angle is ϕ0. Hence the angles (θ0, ϕ0) indicate the propagation direction of a photon as viewed

in the local RM88 frame at the emission point Q. The distance from the center of the neutron

star to the emission point in the general coordinate system is represented by r0, which is

measured in gravitational units, so that

r0 ≡
R0

RS

, (64)

where R0 is the dimensional emission radius, and RS = 2GMstar/c
2 denotes the Schwarzschild

radius for the neutron star with mass Mstar. In general, we will utilize lower-case letters to

refer to distances measured in gravitational units, with upper-case letters used to refer to

distances measured in CGS units.

3.2. Flux Measured by Distant Observer

In order to calculate pulse profiles and phase-averaged spectra in the frame of a distant

observer, we will need to transform the radiation spectrum from the RM88 frame, where the

radiation is generated, to the frame of the observer, where the radiation is detected. The

energy flux spectrum measured by an observer located at radius r in the general coordinate

system, denoted by Fϵ,obs, is computed using the fundamental integral (Riffert & Meszaros

1988)

Fϵ,obs(r, ϵ) =

∫∫
4π

Iϵ,obs(r, µ, ϕ, ϵ)µ dµ dϕ , (65)

where the intensity Iϵ,obs(r, µ, ϕ, ϵ) and the variables ϵ, µ, and ϕ are measured in the frame

of the observer, with µ = cos θ. In our model, the input radiation intensity is specified

in the local RM88 frame, and therefore we must transform the variables of integration in

Equation (65) into the RM88 frame. The formal transformation of Equation (65) from the

variables (r, ϵ, µ, ϕ) to the variables (r0, ϵ0, µ0, ϕ0) was carried out by RM88. The result is
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Fig. 5.—: Diagram of the RM88 coordinate system, depicting the curved path of a photon

emitted from point Q (green line), located on either (a) the column wall, or (b) the column

top. The observer at point P is at radius R and has angle Θ relative to the magnetic axis.
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Fig. 6.—: Diagram of the RM88 coordinate system used to describe the photon emission

direction in the local frame that is stationary with respect to the star. The two dashed

orange axes represent the polar axis (aligned with the column wall) and the axis normal

to the wall. The angles (θ0, ϕ0) describe the emission direction with respect to this polar

coordinate system.
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given by the integral

Fϵ,obs(r, ϵ) =
ϵ3

ϵ30

∫∫
4π

Iϵ,star(r0, µ0, ϕ0, ϵ0)µD(µ, ϕ;µ0, ϕ0) dµ0 dϕ0 , (66)

where Iϵ,star(r0, µ0, ϕ0, ϵ0) is the intensity measured in the local RM88 frame, andD(µ, ϕ;µ0, ϕ0)

is the Jacobian for the coordinate transformation, with µ0 = cos θ0. The relationship be-

tween the photon energy measured in the RM88 frame, ϵ0, appearing on the right-hand side

of Equation (66), and the energy measured in the frame of the distant observer, ϵ, depends

on the emission radius, r0, via the standard gravitational redshift formula (Weinberg 1972)

ϵ0
ϵ
= 1 + z ≡

(
1− 1

r0

)−1/2

. (67)

The Jacobian, D, for the transformation between the frame of the distant observer and the

RM88 frame appearing in Equation (66) is given by the formal expression

D(µ, ϕ;µ0, ϕ0) =

∣∣∣∣ ∂µ∂µ0

∂ϕ

∂ϕ0

− ∂µ

∂ϕ0

∂ϕ

∂µ0

∣∣∣∣ . (68)

In practice, the formal expression for the Jacobian given by Equation (68) takes on different

specific forms depending on whether the emission originates from a point on the column wall

or the column top. We will briefly review the detailed results that were obtained by RM88

for these two cases in Sections 3.3 and 3.4.

3.3. Column Wall Jacobian

The expression RM88 derived for the Jacobian transformation governing the emission

from the column wall, Dwall, at dimensionless emission radius r0, is given by

µDwall(µ, ϕ;µ0, ϕ0) =
1

r2
r20

r0 − 3/2

1

Y (r0, µ0)

sinΘ1 cosϕ0

(sin2Θ− sin2Θ1 sin
2 ϕ0)1/2

, (69)

where

Y (r0, µ0) =

∫ r

r0

q(x, b) dx+

{
0, µ0 ≥ 0 ,

2
∫ r0
rm
q(x, b) dx, µ0 < 0 ,

(70)

and

q(x, b) =
x− 3/4

x(x− 3/2)2

[
x2 − b2

(
1− 1

x

)]−1/2

. (71)
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Here, b represents the impact parameter, which is a constant of the motion, computed using

b ≡ r0

√
1− µ2

0

1− 1/r0
= r

√
1− µ2

1− 1/r
. (72)

The quantity Θ1 appearing in Equation (69) represents the opening angle of the conical

column, which is the maximum value of the variable angle Θ0 (see Figure 5), and r0 is the

radius measured from the center of the neutron star to the emission point, in the general

coordinate system. Finally, the parameter rm in Equation (70) represents the “turning

radius” (the radius of closest approach to the central mass), which applies only to cases with

µ0 < 0. The value of rm is the physically acceptable root of the equation

r3m − b2(rm − 1) = 0 , (73)

which can be expressed in the analytical form

rm =
2b√
3
cos

{
1

3

[
π − tan−1

(√
4b2 − 27

3
√
3

)]}
. µ0 < 0 . (74)

3.4. Column Top Jacobian

The Jacobian transformation for the photons emitted from the top of the accretion

column, Dtop, at dimensionless emission radius r0 = rtop, is computed using

µDtop(µ, ϕ;µ0, ϕ0) =
(rtop
r

)2 µ0

1− 1/rtop

sinΘ0

cosϕ sinΘ

×
(
cosΘ0 sinK + cosϕ0 cosK sinΘ0

sinΘ0 cosK + cosϕ0 sinK cosΘ0

)
, (75)

where Θ denotes the angle between the magnetic field axis and the line of sight to the

observer, and Θ0 represents the angle between the magnetic field axis and the emission point

on the upper surface of the accretion column, which must satisfy the relation 0 ≤ Θ0 ≤ Θ1,

with Θ1 denoting the opening angle of the conical column (see Figure 5). The quantity K

in Equation (75) represents the angle between the emission point on the column top and the

line of sight to the observer, which is further discussed in Section 3.5.

3.5. Relativistic Characteristics

In order to fully define the geometry of the spinning neutron star and its magnetic

field relative to a distant observer, it is necessary to introduce several fundamental angles.
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First, we define the inclination angle, Ψ, as the angle between the line of sight to the distant

observer and the spin axis of the neutron star. This angle remains constant as the star spins,

but it may precess over much longer timescales (see Katz 1973; Gerend & Boynton 1976;

Staubert et al. 2009; Leahy 2025). Another important angle is the rotational latitude of the

accretion column, denoted by φ, which represents the angle between the spin axis and the

magnetic field axis of the accretion column. The value of φ also remains constant as the

star rotates. The angle between the axis of the accretion column and the line of sight to the

distant observer is denoted by Θ, which we refer to as the “observation angle.” The value

of Θ varies periodically due to the rotation of the neutron star, which is represented by the

rotational phase angle in the frame of the star, denoted by β. The phase angle is calibrated

so that β = 0 corresponds to the minimum possible value of Θ that occurs during the stellar

rotation. Finally, we will use Θ0 to denote the angle between the magnetic field axis and the

emission point, located on either the wall or the top of the accretion column.

Using spherical trigonometry, it can be shown that the periodic variation of Θ during

the rotation of the neutron star is related to the values of Ψ, φ, and β via

cosΘ = cosΨ cosφ+ sinΨ sinφ cos β . (76)

It therefore follows that Θ = Ψ − φ when β = 0. A point of clarification must be made

regarding our notation for Θ0. For emission occurring along the wall of the accretion column,

we have Θ0 = Θ1, where Θ1 is the opening angle of the conical column (see Figure 4).

However, for emission occurring on the top of the column, the value of Θ0 falls in the range

0 ≤ Θ0 ≤ Θ1 (see Figure 5).

The formalism developed by RM88 is based on analysis of the characteristic equations

describing the propagation of radiation along null geodesics in the Schwarzschild metric.

They define the parameter K as the angle between the emission location and the direction

to the distant observer. In flat spacetime, for an observer located at infinity, straightforward

geometric relations yield K = sin−1(b/r0), where r0 is the emission radius and b is the impact

parameter given by Equation (72). However, in general relativity, this relation is modified

by the curvature of spacetime around the neutron star, and for an observer located at finite

distance r, we obtain the general expression

K(r, r0, µ0) = b

∫ r

r0

[
x2 − b2

(
1− 1

x

)]− 1
2 dx

x
+Q(r0, µ0) , (77)

where

Q(r0, µ0) =

{
0 , µ0 ≥ 0 ,

2b
∫ r0
rm

[
x2 − b2

(
1− 1

x

)]− 1
2 dx
x
, µ0 ≤ 0 ,

(78)
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where rm is given by Equation (74). By integrating one of the characteristic equations

obtained from the metric, RM88 also obtain the important angular relation

cosΘ = cosΘ0 cosK − cosϕ0 sinΘ0 sinK , (79)

which reduces to Θ = Θ0 +K for the special case ϕ0 = 0. We also note that Equation (79)

can also be obtained by considering spherical trigonometric relations on the unit sphere. In

the following sections we will discuss the procedure for determining the emission location on

the wall or top of the accretion column such that photons emitted from that location in a

specified direction will reach a distant observer with a selected value of Θ.

3.5.1. Column Wall Geometry Correspondence

In order to connect the intensity specified in the local RM88 frame with the observed

flux, we must develop the ray-tracing procedure required to determine the emission radius

r0 for photons emitted at point Q in a specified direction on the column wall such that they

travel along null geodesics to reach a distant observer located at polar angle Θ relative to

the axis of the accretion column, as depicted in Figure 5. For given values of the rotational

inclination angle, Ψ, and the accretion column rotational latitude, φ, Equation (76) allows us

to compute the variation of the observation angle Θ between the magnetic field axis (which is

also the central axis of the accretion column) and the line of sight to the distant observer, as

the rotational phase angle β varies through the domain 0° ≤ β ≤ 360°. At a single moment

in time, it is sufficient to consider a “snapshot” of the stellar rotation, which yields a single

value for Θ, as indicated in Figure 5. Combining this value of Θ with a set of emission

angles (θ0, ϕ0) measured in the local RM88 frame, we now seek to determine the value of the

emission radius, r0, such that photons propagating from an emission point located on the

column wall will reach the distant observer at angle Θ. The value of r0 can be derived by

setting Θ0 = Θ1 in Equation (79), since the emission point is located on the column wall,

and then solving for K. The result obtained is

cosK(r, r0, µ0) =
cosΘ cosΘ1

cos2Θ1 + cos2 ϕ0 sin
2Θ1

± cosϕ0 sinΘ1

√
cos2 ϕ0 sin

2Θ1 + cos2Θ1 − cos2Θ

cos2Θ1 + cos2 ϕ0 sin
2Θ1

, (80)

where µ0 = cos θ0. Note that in general, Equation (80) may yield zero, one, or two physically

acceptable values forK(r, r0, µ0). We can combine this result with Equation (77), which links

the value of K(r, r0, µ0) with the value of r0, since µ0 is specified, and we assume that the

distance to the observer, r = R/RS, has a known value. Hence we conclude that in principle,
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a single emission vector (θ0, ϕ0) in the RM88 frame may yield up to two acceptable values

for the emission radius r0 along the column wall, such that the photons reach the distant

observer at observation angle Θ. Acceptable values for r0 lie in the domain rstar ≤ r0 ≤ rtop,

where rstar = Rstar/RS and rtop = Rtop/RS denote the dimensionless stellar radius and the

dimensionless column top radius, respectively.

In order to determine the variation of the emission radius r0 as the star rotates, for a

given set of emission angles (θ0, ϕ0), we proceed as follows. First, we must select values for

the column opening angle Θ1, the inclination angle of the neutron star’s rotation axis, Ψ, the

rotational latitude of the accretion column, φ, and the rotational phase angle, β. Next, we

use Equation (76) to determine the associated value of the observation angle Θ. We can then

combine Equations (77) and (80) to determine the resulting roots for the emission radius

r0. If, for a given set of emission angles (θ0, ϕ0), the solution process yields zero acceptable

values for the emission radius r0, then we must conclude that no radiation will reach the

observer for that value of β. On the other hand, if we obtain one acceptable root for r0,

then we must include emission from that point on the column wall in our calculation of the

observed spectrum for that value of β. In certain situations, we may obtain two acceptable

values for r0, which implies that two separate null geodesics will reach the observer. In this

case, we must include radiation generated from the emission points located at both values

of r0.

3.5.2. Column Top Geometry Correspondence

Next we consider the problem of determining the location of the emission point Q

on the column top such that photons emitted in a specified direction will reach a distant

observer located at angle Θ relative to the central axis of the accretion column, as indicated

in Figure 5. Hence our present goal is to determine the required value of the emission angle

Θ0, which must lie somewhere in the domain 0 ≤ Θ0 ≤ Θ1. We note that this is distinct

from the case of the column wall emission, treated in Section 3.5.1, where the goal was to

determine the value of the emission radius r0. In the case of the column top emission, the

value of the emission radius is frozen at r0 = rtop, and once the values of the emission angles

(θ0, ϕ0) are selected, we can compute the value of K(r, r0, µ0) using Equation (77). With the

value of K determined, we can now solve Equation (79) to compute the associated value of



– 37 –

Θ0. The result obtained is

cosΘ0 =
cosΘ cosK

cos2K + cos2 ϕ0 sin
2K

± cosϕ0 sinK
√

cos2 ϕ0 sin
2K + cos2K − cos2Θ

cos2K + cos2 ϕ0 sin
2K

. (81)

In analogy with Equation (80), we note that Equation (81) may yield zero, one, or two

acceptable roots for Θ0 for a given emission vector (θ0, ϕ0). Note that here, K(r, r0, µ0)

depends only on the value of µ0 = cos θ0, since r0 = rtop for all points on the column top,

and the distance to the observer, r, is assumed to be a known quantity. In the following

section, we will discuss in detail our unitary emission model, in which the intensity distribu-

tion measured in the local RM88 frame is represented using a group of “laser-like” emission

functions in a specified set of directions.

4. UNITARY EMISSION MODEL

One of the central unsolved problems related to the formation of X-ray pulsar spectra

is the nature of the angular distribution of the radiation emitted from the surface of the

accretion column. Detailed knowledge of this angular distribution is required in order to link

the X-ray continuum spectrum emitted from the surface of the column with a relativistic

formalism that can trace the paths of the photons along null geodesics to the distant observer.

This problem has been approached in a variety of ways by previous authors. For example,

Leahy (1991) assumed a simple ad hoc form for the angular distribution of the emitted

radiation in developing his formalism for the computation of simulated pulse profiles that

can be compared with the data for specific sources. In particular, Leahy (1991) assumed

that the radiation distribution at the surface of an X-ray pulsar can be modeled using rings

of emission surrounding the magnetic poles of the neutron star. He used this approach to

compute pulse profiles based on the work of Meszaros & Nagel (1985a), who suggested that

the angular distribution of the surface intensity, I, can be described by either I ∝ cos2 θ0 or

I ∝ cos4 θ0, where θ0 is the propagation angle relative to the local magnetic field direction.

In this paper, we will assume that the energy distribution of the X-ray continuum

radiation emitted from the surface of the accretion column is given by the BW22 formalism.

However, this formalism does not specify the angular distribution of the emitted radiation.

Rather than adopting any ad hoc assumptions about the angular distribution of the emitted

radiation, we will assume that we have no detailed a priori knowledge about this distribution,

other than a few general constraints on the behavior. Instead, we will solve for the angular

distribution of the radiation field in the local RM88 frame (also called the beaming pattern)
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as part of our procedure for fitting the pulse profile data for a given source. In order to

accomplish this, we will adopt a novel approach in which the radiation field is specified using

an expansion of “laser-like” emission vectors, each oriented in a specific unitary direction

as observed in the RM88 frame. For a given value of the emission radius, r0, the energy

distribution of the intensity associated with each emission direction will be assigned using

the BW22 continuum model, evaluated at that value of r0. Hence each emission direction

connected with a specific emission radius will have the same energy distribution. However,

the values of the angular weight coefficients for each emission direction will be different, and

will be determined as part of the fitting procedure. In some ways, our approach is analogous

to that taken by Poutanen & Beloborodov (2006), who developed an expansion method

based on Fourier components that was used to fit observational pulse profile data. Similarly,

Kraus et al. (1995) and Blum & Kraus (2000) formulated an expansion method in which the

beaming pattern is computed by fitting the pulse profile data using their theoretical model,

which is based on emission from rings and hot spots on the stellar surface.

4.1. Emission Vectors in RM88 Frame

In the case of the column top emission, the broadest possible angular range for the RM88

polar angle θ0 corresponds to the domain 0° < θ0 < 90°, because emission at angles θ0 > 90°
would be directed into the accretion column, and would therefore not be connected with any

null geodesics that can reach the distant observer (see Figure 6). Furthermore, the emission

from the top of the accretion column at radius r = rtop satisfies the free-streaming boundary

condition given by Equation (35). This boundary condition is generally expected to result

in the partial collimation of the emitted radiation in the outward radial direction (Paletou

2018; Nagel 1981b). Motivated by this behavior, we therefore make the further restriction

that the column top emission is confined to the domain 0° < θ0 < 45°. For the column

top emission, the RM88 azimuthal angle ϕ0 is unrestricted, so that 0° < ϕ0 < 360°. In the

case of the column wall emission, the domain for the RM88 polar angle θ0 is 0° < θ0 < 180°,
and the domain for the corresponding RM88 azimuthal angle ϕ0 is −90° < ϕ0 < 90°. These

constraints are required in order to ensure that the emitted photons travel away from the

column, rather than through the column wall into the interior region.

In our computational applications, we will model the sets of RM88 emission vectors for

the radiation originating on the column wall or top using a discrete grid of (θ0i, ϕ0j) values,

where the indices i and j indicate the emission direction. Specifically, in our model for the
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column wall emission, we adopt uniformly-spaced grids for the values of θ0 and ϕ0, with

θwall0i ∈ {0°, 1°, 2°, . . . , 180°} ,

ϕwall
0j ∈ {−90°,−67.5°,−45°, . . . , 90°} . (82)

For the column top emission, the angular grids adopted are

θtop0i ∈ {0°, 1°, 2°, . . . , 45°} ,

ϕtop
0j ∈ {0°, 40°, 80°, . . . , 320°} . (83)

Our angular grids therefore comprise Nwall = 180 values for θwall0i , Ntop = 45 values for θtop0i ,

Mwall = 9 values for ϕwall
0j , andMtop = 9 values for ϕtop

0j . We also note that each of the (θ0i, ϕ0j)

grids has a corresponding (µ0i, ϕ0j) grid via the relation µ0i = cos θ0i. The primary benefit

of utilizing a discrete system of emission directions in the RM88 frame is that it provides us

with the ability to build “basis functions” for the simulation of pulse profiles, with each basis

function representing the discrete contribution to the observed pulse profile due to emission

in a given direction (θ0i, ϕ0j) originating on either the column wall or the column top.

The linearity of the fundamental transport equation (Equation (25)) implies that a linear

combination of the basis functions can be used to simulate the pulse profile for a given XRP,

which can then be compared with the observational data in order to determine the values of

the angular weight coefficients for that specific source. We will refer to the basis functions

as “sub-profiles,” with each one corresponding to a specific emission direction. Because we

will be considering emission from a rotating neutron star with two accretion columns in our

detailed applications, we will actually utilize four separate sets of sub-profiles, corresponding

to emission originating on either the wall or top of column 1 or column 2.

4.2. Azimuthal Isotropy

The emission direction in the local RM88 frame in our model is specified using the polar

angle θ0 and the azimuthal angle ϕ0, as indicated in Figure 6. Based on the detailed results

for the energy and angular dependence of the electron scattering cross section in a strong

magnetic field obtained by Meszaros & Ventura (1979), we expect that the scattering cross

section for the photons in the accretion column depends only on the polar angle θ0, and that

it does not depend on the azimuthal angle ϕ0. We therefore make the assumption here that

the intensity amplitudes at a given location inside the accretion column will be distributed

isotropically with respect to ϕ0. Within the context of our unitary emission model, this

implies that for a given value of θ0i in our polar grid, the intensity will be the same for all

values of ϕ0j in the azimuthal grid.
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4.3. Angular Expansion for Column Wall Emission

For the case of the column wall emission, we will implement our unitary emission model

by representing the energy and angular distribution of the radiation field escaping through

the column wall as measured in the local RM88 frame using the expansion

Iwallϵ,star(R0, µ0, ϕ0, ϵ0) =

Nwall∑
i=1

Mwall∑
j=1

Wwall
i Fwall

ϵ,cont(R0, ϵ0) δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) , (84)

where Nwall and Mwall denote the number of θ0i and ϕ0j values in the angular grids given by

Equations (82) and (83), respectively, Wwall
i is the linear weight coefficient for the radiation

emitted with polar angle θ0i = cos−1 µ0i in the local RM88 frame, and Fwall
ϵ,cont represents the

continuum wall flux computed using the BW22 model, defined in Equation (61). We note that

the index “i” of the weight coefficient Wwall
i corresponds to the polar angle θ0i = cos−1 µ0i

in the local RM88 frame. We note that the weight coefficient Wwall
i has only a single index

because there is no dependence on the value of ϕ0j due to the form of the electron scattering

cross section in a strong magnetic field, as discussed in Section 4.2.

The appearance of the angular δ-functions in Equation (84) implies that we are ex-

panding the emission over a set of precise “laser-like” emission directions. Each of these

precise directions yields a contribution to the observed pulse profile that is weighted by the

corresponding expansion coefficient. This is a novel approach that is in some ways analogous

to the pulse-profile expansion method developed by Kraus et al. (1995) and Blum & Kraus

(2000). Combining Equations (61) and (84) yields

Iwallϵ,star(R0, µ0, ϕ0, ϵ0) =

Nwall∑
i=1

Mwall∑
j=1

Wwall
i ϵ0Ṅ

tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) , (85)

where Ṅ tot
ϵ (R0, ϵ0) is computed using Equation (57). This expression provides the funda-

mental description of the energy and angular dependence of the radiation emitted through

the column wall in the unitary emission model utilized here. Note that the weight coefficient

Wwall
i gives the amplitude of the intensity measured in the local RM88 frame due to emission

in direction µ0i relative to the BW22 continuum value Fwall
ϵ,cont, computed using Equation (61).

It is important to emphasize a point regarding the expansion coefficients,Wwall
i , appear-

ing in the intensity expansion in Equation (85). These weight coefficients are determined

by fitting the model to the observed X-ray pulse profile data. However, since Equation (85)

gives the intensity in the RM88 frame, we must combine this expression with Equation (66)

in order to compute the intensity distribution measured in the frame of a distant observer.

We make no a priori assumptions about the shape of the angular intensity distribution (the
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beaming pattern), represented by the expansion coefficients, Wwall
i , and therefore the inten-

sity distribution is an emergent property of the fit to the observed data. While this expansion

method can produce excellent fits to the pulse profile data due to the quasi-orthogonal na-

ture of the sub-profile basis functions, it is important to address the possible degeneracy of

the parameter space, which can result in multiple sets of parameters yielding equivalently

good fits to the data. We have addressed the possible degeneracy of the parameter space

by developing a combined statistical metric that includes both the shape of the beaming

pattern and the fit to the pulse profile data in order to determine the best overall set of

theoretical parameters. This procedure is discussed in detail in Section 6.2.

4.4. Angular Expansion for Column Top Emission

Proceeding in an analogous manner to the previous section, we now treat the emission

escaping from the accretion column through the column top. In this case, the expansion

representing the energy and angular distribution of the radiation field measured in the local

RM88 frame is given by

Itopϵ,star(µ0, ϕ0, ϵ0) =

Ntop∑
i=1

Mtop∑
j=1

W top
i F top

ϵ,cont(ϵ0) δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) , (86)

where Ntop and Mtop represent the number of θ0i and ϕ0j values in the angular grids given

by Equations (82) and (83), respectively, F top
ϵ,cont denotes the BW22 continuum flux for the

column top emission, defined in Equation (63), and W top
i represents the linear expansion

coefficient for the column top emission generated with polar angle θ0i = cos−1 µ0i. Once

again, the angular δ-functions in Equation (86) express the “laser-like” emission directions,

each of which yields a distinct contribution to the observed pulse profile that is weighted by

the associated expansion coefficient, in a manner that is similar to the pulse-profile expansion

method developed by Kraus et al. (1995) and Blum & Kraus (2000). We can now combine

Equations (63) and (86) to obtain the equivalent result

Itopϵ,star(µ0, ϕ0, ϵ0) =

Ntop∑
i=1

Mtop∑
j=1

W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) , (87)

where Ṅ tot
ϵ (ϵ0) is computed using Equation (58). This relation describes the energy and an-

gular dependence of the radiation escaping through the column top in the unitary emission

model, where the weight coefficient W top
i expresses the intensity measured in the local RM88

frame due to emission in direction µ0i relative to the BW22 continuum value F top
ϵ,cont. Equa-

tion (87) provides the intensity in the RM88 frame, and therefore this expression must be
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combined with Equation (66) to compute the intensity distribution measured in the frame

of a distant observer.

The expansion formalism defined above in Equations (85) and (87) provides a powerful

and flexible methodology for expressing the energy and angular distribution of the radiation

emitted through the walls and top of the conical accretion column, respectively, as measured

in the RM88 frame. The associated sets of expansion coefficients {Wwall
i } and {W top

i } will

be determined by fitting the theoretical predictions to the pulse profile data for a given

source, as discussed in Section 4.6. In addition to fitting the pulse profile data, another

important constraint that the expansion coefficients must satisfy is the requirement of local

conservation, as discussed below.

4.5. Local Energy Conservation Condition

In order to ensure that energy is conserved in the frame of a local observer, who is

stationary with respect to the neutron star, we must guarantee that the total energy flux,

summed over all of the unitary emission directions, is equal to the continuum flux calculated

using the BW22 model, which is given by Equation (61) for the column wall emission, or by

Equation (63) for the column top emission. The first step is to consider how the energy flux

measured by the local observer’s detector, denoted by Fϵ,star, is related to the local intensity

distribution. In general, the fundamental expression for the energy flux spectrum is given

by (Rybicki & Lightman 1979)

Fϵ,star(ϵ0) =

∫∫
4π

Iϵ,star(ϵ0) sin θ̃ cos θ̃ dθ̃ dϕ̃ , (88)

where the detector-frame polar angle θ̃ is measured with respect to the normal to the detector

plane, as illustrated in Figure 7. The detector-frame azimuthal angle ϕ̃ corresponds to the

rotation around the normal direction. The relation between the detector-frame angles (θ̃, ϕ̃)

and the corresponding RM88-frame angles (θ0, ϕ0) depends on whether the emission is escaping

through the wall or top of the accretion column. We will consider each of these possibilities

separately.

4.5.1. Column Wall Energy Conservation

First we calculate the local energy flux spectrum for the radiation emitted through the

column walls using Equation (88). In this case, the RM88 coordinates (θ0, ϕ0) are related

to the local detector coordinates (θ̃, ϕ̃) via a simple 90° rotation because the normal to the
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Fig. 7.—: Representation of the coordinate transformation between the RM88 frame and the

local detector frame. This transformation is required in order to calculate the energy flux in

the local detector frame, which ensures local energy conservation.
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local detector plane is perpendicular to the local radial vector, as indicated in Figure 7.

In Appendix A, we demonstrate that under this coordinate transformation, we obtain (see

Equation (A9))

Fwall
ϵ,star(ϵ0) =

∫∫
4π

Iwallϵ,star(ϵ0) (sin θ0 cosϕ0) sin θ0 dθ0 dϕ0 , (89)

where the factor (sin θ0 cosϕ0) represents the dot product between the emission vector and

the normal to the local detector surface. Using our standard substitution µ0 = cos θ0,

Equation (89) can be rewritten as

Fwall
ϵ,star(ϵ0) =

∫∫
4π

Iwallϵ,star(ϵ0)
√

1− µ2
0 cosϕ0 dµ0 dϕ0 . (90)

This relation can be used to derive an energy conservation constraint for the column wall

expansion coefficients Wwall
i appearing in Equation (85) as follows. By substituting Equa-

tion (85) into Equation (90) and reversing the order of integration and summation, we obtain

Fwall
ϵ,star(R0, ϵ0) =

Nwall∑
i=1

Mwall∑
j=1

∫ 2π

0

∫ 1

−1

Wwall
i ϵ0Ṅ

tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

× δ(µ0 − µ0i)δ(ϕ0 − ϕ0j)
√

1− µ0
2 cosϕ0 dµ0 dϕ0 . (91)

The evaluation of the integrals is trivial, and we find that Equation (91) reduces to

Fwall
ϵ,star(R0, ϵ0) =

Nwall∑
i=1

Mwall∑
j=1

Wwall
i ϵ0Ṅ

tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

√
1− µ0i

2 cosϕ0j . (92)

Equation (92) gives the energy flux measured in the local RM88 frame as an expansion of

contributions to the flux from photons escaping in each emission direction.

In order to ensure local energy conservation, the flux computed using Equation (92)

must agree with the energy flux computed using the BW22 continuum model, Fwall
ϵ,cont(R0, ϵ0),

given by Equation (61). In other words, we require that

Fwall
ϵ,star(R0, ϵ0) = Fwall

ϵ,cont(R0, ϵ0) . (93)

Combining Equations (61), (92), and (93) yields the energy conservation constraint

ϵ0Ṅ
tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

=

Nwall∑
i=1

Mwall∑
j=1

Wwall
i ϵ0Ṅ

tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

√
1− µ0i

2 cosϕ0j . (94)

At this juncture, it is important to emphasize that the energy conservation calculation

is carried out in the frame of a stationary observer located at radius R0, so that in this
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application, the value of R0 is independent of the emission direction (µ0i, ϕ0j). Hence, the

factors of Ṅ tot
ϵ (R0, ϵ0) on both sides of Equation (94) cancel, and upon simplification, we

obtain

ewall ≡
Nwall∑
i=1

Mwall∑
j=1

Wwall
i

√
1− µ2

0i cosϕ0j = 1 , (95)

where ewall denotes the energy conservation constant for the column wall emission. In order

to guarantee local energy conservation throughout the column, the set of weight coefficients

{Wwall
i } obtained by the fit to the observational data must satisfy Equation (95), with

ewall = 1. If a fit yields a set of coefficients {Wwall
i } which do not obey Equation (95), then

that fit is not considered to be physically acceptable.

4.5.2. Column Top Energy Conservation

Next we consider the case of the emission escaping from the top of the accretion column.

In this case, the local detector plane is oriented parallel to the upper surface of the accretion

column, and therefore we have the simple relation θ̃ = θ0 according to Figure 7. In addition,

we have ϕ̃ = ϕ0 for the azimuthal angle. Hence the energy flux spectrum measured by the

local detector for the column top emission, represented by F top
ϵ,star, is given by the integral

F top
ϵ,star(ϵ0) =

∫∫
4π

Itopϵ,star(ϵ0) sin θ0 cos θ0 dθ0 dϕ0 , (96)

with no change of coordinates required to transform the fundamental flux integral (Equa-

tion (88)) from the detector frame into the RM88 frame. We can also use the relation

µ0 = cos θ0 to rewrite Equation (96) in the equivalent form

F top
ϵ,star(ϵ0) =

∫∫
4π

Itopϵ,star(ϵ0)µ0 dµ0 dϕ0 . (97)

We can use this result to derive an energy conservation constraint for the column top expan-

sion coefficients W top
i appearing in Equation (87). First we substitute into Equation (97)

using Equation (87), which yields

F top
ϵ,star(ϵ0) =

Ntop∑
i=1

Mtop∑
j=1

∫ 2π

0

∫ 1

−1

W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

δ(µ0 − µ0i)δ(ϕ0 − ϕ0j)µ0dµ0dϕ0 , (98)

where we have reversed the order of integration and summation. The integrals are trivial to

perform, and Equation (98) reduces to

F top
ϵ,star(ϵ0) =

Ntop∑
i=1

Mtop∑
j=1

W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

µ0i . (99)



– 46 –

The requirement of local energy conservation imposes the condition that the total flux

computed using Equation (99) must equal the flux generated by the BW22 continuum model,

F top
ϵ,cont, given by Equation (63). We therefore require that

F top
ϵ,star(ϵ0) = F top

ϵ,cont(ϵ0) . (100)

Combining Equations (63), (99), and (100) yields

ϵ0 Ṅ tot
ϵ (ϵ0)

ΩR2
top

=

Ntop∑
i=1

Mtop∑
j=1

W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

µ0i , (101)

which simplifies to yield

etop ≡
Ntop∑
i=1

Mtop∑
j=1

W top
i µ0i = 1 , (102)

where etop is defined as the energy conservation constant for the column top emission. A

distribution of expansion coefficients W top
i satisfying Equation (102) with etop = 1 will

guarantee that local energy conservation is maintained at every emission point on the column

top.

In Section 4.6, we develop the key procedure that will be used to establish the values of

the sets of expansion coefficients {Wwall
i } and {W top

i } by fitting a given set of observational

pulse profile data. Once the fit is obtained, we must also ensure that Equations (95) and

(102) are satisfied, since otherwise the solution does not conserve energy, and is therefore not

physically acceptable. There is also an additional subtlety that becomes important when we

start examining in detail the null geodesics reaching a specific observer located at radius R

and with angle Ψ relative to the neutron star spin axis, for a given set of emission angles

(θ0, ϕ0) in the RM88 frame. The question is whether that selected set of emission angles is

ever visible to the observer during the rotation of the neutron star, or if the associated null

geodesics never reach the observer for any value of the rotational phase angle β, in which case

it is entirely invisible. If it is never visible, then the associated expansion coefficient must be

computed using an alternative method that satisfies the energy conservation requirements

ewall = 1 and etop = 1.

4.6. Flux Measured by a Distant Observer

In the preceding sections, our primary focus has been on the computation of the energy

flux in the local RM88 frame using the BW22 continuum model, with the goal of ensuring local

energy conservation. However, in order to fit to observational pulse profile data for a given
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source, we must also be able to compute the spectrum measured in the frame of a distant

observer located at radius R and with polar angle Θ with respect to the central axis of the

accretion column. Hence our next task is to connect the calculation of the local intensity

distribution using the BW22 continuum model with the relativistic formalism that links the

local RM88 frame with that of a distant observer. The procedure we will develop will allow

us to solve for the sets of intensity expansion coefficients {Wwall
i } and {W top

i } by fitting

observational pulse profile data.

The fundamental integral used to calculate the energy flux spectrum measured in the

frame of a distant observer, denoted by Fϵ,obs, is given by Equation (66). This equation

is based on a coordinate transformation between the frame of the observer and the local

RM88 frame, which is where the intensity is computed using the BW22 continuum model. The

fundamental integral in Equation (66) takes on two different forms depending on whether

the emission originates on the column wall or the column top. We distinguish between these

two possibilities by writing

Fwall
ϵ,obs(ϵ, β) =

ϵ3

ϵ30

∫∫
4π

Iwallϵ,star(µ0, ϕ0, ϵ0)µDwall(µ, ϕ;µ0, ϕ0) dµ0 dϕ0 , (103)

for the phase-dependent energy flux spectrum resulting from the column wall emission, and

F top
ϵ,obs(ϵ, β) =

ϵ3

ϵ30

∫∫
4π

Itopϵ,star(µ0, ϕ0, ϵ0)µDtop(µ, ϕ;µ0, ϕ0) dµ0 dϕ0 , (104)

for the phase-dependent energy flux spectrum resulting from the column top emission, where

the Jacobians Dwall and Dtop are defined in Equations (69) and (75), respectively. We note

that the value of the RM88 frame energy, ϵ0, appearing on the right-hand side in Equa-

tions (103) and (104) is related to the observer-frame energy, ϵ, on the left-hand side via

Equation (67). The next step is to combine Equation (103) and (104) with the expansions

for the wall and top emission given by Equations (85) and (87), respectively. The detailed

procedure is carried out in Appendix C, and the results are summarized below.

4.7. Total Energy Flux Spectrum

The total phase-dependent energy flux spectrum measured by a distant observer,

F tot
ϵ,obs(ϵ, β), is obtained by adding together all four emission components, taking into ac-

count the radiation escaping through the walls and tops of both accretion columns. We can

therefore express the total phase-dependent energy flux spectrum using

F tot
ϵ,obs(ϵ, β) = Fwall,1

ϵ,obs (ϵ, β) + Fwall,2
ϵ,obs (ϵ, β) + F top,1

ϵ,obs (ϵ, β) + F top,2
ϵ,obs (ϵ, β) , (105)
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or, equivalently,

F tot
ϵ,obs(ϵ, β) =Mwall

Nwall∑
i=1

Wwall,1
i gwall,1i (ϵ, β) +Mwall

Nwall∑
i=1

Wwall,2
i gwall,2i (ϵ, β)

+Mtop

Ntop∑
i=1

W top,1
i gtop,1i (ϵ, β) +Mtop

Ntop∑
i=1

W top,2
i gtop,2i (ϵ, β) , (106)

where the sets of angular expansion coefficients for the walls and tops of the two columns

are denoted by {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i }, and the corresponding sets of azimuthally-

averaged subs-spectra, {gwall,1i (ϵ, β), gwall,2i (ϵ, β), gtop,1i (ϵ, β), gtop,2i (ϵ, β)} are calculated using

either Equation (C5) or (C10), as discussed in Appendix C. The expansion coefficients

represent the angular distribution (beaming pattern) of the intensity in the RM88 frame, and

therefore Equations (105) and (106) are somewhat analogous to the angular expansions used

by Kraus et al. (1995) and Blum & Kraus (2000). The parameters Nwall and Ntop appearing

in Equation (106) represent the total number of θ0 values in the angular grids for the column

wall and the column top emission, respectively (see Equations (82) and (83)).

The total flux given by Equation (106) provides us with a complete description of the

spectrum measured by a distant observer. We note that the flux F tot
ϵ,obs(ϵ, β) is also an

implicit function of the neutron star’s rotational phase angle, β, because this angle plays a

central role in the ray-tracing procedure developed in Section 3. In particular, the variation

of β as the star spins determines the variation of observation angle Θ between the line

of sight to the observer and the magnetic field axis, via Equation (76). By performing

a term-by-term integration of Equation (106) with respect to the observer-frame photon

energy, ϵ, we can generate an expression for the pulse profile, that can be compared with the

observational pulse profile data in order to determine the values of the expansion coefficients.

This procedure is carried out in Section 5. Once the expansion coefficients are determined, we

can then use Equation (106) to compute the theoretical prediction for the phase-averaged

X-ray spectrum of the source. The comparison between the predicted spectrum and the

observational data will provide a powerful test of the validity of our model.

5. PULSE PROFILES AND PHASE-AVERAGED SPECTRA

The formalism we have developed in the preceding sections provides us with a powerful

tool for fitting pulse profiles, which we can utilize to determine source parameters such

as the inclination angle, Ψ, and the rotational latitudes of the two accretion columns, φ1

and φ2. We can also use the new formalism to constrain the values of the physical input

parameters for the BW22 continuum model, such as the accretion rate, Ṁ , the electron



– 49 –

temperature, Te, the column top radius, Rtop, the conical opening angles Θ1 and Θ2, the

angle-averaged electron scattering cross section, σ̄, and the parameters σ|| and σ⊥, which

denote the scattering cross sections for radiation propagating parallel or perpendicular to the

magnetic field, respectively. We can also constrain the values of the dimensionless parameters

α, ξ, and ψ, defined in Equations (21), (26), and (31), respectively. In this section, we will

develop the methodology required to utilize our unitary emission model to compute simulated

pulse profiles.

5.1. Calculation of the Pulse Profile

The detailed physics of cyclotron resonant absorption is highly complex, and depends

on the energy and angular dependences of the electron scattering cross section in a strong

magnetic field (Ventura 1979; Meszaros & Ventura 1979), and therefore a comprehensive

treatment of this process is beyond the scope of this paper. We will therefore adopt the for-

malism used by Becker &Wolff (2007) and BW22, who introduced an overall energy-dependent

multiplicative function to approximate the effect of cyclotron absorption. Computationally,

we will implement the cyclotron absorption process by multiplying the basis functions by an

attenuation function that follows a Gaussian distribution in energy, centered at the cyclotron

energy. This attenuation factor is given by

dcyc(ϵ) = 1− A0

σc
√
2π
e−(ϵ−ϵc)/(2σc)2 , (107)

where ϵc is the cyclotron energy, σc is the standard deviation or width parameter for the

attenuation, and the parameter A0 represents the relative strength of the absorption feature.

Observational pulse profiles are obtained by integrating the observed phase-dependent

photon number spectrum, denoted by F#(ϵ, β), with respect to time. The units of the pho-

ton spectrum are F#(ϵ, β) ∝ photons s−1 cm−2. Pulse profiles are usually plotted in units of

counts s−1, rather than flux units, because the counts are measured in the detector plane, and

they therefore represent a convolution of the impinging photon number spectrum, F#(ϵ, β),

multiplied by the detector response function, D(ϵ), which gives the effective area of the de-

tector. In order to calculate the photon number spectrum, F#(ϵ, β), emitted from the pulsar

based on any given set of geometry angles, we begin with the total flux, F tot
ϵ,obs(ϵ, β), com-

puted using Equation (106). In general, the phase-dependent photon number flux spectrum

is related to the flux F tot
ϵ,obs(ϵ, β) via

F#(ϵ, β) =
dcyc(ϵ)

ϵ
F tot
ϵ,obs(ϵ, β) , (108)
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where the cyclotron absorption function, dcyc(ϵ), is defined in Equation (107). We can obtain

an explicit expression for F#(ϵ, β) by combining Equations (106) and (108), which yields for

the phase-dependent photon number spectrum

F#(ϵ, β) =
dcyc(ϵ)

ϵ
Mwall

Nwall∑
i=1

[
Wwall,1
i gwall,1i (ϵ, β) +Wwall,2

i gwall,2i (ϵ, β)
]

+
dcyc(ϵ)

ϵ
Mtop

Ntop∑
i=1

[
W top,1
i gtop,1i (ϵ, β) +W top,2

i gtop,2i (ϵ, β)
]
. (109)

The theoretical pulse profile function, in units of counts s−1, denoted by S(β), is computed

from the phase-dependent photon number spectrum, F#(ϵ, β), using

S(β) =

∫ ϵmax

ϵmin

D(ϵ)F#(ϵ, β) dϵ , (110)

where β is the rotational phase angle of the spinning neutron star, the photon number spec-

trum F#(ϵ, β) is computed using Equation (109), the function D(ϵ) represents the effective

area curve for the detector, and ϵmin and ϵmax denote the minimum and maximum energies for

the observation, respectively. The rotational phase angle β varies in the range 0° ≤ β ≤ 360°
over the course of one rotation period. We note that F#(ϵ, β) also has an implicit depen-

dence on β, via the ray-tracing procedure discussed in Section 3, because of the associated

variation of the observation angle Θ as the star spins, as expressed by Equation (76). Since

the inclination angle, Ψ, and the rotational latitude of the accretion column, φ, are fixed

model parameters, there is generally a one-to-one correspondence between β and Θ.

We are now prepared to define the theoretical expansion used to model the observed

pulse profile. Recall from Section 4.6 that the flux emitted from the walls and tops of

the two accretion columns is modeled using four sets of azimuthally-averaged, energy- and

phase-dependent “sub spectra,” denoted by {gwall,1i (ϵ, β)}, {gwall,2i (ϵ, β)}, {gtop,1i (ϵ, β)}, and
{gtop,2i (ϵ, β)}, which are defined by Equations (C5) and (C10) for the column wall and column

top emission, respectively. Each of these basis functions corresponds to the contribution to

the observed spectrum resulting from emission with polar angle θ0i as viewed in the RM88

frame, and they are averaged over all of the values of the azimuthal emission angle, ϕ0j. Using

Equation (106), the azimuthally-averaged basis functions are added together and weighted by

the set of coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } to generate the total observed number

flux spectrum, F#(ϵ, β).

The theoretical pulse profile count-rate function, S(β), is obtained by integrating the

total observed phase-dependent photon number flux spectrum, F#(ϵ, β), with respect to
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energy using Equation (110). Substituting Equation (109) into Equation (110), we obtain

S(β) =Mwall

Nwall∑
i=1

[
Wwall,1
i hwall,1i (β) +Wwall,2

i hwall,2i (β)
]

+Mtop

Ntop∑
i=1

[
W top,1
i htop,1i (β) +W top,2

i htop,2i (β)
]
, (111)

where the phase-dependent “sub-profiles,” hwall,1i (β), hwall,2i (β), htop,1i (β), and htop,2i (β) are

obtained by integrating the respective sub-spectra with respect to energy according to the

definitions

hwall,1i (β) ≡
∫ ϵmax

ϵmin

dcyc(ϵ) g
wall,1
i (ϵ, β)D(ϵ)

dϵ

ϵ
,

hwall,2i (β) ≡
∫ ϵmax

ϵmin

dcyc(ϵ) g
wall,2
i (ϵ, β)D(ϵ)

dϵ

ϵ
,

htop,1i (β) ≡
∫ ϵmax

ϵmin

dcyc(ϵ) g
top,1
i (ϵ, β)D(ϵ)

dϵ

ϵ
,

htop,2i (β) ≡
∫ ϵmax

ϵmin

dcyc(ϵ) g
top,2
i (ϵ, β)D(ϵ)

dϵ

ϵ
. (112)

The sub-profiles hwall,1i (β), hwall,2i (β), htop,1i (β), and htop,2i (β) play a central role in our for-

malism for fitting observational pulse profile data using our unitary emission model. Each of

these functions represents the contribution to the theoretical pulse profile due to radiation

emitted in a specific set of directions in the RM88 frame, via escape through either the wall

or the top of column 1 or column 2. Hence the sub-profiles are effectively basis functions, in

units of counts per second, which can be added together in a linear fashion using the sets of

angular weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } to simulate the variation of the

pulse profile with the rotational phase angle β. In this work, the fitting is accomplished using

the FindFit command in the Mathematica environment, which is a very powerful nonlinear

fitting routine. We find that in practice, the resulting pulse profile fits are essentially unique,

because the families of sub-profiles form quasi-orthogonal sets.

5.2. Calculation of Phase-averaged Spectrum

Another key highlight of our model is the ability to compute the true phase-averaged

X-ray spectrum for a given XRP, using the same expansion coefficients that were obtained

by fitting the pulse profile data for the source. The resulting phase-averaged X-ray spectrum

is therefore fully consistent with the associated pulse profile. In this sense, there is no new
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“fitting” associated with the computation of the phase-averaged spectrum, and instead, the

spectrum represents a separate theoretical prediction made by the model. The associated X-

ray photon number spectrum, F#(ϵ, β), is computed using the energy-dependent sub-spectra

represented by the functions gwall,1i , gwall,2i , gtop,1i , and gtop,2i introduced in Equations (C5)

and (C10), which are combined together in Equation (109). The X-ray spectrum is then

integrated with respect to the rotational phase angle, β, to obtain the phase-averaged X-ray

spectrum, which is essentially an independent theoretical prediction of our model, that can

be compared with the data for the same source that was analyzed using the pulse-profile

fitting methodology. The comparison of the theoretical prediction for the phase-averaged

spectrum with the spectral data for the same source provides a powerful, independent test

of the validity of the model, which represents one of the most significant advantages of our

theoretical approach.

The phase-averaged theoretical photon number spectrum, ⟨F#(ϵ)⟩, is computed using

the integral expression

⟨F#(ϵ)⟩ ≡
1

2π

∫ 2π

0

F#(ϵ, β) dβ , (113)

where F#(ϵ, β) is the phase-dependent photon number spectrum, computed using Equa-

tion (109). In practice, Equation (113) is evaluated using an explicit average over a grid of

discrete values for β defined by

β ∈ {0°, 5.625°, 11.25°, . . . , 360°} (114)

We note that the phase-averaged spectrum, ⟨F#(ϵ)⟩, computed using Equation (113) not only

includes the geometry of the rotating neutron star and the locations and properties of the

two accretion columns, but it also includes all of the effects of GR, which are non-negligible

for emission from the vicinity of the neutron star surface, since the gravitational redshift

from the surface of the star is zstar ≈ 0.3 (see Equation (146)). This means that any photon

energies used in the BW22 model itself (which is used to generate the spectrum in the RM88

frame) will correspond to lower values in the frame of the distant observer. Furthermore,

the gravitational redshift will also lead to adjustments in some of the fundamental theory

parameters in our work, such as the electron temperature, Te, and the accretion rate, Ṁ ,

which implies that in our model for Her X-1, for example, we will use input parameters that

are somewhat different from the values adopted by BW22 in their model for the same source.

5.3. Energy Conservation and Non-visible Geodesics

One important subtlety of the formalism we have developed here is the distinction be-

tween visible and non-visible geodesics. We discuss this in detail here because it bears on the
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process of determining the sets of angular expansion coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i }
in such a way that energy conservation is satisfied via Equations (95) and (102), which spec-

ify that we must have ewall = 1 and etop = 1 in order to fully conserve energy in the local

RM88 frame.

First we remind the reader that the pulse profile we are computing is for a specific

observer, located at radius r from the neutron star, and with inclination angle Ψ relative

to the neutron star’s spin axis. As discussed in Section 3.5, for a specific RM88 emission

direction (θ0i, ϕ0j) chosen from the angular grids defined in Equations (82) and (83), and for

a given value of the neutron star’s rotational phase angle β, there will in general be either

zero, one, or two emission points on the accretion column such that the geodesics of the

photons emitted with that RM88 emission vector will reach the distant observer. In addition,

these emission locations will vary in a periodic manner as the star spins, and the angle Θ

between the observer and the accretion column axis varies according to Equation (76). Hence

the possibility exists that a particular emission direction (θ0i, ϕ0j) may never be visible to

a distant observer at a specified location at any point during the spin of the neutron star.

When this occurs, then the corresponding sub-profile hi(β) as defined in Equations (112)

will yield hi(β) = 0 for all values of the rotational phase angle β, and we therefore refer to

the associated emission direction (θ0i, ϕ0j) as “invisible” to the specified distant observer.

Although unobservable, these “invisible” emission directions are nonetheless significant in

our formalism, because they represent directions in which power is emitted in the RM88

frame. We must therefore consider the power emitted in these directions when calculating

the energy conservation constants ewall and etop using Equations (95) and (102), respectively.

We emphasize that this unobservable emission power has no effect on the predicted pulse

profile or the associated phase-averaged X-ray spectrum. This in turn gives us a powerful

mechanism to ensure that local energy conservation is satisfied, as explained below.

Based on the above discussion of “visible” and “invisible” emission directions, it is

convenient to break the energy-conservation sums given in Equations (95) and (102) into

two parts. The first part expresses the energy conservation sum for the “visible” emission

directions, with associated null geodesics that reach the distant observer for some range of

values of the rotational phase angle β, and the second part corresponds to the “invisible”

energy conservation sum, associated with emission directions that are never visible to the

observer. We therefore split the energy conservation constants ewall and etop into two parts

by writing

ewall = ewallvis + ewallinvis = 1 , (115)

and

etop = etopvis + etopinvis = 1 , (116)
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where ewallvis and etopvis represent the energy conservation fractions corresponding to the visible

emission directions, and ewallinvis and etopinvis represent the energy conservation fractions corre-

sponding to the invisible emission directions.

We have established that excess power can be directed into invisible emission directions

in order to satisfy local energy conservation without affecting the theoretical predictions

for the pulse profile or the phase-averaged spectrum. However, this does not completely

settle the question of how to distribute this power over the grid of polar emission angles θ0i
in the RM88 frame. In order to answer this question, we need to think about the angular

distribution of the radiation escaping from the accretion column after experiencing its last

scattering. We anticipate that the angular dependence of the scattered radiation field will

resemble that of the scattering cross section. This problem was considered by Herold (1979)

and Loudas et al. (2021), who demonstrated that the differential cyclotron scattering cross

section has the behavior
dσ

dΩ
∝ (1 + cos2 θ0) , (117)

where θ0 is the angle of the scattered photon with respect to the magnetic field direction.

It is impossible to have complete certainty about the angular distribution of the radia-

tion escaping from the X-ray pulsar accretion column in the “invisible” emission directions,

because this emission is, by definition, unobservable, and therefore unconstrained by the

data. In the absence of any further information, we will therefore approximate the angu-

lar distribution of this radiation component using Equation (117), which provides a means

for “filling in” the missing power in order to guarantee local energy conservation. We will

therefore set the values of the expansion coefficients for the invisible emission directions using

Wwall
i = Pwall

0 (1 + cos2 θ0i) , (118)

for the wall emission, and (Leahy 2004a,b)

W top
i = P top

0

1

σ
√
2π

e−θ
2
0i/(2σ

2) , (119)

for the top emission, where the values of “i” correspond to invisible emission directions only,

and the constants Pwall
0 and P top

0 are determined by enforcing Equations (115) and (116).

The Gaussian form in Equation (119) is physically motivated by the application of the

Eddington-Barbier relation at the column top, which implies that the emission escaping

through the upper surface is strongly collimated in the radial direction due to the low value

for the parallel scattering cross section, σ̄, in the highly magnetized plasma (Paletou 2018;

Nagel 1981b). The variance σ is set using σ = 16 in our numerical applications.
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6. ASTROPHYSICAL APPLICATIONS

One of the primary goals of this paper is to utilize our new relativistic model to fit

the pulse profile data for Her X-1 corresponding to Observation II from Fürst et al. (2013),

plotted in Figure 8. Her X-1 is one of the most widely-studied pulsating X-ray sources, due

to a variety of factors. First, Her X-1 is quite bright due to its relatively nearby location

in the galaxy, with a distance of ∼ 6.6 kpc from Earth (Bailer-Jones et al. 2021; Reynolds

et al. 1997). The rotational period of the neutron star in Her X-1 is 1.24 s, and the energy-

dependent pulse profile and its evolution have been widely studied (Staubert et al. 2019,

2020). Due to its high luminosity (LX ∼ 1037 > Lcrit), Her X-1 also provides an interesting

test for the radiation-dominated shock dynamical model incorporated into the BW22 con-

tinuum model, which forms the basis for our work here. Our selection of Her X-1 as the

first application for our new model is further motivated by the large body of existing work

analyzing its emission characteristics, including the orientation of the neutron star spin axis

and the rotational latitudes of the emission regions. For example, Leahy (1991) and Blum

& Kraus (2000) analyzed the Her X-1 pulse profile to obtain solutions for the various geom-

etry parameters based on the assumption that the emission regions comprise hot spots or

rings on the stellar surface. The availability of these alternative interpretations of the pulse

profile data for Her X-1 provides a valuable point of comparison with the geometric results

we obtain using our model.

Her X-1 exhibits a 35-day activity cycle due to the precession of the accretion disk, which

causes the observed flux to dip twice per cycle, resulting from obscuration when the accretion

disk blocks our line of sight. The observed pulse profile for Her X-1 in multiple X-ray energy

channels obtained using NuSTAR was presented by Fürst et al. (2013). They discuss three

observations, all made during the unobscured or “main-on” phase. Observation I focuses

on the turn-on, when the flux rises as the columns become unobscured, Observation II was

obtained during the brightest part of the cycle when the main-on phase is at its peak, and

Observation III focuses on the turn-off when the flux begins to dip. The pulse profile data

for all three observations are plotted in Figure 8, in which the various colors correspond

to the count rates measured in different energy ranges. The red, orange, green, blue, and

magenta curves report the count rates in the 3-6 keV, 6-10 keV, 10-20 keV, 20-40 keV, and

40-79 keV energy ranges, respectively, and the black curves represent the total count rate

from 3-79 keV. We note that the scale on the right-hand side of Figure 8 was adjusted to

correct a normalization error in the original plot. Here we will focus on the analysis of the

3-79 keV count rate data obtained during Observation II. We note that the calibration of the

scale on the right side of Figure 8 has been adjusted relative to Figure 3 from Fürst et al.

(2013) in order to correct an error that rendered the normalization of their pulse profile

inconsistent with the normalization of the spectral data plotted in their Figure 6.
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Fig. 8.—: Pulse profile data for Her X-1 presented by Fürst et al. (2013) for three different

phases during the 35 day precession cycle. The black curves represent the total count rate in

the 3-79 keV energy range, and the various colored curves correspond to a variety of energy

ranges, as discussed in the text. We focus here on analysis of the total count rate data

for Observation II. Note that the scale on the right-hand side was adjusted to correct a

normalization error in the original plot.
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The phase-averaged X-ray spectrum of Her X-1 is plotted in Figure 2a. The main

features of the spectrum include the characteristic power-law slope in the photon energy

range 10 keV <∼ ϵ <∼ 30 keV, and the roughly exponential cutoff for photon energies ϵ ≳ 40 keV.

Another important feature in the spectrum of Her X-1 is the dip in the observed spectrum

centered around photon energy ϵ = 37.44± 0.07 keV Staubert et al. (2020), which is clearly

visible in Figure 2a. This feature is widely interpreted as the result of the resonant absorption

of photons at the cyclotron energy ϵc (see Truemper et al. 1978). According to the work of

Becker & Wolff (2007) and BW22, the phase-averaged spectrum of Her X-1 is dominated by

Comptonized bremsstrahlung radiation due to its high accretion rate. However, the presence

of cyclotron and blackbody seed photons also contributes non-negligibly, and therefore we

will consider all three sources of seed radiation when applying our new model to this source.

The flow velocity profile describing the dynamical structure of the accretion column

in Her X-1 was also obtained by BW22, and is plotted in Figure 2b. The velocity starts at

the local Newtonian free-fall value far above the neutron star, reaches a maximum value at

radius R ∼ 1.5Rstar, and then subsequently decreases due to the strong radiation pressure

gradient. Ultimately, the gas comes to rest at the stellar surface, where the accreting matter

merges with the crust of the neutron star.

6.1. Computational Procedure

In order to use our formalism to analyze a specific astrophysical source, we must first

select values for the physical parameters required to evaluate the BW22 continuummodel using

the expressions given in Section 2.8. The input parameters for the BW22 model comprise the

electron temperature, Te, the accretion rate, Ṁ , the magnetic field strength, B, the radius

at the column top, Rtop, the dimensionless parameters α, ξ, and ψ, and the outer and inner

opening angles for the conical accretion column, denoted by Θ1 and Θ2, respectively. The

parameters α, ξ, and ψ are defined in Equations (21), (26), and (31), respectively. After the

physical input parameters for the continuum model have been determined, the next step is

to select the geometry parameters for the accreting, spinning neutron star. The pulse profile

we are computing is measured by an observer located at radius r from the neutron star, with

inclination angle Ψ with respect to the star’s rotational axis. We must therefore select values

for Ψ and r, and we must also select values for the rotational latitudes of the two accretion

columns, φ1 and φ2.

We must also allow for the possibility of phase shifts in the rotational phase angle, β, for

each of the two accretion columns, because the β = 0 point in the physical stellar rotation

has an arbitrary calibration relative to the observational plots of the pulse profile. These
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rotational phase shifts are denoted by ∆β1 for Column 1 and ∆β2 for Column 2, respectively.

Hence the fundamental values of the rotational phase angle for the two columns, denoted by

β1 and β2, are computed using

β1 = β +∆β1 , β2 = β +∆β2 , (120)

where β is the observational value. Hence the complete magnetic and rotational geometry

of the neutron star and the two accretion columns is specified by the set of five angles

(Ψ, φ1, φ2,∆β1,∆β2).

Based on relations from spherical trigonometry, we find that the angle between the

central axes of the two accretion columns, denoted by Ξ, is given by

cos Ξ = cosφ1 cosφ2 + cos(∆β1 −∆β2) sinφ1 sinφ2 . (121)

Once the geometry parameters are specified, we can then compute the sets of sub-profiles

hwall,1i (β), hwall,2i (β), htop,1i (β), and htop,2i (β) that represent the basis functions for the theoreti-

cal pulse-profile expansion given in Equation (111). With the sets of sub-profiles determined,

then we can use Equation (111) to fit the theoretical pulse-profile function S(β) to a specified

set of pulse profile data. In carrying out the fits presented in this section, we have utilized the

cyclotron absorption function given by Equation (107), with the associated parameters set

using A0 = 14 keV, ϵc = 37.7keV, and σ = 8keV. The source distance for Her X-1 assumed

here is R = 6.6 kpc.

The fitting method we utilize employs the Mathematica routine FindFit, which is based

on a powerful nonlinear least-squares algorithm (Wolfram Research 2025a,b). The algorithm

determines the best-fit solution for the theoretical pulse profile by simultaneously varying the

four coupled sets of angular weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } that describe

the angular distributions of the radiation escaping from the surfaces of the two accretion

columns, as viewed in the local RM88 frame. With the expansion coefficients determined, we

can then compute the true phase-averaged X-ray spectrum using Equation (113). Compari-

son of the resulting spectrum with the observational data provides an important validation

test for our model. We note that the weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i }
must also satisfy the energy-conservation sums given in Equations (95) and (102), which

also involves consideration of the distinction between “visible” and “invisible” geodesics, as

discussed in Section 5.3. Furthermore, we also require a minimum level of emission in all

directions as viewed in the local RM88 frame. In practice, we require that Wwall,1
i and Wwall,2

i

always exceed the value 0.003/Mwall, and we require that W top,1
i and W top,2

i always exceed

the value 0.001/Mtop, whereMwall andMtop represent the number of ϕ0j values in the column

wall and column top angular grids, respectively (see Equations (82) and (83)).
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In our computational application to Her X-1, we will explore two scenarios regarding

the possible correlation of the emission patterns between the two accretion columns. For

simplicity, and to reduce the number of free parameters, in both scenarios, we will assume

that the physical structures of the two columns are identical, meaning that the values of

the physical input parameters Te, Ṁ , Rtop, Θ1, Θ2, α, ξ, and ψ (all compared with BW22

in Table 3), as well as the computed model parameters σ̄, σ⊥, and σ|| (compared with BW22

in Table 4), are the same for the two columns. In particular, it is important to emphasize

that the parameter Ṁ represents the accretion rate for each of the two accretion columns,

and therefore the total accretion rate in the frame of the star, denoted by Ṁtot, is given

by Ṁtot = 2 Ṁ . This is further discussed in Section 7.4. The flow velocity profiles are also

assumed to be the same, with k∞ = 1 and k0 = 0 for both columns. Once the values of

the input parameters for the continuum model are specified, then we must also determine

the geometry for the accreting, spinning neutron star by selecting values for the rotational

inclination angle, Ψ, the rotational latitudes of the two accretion columns, φ1 and φ2, and

the rotational phase shifts, ∆β1 and ∆β2.

The difference between Scenario 1 and Scenario 2 enters when we consider the fitting

of the theoretical pulse-profile function, S(β), given by Equation (111), to the observational

pulse profile data for Her X-1. In Scenario 1, the wall intensity angular distribution for

Column 1 is constrained to be identical to that for Column 2. Furthermore, the top intensity

angular distribution for Column 1 is likewise constrained to be identical to that for Column 2.

We can express this constraint using the conditions {Wwall,1
i } = {Wwall,2

i } and {W top,1
i } =

{W top,2
i }. Physically, this scenario is motivated by the idea that the neutron star’s global

magnetic field is likely to be roughly dipolar, in which case it may be reasonable to assume

that the magnetic topology within the two accretion columns should be similar, yielding

similar scattering cross section distributions in the magnetized plasma.

While Scenario 1 may have some reasonable physical basis, it can nonetheless be viewed

as an over-idealization of the actual situation. In reality, even if the global stellar magnetic

field is nearly dipolar, there may still be subtle distortions in the structure of the neutron

star magnetosphere that may lead to important differences in the magnetic field distributions

inside the two accretion columns (Mushtukov et al. 2025). The distortions in the structure of

the magnetosphere could arise as a result of complicated multipole geometries, in which the

central axes of the two accretion columns are separated by less than 180° (Huang & Chen

2025). Therefore, in Scenario 2, we will relax the assumption of identical intensity distri-

butions in the two columns, and instead allow all four sets of angular expansion coefficients

{Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } to vary independently in the fitting process. We note that

Scenario 2 has twice the expansion coefficients available to accomplish the fit to the pulse

profile data, compared with Scenario 1, and therefore we may reasonably expect to obtain
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better fits to the observational pulse profile data in the former case. We present the detailed

results obtained by applying either Scenario 1 or Scenario 2 to the analysis of the Her X-1

data below.

6.2. Parameter Space Search Strategy

The calculation of the X-ray continuum spectrum in the local RM88 frame is carried out

using the BW22 model with physical input parameters Te, Ṁ , Rtop, Θ1, Θ2, α, ξ, and ψ,

which also imply values for the scattering cross sections σ̄, σ⊥, and σ||. These parameters

must be varied in order to obtain an acceptable fit to the phase-averaged X-ray spectrum

for the selected source. Once the continuum parameters are determined, we explore the

rotational and magnetic geometry of the neutron star and the accretion columns by varying

the set of five angles (Ψ, φ1, φ2,∆β1,∆β2). For a neutron star with accretion columns located

approximately on opposite sides of the star, changes in these angles do not have a strong

effect on the phase-averaged spectrum. Hence variation of the angles is mainly used to bring

the simulated pulse profile into agreement with the data. The multidimensional nature of

the theoretical parameter space, combined with the nonlinearity of our relativistic model,

requires a systematic search in order to find sets of parameters that yield good agreement

with the phase-averaged spectrum and the pulse profile data for a given source. A corollary

of the search is the requirement that we investigate the uniqueness (or degeneracy) of each

of the successful geometrical solutions identified.

The selection of the criteria for determining the “successful” geometrical solutions is

a rather subtle issue, and some arbitrary decisions must be made in order to develop a

quantitative approach. We have identified two crucial aspects of the candidate solution that

must be taken in consideration, namely the fit of the theoretical pulse-profile model compared

with the data, and the shapes of the angular distributions of the radiation emitted from the

surfaces of the two accretion columns as viewed in the RM88 frame. We have developed

a quantitative method for measuring and combining these two metrics that allows us to

quantitatively evaluate the overall quality of a candidate solution, as explained in detail

below.

Our first step is to establish the formula we will use to quantitatively evaluate the fit of

the theoretical model to the observational pulse profile data. This is carried out using the

reduced chi-squared statistic, denoted by χ2
red, computed using (e.g., Pedersen 1997)

χ2
red =

1

dof

Ndata∑
n=1

(Dn∆tn − Tn∆tn)
2

σ2
n

, (122)
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whereNdata denotes the number of data points, Nfree represents the number of free parameters

in the theoretical model, ∆tn is the time interval in the nth time bin for the observational

data, and the quantity dof = Ndata −Nfree denotes the number of degrees of freedom. The

quantities Dn, Tn, and σn appearing in Equation (122) denote the observational count rate,

the computed theoretical count rate, and the observational error, respectively. Each of these

three values is a function of the observational pulsar rotation phase angle, β, which has Ndata

discrete values, represented by βn. The values of Ndata, Nfree, and dof for Scenarios 1 and 2

are listed in Table 1.

The observational error, σn, in Equation (122) is computed using Poisson statistics, and

therefore σn is equal to the square root of the mean number of counts in the nth phase bin.

We can therefore write (Leahy 2004a; Ferrigno et al. 2023)

σn =
√
Dn∆tn . (123)

Combining Equations (122) and (123) yields

χ2
red =

1

dof

Ndata∑
n=1

(Dn − Tn)
2∆tn

Dn

. (124)

The first criterion in our evaluation of a candidate pulsar geometry, represented by the

angles (Ψ, φ1, φ2,∆β1,∆β2), is the calculation of the reduced chi-squared statistic, χ2
red,

using Equation (124). The second criterion we consider is based on the shape of the angular

distribution (the beaming pattern) of the intensity radiated from the walls and tops of the

two accretion columns, as viewed in the local RM88 frame. This is discussed below.

The second step is the development of a method for quantitatively evaluating the shapes

of the angular distributions (the beaming patterns) for the radiation emitted from the walls

and tops of the two accretion columns. The electron scattering cross section in a strong

magnetic field can have a strong angular dependence, but this tends to get smoothed out

once averaged over energy (Ventura 1979; Meszaros & Ventura 1979). Since the BW22 model

utilizes energy-averaged scattering cross sections, we expect that the beaming pattern ob-

tained here should be relatively smooth, without excessive peaks or valleys with respect to

variation of the RM88 emission angle θ0, which we refer to as “spikiness.” In general, the

emission from the column tops tend to be collimated around the outward radial direction as

a consequence of the free-streaming boundary condition imposed there. This radial collima-

tion naturally results in beaming patterns for the column tops that are relatively smooth,

and therefore physically reasonable. However, the emission from the column walls is not as

strongly influenced by the boundary conditions, and therefore it is important to measure the

smoothness of the beaming patterns for the wall emission, represented by the sets of angu-

lar weight coefficients {Wwall,1
i } and {Wwall,2

i }. We evaluate the “spikiness” of the beaming
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patterns for the wall emission from the two accretion columns using a new statistical metric,

ζ, that quantifies the angle-to-angle variation of the intensity, defined by

ζ ≡
Nobs−1∑
i=1

(
Wi −Wi+1

W

)2

, (125)

where

W ≡ 1

Nobs

Nobs∑
i=1

Wi , (126)

and Nobs represents the number of values of θ0 corresponding to the “visible” geodesics,

meaning those that reach the distant observer. Models with small values of ζ represent

intensity patterns that do not display large variations with respect to the RM88 emission

angle θ0, and are therefore relatively smooth. The sum in Equation (125) is carried out

separately for the wall intensity distributions of each accretion column and the results are

added together to obtain the combined wall statistic, denoted by ζwall.

In order to evaluate the overall quality of a candidate model, we need to take into

consideration both the smoothness of the angular distribution, measured using the ζ establish

a single overall metric that can be used to compare the quality of the fits and intensity

distributions for many different models using a single number, it is convenient to define a

total statistic, denoted by Γ, which is based on a weighted combination the χ2
red and ζ metrics

defined above. We therefore adopt the phenomenological definition

Γ2 = A

(
χ2
red

χ̄2
red

)2

+B

(
ζwall
ζ̄wall

)2

, (127)

where A and B represent the statistical weight parameters, describing the contribution of

each metric to the value of Γ. The normalization parameters χ̄2
red and ζ̄wall appearing in Equa-

tion (127) represent the averages of each of the two metrics across the investigated parame-

ter space. The assignment of values for the weight parameters A and B is of course rather

arbitrary, and the detailed results will inevitably depend on the values selected for these

parameters. However, in the absence of a complete multidimensional and angle-dependent

theory, we must try to make a reasonable guess. Based on the fact that Equation (127) also

includes the normalization factors χ̄2
red and ζ̄wall, we conclude that a reasonable choice for

the weight parameters is A = 0.5 and B = 0.5. Hence we will weight the χ2
red and ζ metrics

equally when computing the composite statistic Γ in our analysis of the observational data

for Her X-1. We rank all of the computed models according to the value of Γ, with smaller

values of Γ characterizing intensity distributions that do not display excessive angular vari-

ations, while also providing excellent fits to the pulse profile data. The best overall model



– 63 –

corresponds to the lowest value of Γ obtained for a given scenario, corresponding to a specific

selection of the set of rotational and magnetic angles (Ψ, φ1, φ2,∆β1,∆β2).

The initial step in our exploration of the parameter space for each of the two scenarios

considered here is a low-resolution search, conducted over the full range of all of the angular

variables, in order to determine the specific zones where acceptable fits to the data are likely

to be found. Once these promising zones are identified, we then perform follow-up, high-

resolution searches in the specific domains, which differ somewhat for Scenarios 1 and 2. In

the case of Scenario 1, with two identical accretion columns, the high-resolution search was

conducted across the following parameter region:

Ψ ∈ {30°, 31°, 32°, 33°, 34°} , (128)

φ1 ∈ {42°, 43°, · · · , 67°, 68°} , (129)

φ2 ∈ {108°, 109°, · · · , 127°, 128°} . (130)

For Scenario 2, with two independent accretion columns, the high-resolution search was

conducted in the following parameter region:

Ψ ∈ {72°, 73°, 74°, 75°, 76°, 77°, 78°} , (131)

φ1 ∈ {45°, 46°, · · · , 64°, 65°} , (132)

φ2 ∈ {110°, 111°, · · · , 129°, 130°} . (133)

The results obtained using our statistical analysis in each of the two high-resolution searches

are depicted graphically using contour plots of the combined statistical metric Γ computed

using Equation (127). We discuss these results below, and we also provide a summary in

Table 1.

The contour plots of the Γ statistic corresponding to Scenarios 1 and 2 are presented in

Figures 9 and 10, respectively. Each of these figures includes three separate contour plots in

which one of the variables (Ψ, φ1, φ2) is held constant using the best fit value while the other

two parameters are varied. The best fit models for the identical and independent column

Table 1. Statistical Results for Best Fit Models

Scenario χ2
red ζwall Γ log Γ Nfree Ndata dof

1 2.199 0.545 0.531 -0.275 29 65 36

2 2.508 0.254 0.201 -0.698 58 65 7
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scenarios are indicated by the minimum values of Γ in the contour plots, which are labeled

by the green dots in Figures 9 and 10. The systematic shapes of the contours around the

minimum values of Γ provides a statistical justification for our choice of the best fit models

for each scenario. For both scenarios, we have fixed the shifts in the rotational phase angles

for the two columns using the values ∆β1 = 196° and ∆β2 = 4° in order to align the peaks in

the sub-profiles with the dominant and subdominant peaks seen in the observed pulse profile

(see Figures 8, 13, and 17). The best fit model for Scenario 1, with two identical accretion

columns, has the values (Ψ = 32°, φ1 = 48°, φ2 = 110°,∆β1 = 196°,∆β2 = 4°) and the best fit

model for Scenario 2, with two independent columns, has the values (Ψ = 77°, φ1 = 63°, φ2 =

111°,∆β1 = 196°,∆β2 = 4°). It is also interesting to compute the normalization parameters

χ̄2
red and ζ̄wall appearing in Equation (127). For Scenario 1, we obtain χ̄2

red = 4.369 and

ζ̄wall = 0.976, and for Scenario 2, we obtain χ̄2
red = 21.404 and ζ̄wall = 0.985. The detailed

sets of results for each of these models are presented in Sections 6.3 and 6.4 for Scenarios 1

and 2, respectively, and the statistical results are summarized in Table 1, which includes the

values for Nfree, Ndata, dof, χ̄
2
red, ζ̄wall, Γ, and log Γ obtained for the best-fit models under the

Scenario 1 and 2 assumptions.

Fig. 9.—: Contour plots of log Γ, computed using Equation (127), for the model fits con-

ducted across the parameter space for Scenario 1, corresponding to the identical column

model discussed in Section 6.3. The best fit model corresponds to the minimum value of Γ,

obtained for (Ψ = 32°, φ1 = 48°, φ2 = 110°), indicated by the green dot in each plot. The

plots, from left to right, represent contours of log Γ as a function of (φ1, φ2) holding Ψ = 32°,
as a function of (Ψ, φ1) holding φ2 = 110°, and as a function of (Ψ, φ2) holding φ1 = 48°.
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Fig. 10.—: Contour plots of log Γ, computed using Equation (127), for the model fits

conducted across the parameter space for Scenario 2, corresponding to the independent

column model discussed in Section 6.4. The best fit model corresponds to the minimum

value of Γ, obtained for (Ψ = 77°, φ1 = 63°, φ2 = 111°), indicated by the green dot in each

plot. The plots, from left to right, represent contours of log Γ as a function of (φ1, φ2) holding

Ψ = 77°, as a function of (Ψ, φ1) holding φ2 = 111°, and as a function of (Ψ, φ2) holding

φ1 = 63°.

6.3. Scenario 1: Identical Column Model for Her X-1

Next we consider in detail the results obtained under the assumption of Scenario 1, in

which the angular intensity distribution for the wall emission from Column 1 is constrained

to be identical to that for Column 2, and the column top angular intensity distribution for

Column 1 is likewise constrained to be identical to that for Column 2. In this case, the fitting

of the observational pulse profile data using Equation (111) for the theoretical pulse-profile

function, S(β), involves obtaining the solutions for two coupled sets of weight coefficients.

We therefore have

Scenario 1:

{
Wwall,1
i = Wwall,2

i ,

W top,1
i = W top,2

i .
(134)

We will subsequently present the detailed results obtained under the Scenario 1 constraint

for the sets of sub-profiles, the theoretical pulse-profile fit, the weight coefficients (beaming

pattern), the associated phase-averaged spectrum, and the time-averaged intensity measured

in the co-moving frame.
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6.3.1. Pulse Profile and Weight Coefficients

In Scenario 1, we constrain Column 1 and Column 2 to radiate with identical angular

intensity distributions, so that the two columns exhibit the same beaming patterns. The

theoretical pulse-profile function, S(β), computed using Equation (111) under the Scenario 1

constraint is plotted in Figure 11a, and compared with the pulse profile data corresponding

to Observation II from Fürst et al. (2013). After an extensive survey of the multidimensional

parameter space, we find that under the Scenario 1 constraint, the geometric orientation that

yields the best qualitative fit to the Fürst et al. (2013) pulse profile data is given by

Ψ = 32° , φ1 = 48° , φ2 = 110° , ∆β1 = 196° , ∆β2 = 4° , (135)

as illustrated in Figure 12a. The black points in Figure 11a represent the observational

data in the 3 − 79 keV energy range (see Figure 8), and the fit obtained using our unitary

emission model is plotted in dark blue. Additionally, the cyan, orange, green, and red curves

in Figure 11a represent the individual contributions made to the total pulse profile due to

the emission from the wall of Column 1, the wall of Column 2, the top of Column 1, and the

top of Column 2, respectively. We note that the angle between the central axes of the two

accretion columns in this case is Ξ = 155.77° (see Equation (121)), and the corresponding

offset of the second column from the dipolar position relative to the first column, denoted

by δ, is given by δ = 180° − Ξ = 24.23°. For the fit in Figure 11a, the reduced chi-squared

value calculated using Equation (124) is χ2
red = 2.199.

The sub-profiles hwall,1i (β), hwall,2i (β), htop,1i (β), and htop,2i (β) defined in Equations (112)

obtained in the Scenario 1 calculation performed here are plotted as functions of the ro-

tational phase angle β in Figure 13. These sub-profiles indicate the contribution to the

observed pulse profile made by emission generated in each direction (θ0i, ϕ0j) in the angular

grids defined in Equations (82) and (83). The two wall distributions are identical in keeping

with the Scenario 1 constraint, as are the two top distributions. It is interesting to note

that for the particular geometric configuration considered here, the emission from the top of

Column 2 is never visible to the observer, for any value of the phase angle β, as indicated

by the red line with zero amplitude in Figure 11a. We can also see this effect in Figure 13,

where it is apparent that all of the sub-profiles for the Column 2 top emission are zero.

This is a result of the restriction θ0i ≤ 45° that we imposed on the angular distribution for

the radiation emitted from the column tops (see Equation (83)), combined with the value

Ψ = 32° for the observer’s inclination angle relative to the neutron star’s spin axis, and the

value φ2 = 110° for the rotational latitude of Column 2. A visualization of this geometry is

provided in Figure 12a.

The sets of weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } obtained by fitting Equa-
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tion (111) for the theoretical pulse profile function, S(β), to the observational pulse profile

data based on the Scenario 1 constraint are plotted in Figure 14. This essentially indicates

the beaming pattern in the RM88 frame. In order to reduce the number of free parame-

ters in the model, we group together eight consecutive values of θ0, separated by 1°, into
“bundles,” which are assigned the same values for the angular weight coefficient. This is

carried out for both the wall and top intensity distributions. These coefficients represent

the angular distribution of the intensity measured in the local RM88 frame for the wall and

top emission components, under the constraint that the two columns have identical angular

intensity distributions. These sets of coefficients were used to compute the theoretical pulse

profile plotted in Figure 11a. As discussed in Section 13, some of the emission directions

(θ0i, ϕ0j) are unobservable during any part of the neutron star’s spin for the specific observer

considered here, at rotational inclination angle Ψ = 32°. This effect can also be seen in the

zero-amplitude sub-profiles plotted in Figure 13. For the non-visible emission directions, the

weight coefficients were calculated using Equations (118) and (119). These coefficients are

indicated by the lighter shading in Figure 14.
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Fig. 11.—: Theoretical pulse profiles, S(β), for a rotating neutron star with two accretion

columns, computed using Equation (111) and assuming either (a) the Scenario 1 constraint of

identical angular intensity distributions for the two accretion columns, or (b) the Scenario 2

assumption of independent angular intensity distributions. The total pulse profile is indicated

by the blue curve, and the individual components radiated from Wall 1, Wall 2, Top 1, and

Top 2 are plotted in cyan, orange, green, and red, respectively. The black points represent

the Her X-1 Observation II data from Fürst et al. (2013). See the discussion in the text.
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Fig. 12.—: Visualizations of the rotational and magnetic geometry of Her X-1 obtained under

(a) the Scenario 1 constraint of identical angular intensity distributions for the two accretion

columns, or (b) the Scenario 2 assumption of independent angular intensity distributions.

6.3.2. Phase-averaged Spectrum

Once the sets of weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } have been deter-

mined by fitting the observational pulse profile data using the expansion in basis func-

tions given by Equation (112), we can then use the same sets of basis functions to com-

pute the phase-averaged X-ray spectrum based on Equations (109) and (113). We note

that in Scenario 1 considered here, the intensity angular distributions for the two columns

are constrained to be identical, and therefore the weight coefficients satisfy the relations

{Wwall,1
i } = {Wwall,2

i } and {W top,1
i } = {W top,2

i }. Utilizing the sets of weight coefficients

plotted in Figure 14, the theoretical result we obtain for the phase-averaged spectrum of

Her X-1 under Scenario 1 is presented in Figure 15a, which also includes the phase-averaged

Her X-1 spectrum from Wolff et al. (2016) for comparison. The spectrum reported by Wolff

et al. (2016) was obtained using NuSTAR, corresponding to ObsID 30002006005, which is

the same observation that Fürst et al. (2013) analyzed to obtain the pulse profile plotted in

Figure 8. The observation occurred on 2012 September 22 from 04:20:32 to 18:35:00 UTC,

and comprises data captured by the FPMA and FPMB modules. For a detailed overview of

the observational methods utilized by the NuSTAR mission, see Harrison et al. (2013). It

is important to emphasize that the theoretical spectrum plotted in Figure 15a is not a fit

to the data, but rather it represents the X-ray spectrum corresponding to the pulse-profile

fit presented in Figure 11a. Hence this is an independent calculation, and therefore the

agreement between the theoretical X-ray spectrum and the spectral data represents a rigor-
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Fig. 13.—: Sub-profiles representing emission out of the walls and tops of both accretion

columns are plotted as functions of the rotational phase angle β for Scenario 1, in which the

two columns are constrained to have identical angular intensity distributions. The param-

eters used to compute the sub-profiles are Ψ = 32°, φ1 = 48°, φ2 = 110°, ∆β1 = 196°, and
∆β2 = 4°. Note that the emission from the top of Column 2 is not visible during any portion

of the neutron star’s rotation.
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Fig. 14.—: Weight coefficients W representing the angular distribution (beaming pattern)

of the intensity in the local RM88 frame for the wall and top emission components, under

the Scenario 1 constraint that the two columns have identical emission patterns. These

coefficients yield the theoretical pulse-profile fit plotted in Figure 11a. Within the plots,

the lighter-shaded regions represent emission generated in directions that never reach the

observer during the star’s rotation, in which case the associated amplitudes were computed

using Equations (118) and (119).
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Fig. 15.—: Comparison of the phase-averaged theoretical photon number spectra for Her

X-1 computed using Equation (113), indicated by the blue curves, compared with the NuS-

TAR data from Wolff et al. (2016), indicted by the cyan and magenta points. Panel (a)

corresponds to Scenario 1, in which the two accretion columns are constrained to have iden-

tical angular intensity distributions, and panel (b) corresponds to Scenario 2, in which the

angular distributions of the two columns are treated as independent. The individual emission

components from the walls and tops of both columns are plotted in cyan, orange, green, and

red according to the included legend.
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Fig. 16.—: Co-moving frame intensity amplitude functions Qwall(µ′
0, ϵ

′
0) and Qtop

i (µ′
0, ϵ

′
0),

computed using Equations (137) and (140), respectively, under the Scenario 1 assumption

of two identically emitting accretion columns. The distributions are plotted as functions of

the co-moving polar angle θ′0, where µ
′
0 = cos θ′0. The values of the co-moving photon energy

are ϵ′0 = 5keV, 10 keV, 30 keV, and 50 keV, as indicated by the color legend.
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ous test of both the self-consistency and the physical validity of the model. Following the

analysis presented in Wolff et al. (2016), the theoretical spectrum in Figure 15a also includes

a Gaussian iron line centered at photon energy 6.4 keV.

6.3.3. Time-averaged Intensity Distribution in Co-moving Frame

The Scenario 1 weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } plotted in Figure 14

have been obtained by fitting the pulse profile function, S(β), given by Equation (111), using

the pulse profile data for Her X-1 plotted in Figure 8. It is important to recall that the weight

coefficients describe the angular distribution of the radiation escaping from the wall and top

surfaces of the accretion column, relative to the BW22 continuum value, as measured in the

local RM88 frame. The corresponding phase-averaged photon number spectrum is plotted in

Figure 15a. Since the RM88 frame is stationary with respect to the star, it is also interesting

to compute the intensity distribution as measured in the frame of an observer who is co-

moving with the plasma, as this provides insight into the angular and energy distribution of

the radiation in the reference frame in which it it is actually generated. We will therefore

calculate the time-average of the co-moving frame intensity distribution as a function of

the co-moving polar angle θ′0 and the co-moving photon energy ϵ′0. The detailed analysis

is carried out in Appendix B and we refer the reader to that section of the paper for the

complete derivation.

We note that in Scenario 1 considered here, the intensity angular distributions for the

two columns are constrained to be identical, and therefore the weight coefficients satisfy the

relations {Wwall,1
i } = {Wwall,2

i } and {W top,1
i } = {W top,2

i }. Referring to Equation (B30), we

can evaluate the time average of the co-moving frame wall intensity, I tot
ϵ,wall(µ

′
0, ϕ

′
0, ϵ

′
0), using

the expression

I tot
ϵ,wall(µ

′
0, ϕ

′
0, ϵ

′
0) = Qwall(µ′

0, ϵ
′
0)

Mwall∑
j=1

δ(ϕ′
0 − ϕ′

0j) , (136)

where the amplitude function, Qwall(µ′
0, ϵ

′
0), is defined by

Qwall(µ′
0, ϵ

′
0) ≡

Nwall∑
i=1

1

t′tot

Wwall
i ϵ0Ṅ

tot
ϵ (R∗

0, ϵ0)

2πR∗
0 sinΘ1

(1 + µ0i|υ(R∗
0)/c|)3

(1− µ2
0i)|υ′(R∗

0)/c|
1

|υ(R∗
0)|

. (137)

in which R∗
0 is a function of µ′

0 and µ0i via Equation (B25), and the value of the RM88-frame

photon energy, ϵ0, is given by (see Equation (B27))

ϵ0 = ϵ′0 γ(R
∗
0) (1− µ′

0 |υ(R∗
0)/c|) . (138)
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The co-moving time-average column-wall intensity amplitude function Qwall(µ′
0, ϵ

′
0) is plotted

in Figure 16 under Scenario 1, in which the two columns are constrained to emit the same

intensity angular distributions. The intensity curves are plotted as functions of the co-

moving polar angle, θ′0 = cos−1 µ′
0, for four values of the co-moving frame photon energy, ϵ′0,

with ϵ′0 = 5keV, 10 keV, 30 keV, and 50 keV. We note that the wall intensity patterns have

an angular distribution consistent with ordinary-mode emission in the regions θ′0 ∼ 0° and
θ′0 ∼ 180°, and extraordinary-mode emission in the region θ′0 ∼ 90°, as expected based on the

angular dependence of the cyclotron scattering cross section (Nagel 1981b; Ventura 1979).

The intensity distribution measured by a co-moving observer located at the column top,

with radius R0 = Rtop, is computed using Equation (B49), which can be rewritten as

I tot
ϵ,top(µ

′
0, ϕ

′
0, ϵ

′
0) =

Ntop∑
i=1

Qtop
i (µ′

0, ϵ
′
0) δ(µ

′
0 − µ′

0i)

Mtop∑
j=1

δ(ϕ′
0 − ϕ′

0j) , (139)

where the amplitude function for the column-top emission, Qtop
i (µ′

0, ϵ
′
0), is defined by

Qtop
i (µ′

0, ϵ
′
0) ≡

1

γ(Rtop)

1

1− µ′
0 |υ(Rtop)/c|

W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

. (140)

Here, γ(Rtop) represents the bulk Lorentz factor at the column top, computed using Equa-

tion (B35), and the RM88-frame photon energy, ϵ0, is computed using (see Equation (B48))

ϵ0 = ϵ′0 γ(Rtop) (1− µ′
0 |υ(Rtop)/c|) . (141)

We plot the co-moving column-top intensity amplitude function Qtop
i (µ′

0, ϵ
′
0) in Figure 16

as a function of the co-moving polar angle, θ′0 = cos−1 µ′
0, for four values of the co-moving

frame photon energy, ϵ′0, with ϵ
′
0 = 5keV, 10 keV, 30 keV, and 50 keV under Scenario 1, in

which the two columns emit the same intensity angular distributions. Note that in Figure 19,

we are evaluating Qtop
i (µ′

0, ϵ
′
0) at the discrete values µ′

0 = µ′
0i computed from the RM88 grid

values µ0i using the Lorentz transformation

µ′
0i =

µ0i + |υ(Rtop)/c|
1 + µ0i |υ(Rtop)/c|

. (142)

The plot of Qtop
i (µ′

0, ϵ
′
0) in Figure 19 exhibits a strong feature in the region θ′0 ∼ 0° that is

consistent with the beaming along the outward radial direction due to the free-streaming

boundary condition imposed at the column top. The angular distribution of the column-top

intensity is dominated by a strong feature in the region 0 < θ′0 ≲ 25° that is interpreted as

a consequence of the radial beaming associated with the free-streaming boundary condition

imposed at the upper surface of the column (Paletou 2018; Nagel 1981b).
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6.4. Scenario 2: Independent Column Model for Her X-1

Next we consider in detail the results obtained under the assumption of Scenario 2,

in which the two accretion columns are allowed to have completely independent angular

distributions of the intensity radiated from the column walls and tops. In this case, the fitting

of the observational pulse profile data using Equation (111) for the theoretical pulse-profile

function, S(β), involves obtaining the solutions for four separate sets of weight coefficients,

{Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i }, so that we have

Scenario 2:


Wwall,1
i = independent ,

Wwall,2
i = independent ,

W top,1
i = independent ,

W top,2
i = independent .

(143)

With the availability of twice as many weight coefficients as in Scenario 1, we expect that the

fits obtained in Scenario 2 will be of higher quality than those obtained under the Scenario 1

identical-columns constraint (see Figure 11a). As discussed previously, due to the complex

multipolar magnetic topology likely to be present in accretion-powered X-ray pulsars, there

may be differences between the two accretion columns in the way that the magnetic field is

distributed, which may produce subtle variations in the electron scattering cross sections.

In the following sections, we will present the detailed results obtained under the Scenario 2

assumption for the weight coefficients, the sets of sub-profiles, the theoretical pulse-profile

fit, the associated phase-averaged spectrum, and the time-averaged intensity measured in

the co-moving frame.

6.4.1. Pulse Profile and Weight Coefficients

In Scenario 2, we remove the constraint that the angular intensity distributions must be

identical for the two accretion columns, and instead they are allowed to be independent. By

removing this constraint, we have doubled the number of free parameters, allowing better

fits to be generated. The theoretical pulse profile function, S(β), obtained by fitting Equa-

tion (111) to the pulse profile data for Her X-1 under the independent column assumption of

Scenario 2 is plotted in Figure 11b, where we also reproduce the Observation II pulse profile

data from Fürst et al. (2013) for comparison. Under the independent columns assumption,

after a broad scan of the multidimensional parameter space, we find that the best qualitative

fit to the pulse profile data is obtained by setting the geometry parameters using

Ψ = 77° , φ1 = 63° , φ2 = 111° , ∆β1 = 196° , ∆β2 = 4° , (144)
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Fig. 17.—: Sub-profiles computed for emission out of the walls and tops of both columns

plotted as functions of the rotational phase angle β for Scenario 2, in which the two columns

have independent angular intensity distributions. The parameters used to generate the sub-

profiles are Ψ = 77°, φ1 = 63°, φ2 = 111°, ∆β1 = 180°, and ∆β2 = 4°.
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as depicted in Figure 12b. The black points in Figure 11b correspond to the 3 − 79 keV

energy range observational data plotted in Figure 8, and the theoretical fit obtained using

Equation (111) is indicated by the dark blue curve. The cyan, orange, green, and red curves

in Figure 11b represent the contributions to the total pulse profile due to the emission from

the wall of Column 1, the wall of Column 2, the top of Column 1, and the top of Column 2,

respectively. In Scenario 2, we find that the angle between the central axes of the two

accretion columns, computed using Equation (121), is Ξ = 167.51°, and the offset of the

second column from the dipolar position relative to the first column is δ = 180° − Ξ =

12.49°. For the Scenario 2 fit in Figure 11b, the reduced chi-squared value computed using

Equation (124) is χ2
red = 2.508. This value is actually slightly higher than the Scenario 1

value obtained from the fit in Figure 11a, which is χ2
red = 2.199, although the visual quality

of the fit in Figure 11b is better than that in Figure 11a. This paradoxical result stems from

the difference in the number of degrees of freedom, dof, for the two scenarios considered

here (see Table 1).

The sub-profiles hwall,1i (β), hwall,2i (β), htop,1i (β), and htop,2i (β) computed using Equa-

tions (112) under the Scenario 2 assumption are plotted as functions of the phase angle

β in Figure 17. These sub-profiles depict the pulse profile contribution made by emission in

each direction in the angular grids (θ0i, ϕ0j) defined in Equations (82) and (83). Note that in

Scenario 2, explored here, the angular distributions for the emission from the two walls are

distinct from each other, as are the two angular distributions for the column top emission. It

this case, there is emission visible from the top of Column 2 for certain emission directions.

This rotational configuration is illustrated in Figure 12b.

The sets of weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } obtained by fitting Equa-

tion (111) to the observational pulse profile data under the Scenario 2 assumption are plotted

in Figure 18. These plots depict the beaming pattern in the RM88 frame. The number of

free parameters in the model in the model is reduced by grouping together eight consecutive

values of θ0, separated by 1°, into “bundles,” which are assigned the same values for the

angular weight coefficient. The same procedure is used for both the wall and top intensity

distributions. These coefficients describe the angular distribution of the intensity measured

in the local RM88 frame for the wall and top emission, under the assumption that the columns

have independent angular intensity distributions. These coefficients also produced the the-

oretical pulse profile depicted in Figure 11b. The unobservable emission directions (θ0i, ϕ0j)

are indicated by the zero-amplitude sub-profiles plotted in Figure 13. For the non-visible

emission directions, the weight coefficients were calculated using Equations (118) and (119),

and are indicated by the lighter shading in Figure 18.
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Fig. 18.—: Weight coefficients W describing the angular distribution (beaming pattern) of

the intensity in the local RM88 frame for the wall and top emission components, under the

Scenario 2 assumption that the two columns have independent emission patterns. These are

the coefficients used to compute the theoretical pulse-profile fit plotted in Figure 11b. The

lighter-shaded regions within the plots represent emission generated in directions that never

reach the observer during the star’s rotation, with associated amplitudes computed using

Equations (118) and (119).
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6.4.2. Phase-averaged Spectrum

We can now use the sets of basis functions to compute the phase-averaged X-ray spec-

trum based on Equations (109) and (113). In Scenario 2 explored here, the intensity angular

distributions represented by the weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } for the

two columns are allowed to be independent. Based on the sets of weight coefficients plotted

in Figure 18, the theoretical result we obtain for the phase-averaged spectrum of Her X-1

under Scenario 2 is depicted in Figure 15b, along with the phase-averaged Her X-1 spectrum

from Wolff et al. (2016). It should be emphasized that the theoretical spectrum plotted in

Figure 15b is an independent prediction of the theoretical model, that was computed using

weight coefficients obtained from the fit to the pulse profile data, rather than resulting from

a fit to the spectral data. Hence the good agreement between theory and data strongly sup-

ports the validity of the model. The theoretical spectrum plotted in Figure 15b also includes

a Gaussian iron line at photon energy 6.4 keV (see Wolff et al. 2016).

6.4.3. Intensity Distribution in Plasma Frame

In Scenario 2 explored here, the intensity angular distributions for the two columns

are independent, and consequently the four sets of weight coefficients {Wwall,1
i }, {Wwall,2

i },
{W top,1

i }, and {W top,2
i } are all separately computed during the fitting process. In Figure 19,

we plot the amplitude functionQwall(µ′
0, ϵ

′
0) representing the time-average of the wall emission

intensity measured in the co-moving frame computed using Equation (137). The co-moving

frame photon energy is set using ϵ′0 = 5keV, 10 keV, 30 keV, and 50 keV, and the intensity

is plotted as a function of the co-moving polar angle, θ′0 = cos−1 µ′
0. The wall intensity

patterns display a combination of ordinary-mode emission for θ′0 ∼ 0° and θ′0 ∼ 180°, and
extraordinary-mode emission for θ′0 ∼ 90° (Nagel 1981b; Meszaros & Ventura 1979; Becker

& Wolff 2022).

The column-top intensity amplitude functions, Qtop
i (µ′

0, ϵ
′
0), obtained under Scenario 2

and computed using Equation (140), are also plotted in Figure 19. The energy values selected

in the co-moving frame are ϵ′0 = 5keV, 10 keV, 30 keV, and 50 keV, and the amplitudes are

plotted as functions of the co-moving polar angle, θ′0 = cos−1 µ′
0. The emission from the

column top is dominated by a strong feature in the angular domain 0 < θ′0 ≲ 25° that is

interpreted as the result of the radial beaming associated with the free-streaming boundary

condition (Paletou 2018; Nagel 1981b).
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Fig. 19.—: Co-moving frame intensity amplitude functions Qwall(µ′
0, ϵ

′
0) and Qtop

i (µ′
0, ϵ

′
0),

computed using Equations (137) and (140), respectively, based on the Scenario 2 assumption,

in which the two columns have independent emission patterns. The distributions are plotted

as functions of θ′0, where µ
′
0 = cos θ′0. The values of the photon energy in the co-moving

frame are ϵ′0 = 5keV, 10 keV, 30 keV, and 50 keV, as indicated by the color legend.
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6.5. Quantitative Evaluation of Pulse Profile Fits

The theoretical results computed using the Scenario 1 and Scenario 2 assumptions,

presented in Sections 6.3 and 6.4, respectively, both provide excellent fits to the pulse profile

data for Her X-1, corresponding to Observation II from Fürst et al. (2013). However, the

independent-column assumption of Scenario 2 provides a noticeably better overall fit to

the data for the pulse profile than does the identical-column assumption of Scenario 1.

This is expected, because the relaxation of the Scenario 1 constraint that the two accretion

columns must have the same wall weight coefficients and also the same top weight coefficients

essentially doubles the number of free parameters that can be varied in Scenario 2, which

significantly enhances the quality of the resulting fit.

It is interesting to further assess our results by comparing the co-moving, time-averaged

intensity distributions computed using Scenarios 1 and 2, plotted in Figures 16 and 19, re-

spectively. One may note that the angular distribution of intensity depicted in Figure 16

for Scenario 1 is spikier, with more broad peaks, as compared to the Scenario 2 distribu-

tion plotted in Figure 19, which appears smoother, with only one broad central peak. We

argue that the Scenario 2 angular distribution represents a more reasonable physical behav-

ior, because we would expect peaks in the intensity distribution in the wings (θ′0 ∼ 0° or

θ′0 ∼ 180°), corresponding to ordinary-mode emission, with one broad peak in the normal

direction (θ′0 ∼ 90°), corresponding to extraordinary-mode emission, since this behavior re-

flects the imprinting of the angular dependence of the cyclotron scattering cross section on

the emergent radiation field (Nagel 1981b). Given that the independent column case exhibits

an intensity distribution that is closer to our expectation based on the angular dependence

of the scattering cross section, this provides further support Scenario 2 assumption.

7. CONCLUSION AND DISCUSSION

We have developed a new, unified model for the production of the X-ray emission from

an accretion-powered X-ray pulsar with two accretion columns, that includes a detailed

continuum calculation, as well as general relativistic effects, and the rotational and magnetic

configuration of the neutron star. The components of the continuum X-ray spectrum emitted

from the wall and top surfaces of the two accretion columns are calculated using the rigorous

analytical model formulated by BW22. The input physical parameters for the calculation of

the continuum spectrum include the electron temperature, Te, the accretion rate, Ṁ , and the

magnetic field strength, B as well as the opening angles of the two conical accretion columns.

In this paper, the continuum model of BW22 is combined with the rotational and magnetic

geometry of the neutron star in order to synthesize a new comprehensive model that can
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be used to compute pulse profiles and phase-averaged spectra for accretion-powered X-ray

pulsars. The rotational and magnetic geometry of the spinning neutron star is specified by

the rotational inclination angle, Ψ, the rotational latitudes of the two accretion columns,

φ1 and φ2, and the corresponding rotational phase shifts, ∆β1 and ∆β2, respectively. The

radiation emitted from the two accretion columns is propagated through the Schwarzschild

metric to simulate the X-ray spectrum measured by a distant observer.

The implementation of the model is based on a novel unitary emission framework, in

which the radiation escaping through the walls and tops of the two columns is expanded

over a set of “laser-like” emission directions. The resulting sets of expansion coefficients

are determined using a nonlinear least-squares method to fit the theoretical pulse profile to

the pulse profile data for a specific source. We investigated two possibilities regarding the

relationship between the two accretion columns. In Scenario 1, the two columns are assumed

to have identical angular distributions for the escaping radiation, and in Scenario 2, these

distributions are treated as independent. Our search for the best fit sets of geometry param-

eters involved the computation of thousands of candidate models. In order to quantitatively

compare the overall quality of each candidate model, we have developed a new composite

statistic, Γ, defined in Equation (127). This statistic provide a metric that combines the

reduced χ2
red statistic (Equation (124)) for the pulse-profile fit with the ζwall statistic (Equa-

tion (125)), which describes the smoothness of the angular distribution (beaming pattern)

for the radiation emitted through the walls of the two accretion columns. By minimizing

the value of Γ, we are able to identify the best-fit models under either Scenario 1 (identical

columns) or Scenario 2 (independent columns). While we are able to identify unique best-fit

models for each of the two scenarios, it must be emphasized that our approach is phenomeno-

logical since it depends on the values selected for the statistical weight parameters A and B

appearing in Equation (127), which we set using A = 0.5 and B = 0.5.

The computation of a candidate model for comparison with the observational data

begins with the selection of values for the physical input parameters, including Te, Ṁ , and

B, required for the computation of the continuum spectrum using the BW22 model. These

parameters are varied in order to obtain a reasonable qualitative fit to the observed phase-

averaged X-ray spectrum for the selected source. With the continuum parameters set, we

proceed to investigate the parameter space of the angles (Ψ, φ1, φ2,∆β1,∆β2) describing the

rotational and magnetic geometry of the neutron star with two accretion columns. The search

of the multidimensional parameter space requires the evaluation of the quality of thousands

of computed candidate models. The quality of each model is determined quantitatively using

a composite metric Γ (Equation (127)) that combines the valued of the reduced chi-squared

metric for the pulse-profile fit, χ2
red (Equation (124)), with the ζwall metric (Equation (125))

that quantifies the smoothness or “spikiness” of the angular beaming pattern for the emission
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radiated from the column walls.

In order to reduce the complexity of the model, we have assumed here that the two

accretion columns have identical physical structures, with the same values for the funda-

mental physical input parameters such as the electron temperature, Te, the magnetic field

strength, B, and the accretion rate, Ṁ . However, we have explored two variations of the

model, in which we make different assumptions regarding the angular distributions (beam-

ing patterns) of the radiation escaping through the walls and tops of the two columns. In

Scenario 1, we assume that the two columns radiate with identical beaming patterns, and

in Scenario 2, we relax this constraint and allow the beaming patterns for the two columns

to be completely independent. The pulse profile fits obtained under Scenario 1 and 2 are

plotted in Figures 11a and 11b, respectively. As expected, the pulse profile fit obtained un-

der Scenario 2 is somewhat more accurate, due to the doubled number of weight coefficients

{Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } available for the expansion.

In this paper, we have made an initial application to Her X-1, which is one of the

most widely studied accretion-powered X-ray pulsars (Staubert et al. 2019, 2020). In Fig-

ures 13 and 18, we present the results obtained for the sets of angular weight coefficients

{Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } in our application to Her X-1 based on Scenarios 1 and 2,

respectively. The weight coefficients are free parameters that are varied in the process of

fitting the observational pulse-profile data. These plots represent the angular beaming pat-

terns for the walls and tops of the two columns, as viewed in the RM88 frame, which is a

local stationary frame. In this sense, they are similar to the beaming patterns that Blum &

Kraus (2000) obtained in their application of the method developed by Kraus et al. (1995)

to Her X-1. However, there are some interesting differences between their method and ours.

Specifically, we expand the local intensity in the RM88 frame using the angular δ-functions

indicated in Equations (85) and (87), which describe the angular beaming patterns for the

wall and top emission, respectively. This is analogous to the method developed by Kraus

et al. (1995), however they focused on rings and hot spots on the stellar surface, rather than

allowing for the possibility of extended accretion columns. Furthermore, we note that Blum

& Kraus (2000) made no attempt to fit the phase-averaged spectrum of the source, whereas

our model generates self-consistent theoretical predictions for both the pulse profile and the

phase-averaged spectrum.

Blum & Kraus (2000) determined the geometry and the beaming pattern for Her X-1

by fitting their model using observation pulse profile data. Likewise, we also accomplish

these same two objectives using our model, with the important distinction that we also

generate a meaningful physical result for the phase-averaged X-ray spectrum that can also

be compared with observational data. In our model, the theoretical phase-averaged X-ray
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spectrum is computed using the same angular weight coefficient values that are obtained

via fitting the pulse profile data. Hence the resulting phase-averaged spectrum is in some

sense independent of the pulse-profile fit, and therefore it provides a meaningful test of the

self-consistency of the model. The theoretical results for the phase-averaged spectrum of Her

X-1 obtained using our model based on Scenario 1 and 2 are plotted and compared with the

observational data in Figures 15a and 15b, respectively. Both of these results exhibit good

agreement with the spectral data, corresponding to Observation II from Fürst et al. (2013),

which was also analyzed by Wolff et al. (2016). Hence we conclude that our model yields

good qualitative agreement with both the pulse profile and the phase-averaged spectrum for

Her X-1, while providing important insight into the values of the physical parameters for the

source.

The resulting pulse-profile fits are plotted in Figures 11a and 11b for Scenario 1 (iden-

tical column beaming patterns) and Scenario 2 (independent column beaming patterns),

respectively. The results agree reasonably well with the data taken from Observation II of

Fürst et al. (2013). The fitting procedure is based on variation of the sets of angular weight

coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i } in Equation (111), which describes the variation

of the theoretical pulse profile count-rate function, S(β). The associated sets of weight co-

efficients, describing the angular beaming patterns for the radiation emitted from the walls

and tops of the two accretion columns, are depicted in Figures 14 and 18. The theoretical

formalism is based on the propagation of a set of “laser-like” emission vectors generated in

the RM88 frame and transmitted through the Schwarzschild metric to the distant observer.

Our model for Her X-1 incorporates the emission generated from two separate accretion

columns, with rotational latitudes φ1 and φ2, and with rotational phase shifts ∆β1 and

∆β2. The column locations are treated as independent, and therefore the values of the

angles (φ1, φ2,∆β1,∆β2) are determined as part of the fitting procedure. Consequently,

the magnetospheric structure is allowed to deviate from a pure dipole configuration. Our

computational results are based on a canonical neutron star, with mass Mstar = 1.4M⊙

and radius Rstar = 106 cm. In order to reduce the number of free parameters in the model,

we have assumed here that the two columns have identical physical properties, such as the

accretion rate per column in the stellar frame, Ṁ , the radius at the column top, Rtop, the

electron scattering cross sections, (σ⊥, σ||, σ̄), and the solid angle subtended by the conical

column, Ω∗. We review our primary results here, and we also compare our conclusions with

previous work.
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7.1. Comparison with Previous Pulse Profile Models

The results presented here include a complete phenomenological solution for the rota-

tional and magnetic geometry of the accreting neutron star, as well as the detailed angular

distributions (beaming patterns) for the radiation escaping through the walls and tops of

the two accretion columns, and the determination of the values of the physical input param-

eters, including Te, Ṁ , and B, that are used to calculate the continuum spectrum based on

the BW22 model. In order to gain additional physical insight, we have explored two distinct

scenarios here regarding the relationship between the two accretion columns. In Scenario 1,

we assume that the emitted angular intensity distributions (beaming patterns) in the RM88

frame are the same for the two columns, and in Scenario 2 we assume that they are inde-

pendent. However, we emphasize that in each scenario, the physical structures of the two

columns (determined by the physical parameters, including Te, Ṁ , and B) are assumed to be

identical. These two scenarios for the treatment of the beaming patterns yield different solu-

tions for the rotational and magnetic geometry parameters, which can be compared with the

results obtained by previous authors who also studied the geometry of the accreting neutron

star in Her X-1. The detailed results obtained under Scenarios 1 and 2 were presented in

Sections 6.3 and 6.4, respectively. We compare our results with those obtained by previous

authors here.

Leahy (1990) developed a model for generating pulse profiles based on configurations of

flat radiating rings lying on the stellar surface, centered on the magnetic poles. His model is

non-relativistic and therefore it utilizes ray tracing in flat spacetime to simulate pulse profiles.

Leahy (1991) used the model of Leahy (1990) to generate fits to the Her X-1 pulse profile.

The angular distribution of the emission from the rings was assumed to have a specified

dependence on the local polar angle θ0. Based on the work of Meszaros & Nagel (1985b), in

Model 1 from Leahy (1991) it was assumed that the intensity I had the angular dependence

I ∝ cos2 θ0, whereas in his Model 2 it was assumed that I ∝ cos4 θ0. These distributions

Table 2. Her X-1 Column Geometry Parameters

Model Ψ φ1 φ2 ∆β1 ∆β2 Ξ δ

Identical Columns (this paper) 32.0° 48.0° 110.0° 196.0° 4.0° 155.8° 24.2°
Independent Columns (this paper) 77.0° 63.0° 111.0° 196.0° 4.0° 167.5° 12.5°

Leahy (1991) Model 1 85.4° 36.0° · · · · · · · · · 169.1° 10.9°
Leahy (1991) Model 2 79.6° 14.3° · · · · · · · · · 174.8° 5.2°
Leahy (2004a) Model 64.2° 52.1° 330.8° 187.3° 197.1° · · · · · ·
Leahy (2004b) Model 73.0° 23.0° · · · · · · · · · 173.0° 7.0°

Blum & Kraus (2000) Model 83.0° 18.0° 159.0° · · · · · · > 175° < 5°
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peak at small angles, indicating radially beamed emission. While the flat rings assumed by

Leahy (1991) cannot be used to model the emission from the walls of the extended accretion

column in our model, his results can be compared with our results for the emission from the

column top. We find that Leahy’s angular dependence is qualitatively similar to the intensity

distributions we obtained for the column top emission, plotted in Figures 16 and 19. The

differences probably reflect the fact that our model utilizes extended accretion columns and

is fully relativistic.

It is also interesting to compare the values for the geometrical angles that Leahy obtained

with those found here. This comparison is summarized in Table 2. In our Scenario 1,

our best qualitative fit is obtained using the parameters Ψ = 32°, φ1 = 48°, φ2 = 110°,
∆β1 = 196°, and ∆β2 = 4°, which yield for the column separation angle Ξ = 155.8° according
to Equation (121). Conversely, in Scenario 2, we find that Ψ = 77°, φ1 = 63°, φ2 = 111°,
∆β1 = 196°, and ∆β2 = 4°, which yields Ξ = 167.5°. In his Model 1, Leahy (1991) obtains

the values Ψ = 85.4°, φ1 = 36.1°, and Ξ = 169.1°, whereas in his Model 2, he finds that

Ψ = 79.6, φ1 = 14.3°, and Ξ = 174.8°. The geometry parameters obtained by Leahy (1991),

and particularly the rotational inclination angle Ψ, are reasonably close to our results for

Scenario 2, which is depicted graphically in Figure 12b. Once again, the slight deviations

in the geometrical values are not unexpected since our model is relativistic, and includes

emission from both the column walls and tops, whereas the non-relativistic model of Leahy

(1991) only considered rings of emission on the stellar surface.

Leahy (2004a) also analyzed the Her X-1 pulse profile by finding the best-fit parameters

for a relativistic, ray-tracing accretion column model using RXTE data, with the goal of

constraining the relationship between the mass and radius of the neutron star. This was

carried out by treating the ratio Rstar/Mstar as a free parameter that is varied during the

fitting procedure. It is therefore interesting to compare our results with those obtained

by Leahy (2004a). This comparison is carried out in Table 2. Assuming a neutron star

with canonical mass Mstar = 1.4M⊙, Leahy (2004a) obtains for the stellar radius Rstar =

11.25 km, with the best-fit values for the various angles given by Ψ = 64.2°, φ1 = 52.1°,
φ2 = 330.8° (transposed to our coordinate system), ∆β1 = 187.3°, and ∆β2 = 197.1°. A

similar relativistic ray-tracing model for Her X-1 was investigated by Leahy (2004b), but

without the mass-radius constraint adopted by Leahy (2004a). This model yielded the best-

fit angular values Ψ = 73.0°, φ1 = 23.0°, and δ = 7.0°, where δ = 180° − Ξ and the angle

between the magnetic poles, Ξ, is computed using Equation (121). It is worth noting that

Leahy (2004b) uses the same canonical neutron star mass that we adopt, Mstar = 1.4M⊙,

but he allows the stellar radius to vary between Rstar = 10 km (our canonical value) and

Rstar = 13.65 km. Despite the difference in the radius constraints used by Leahy (2004a)

and Leahy (2004b), both of these models yield values for the Her X-1 geometry angles that
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are reasonably consistent with the values we obtain under the assumption of independent

columns, corresponding to our Scenario 2.

Blum & Kraus (2000) analyzed the geometry of the radiating neutron star in Her X-

1 using the formalism developed by Kraus et al. (1995), which includes the gravitational

distortions introduced as the radiation propagates through the curved spacetime surrounding

the neutron star. In some ways, their approach resembles ours, because they also compute

sub-profiles resulting from precise emission components, which in their model correspond to

idealized emission rings on the stellar surface. Similarly, we also utilize an expansion, but

in our case the expansion is over a set of “laser-like” emission directions in the RM88 frame.

The resulting phase-dependent “sub-profiles,” denoted by hwall,1i (β), hwall,2i (β), htop,1i (β), and

htop,2i (β), are plotted in Figures 13 and 17 for Scenarios 1 and 2, respectively. These sub-

profiles form quasi-orthogonal sets that can be used as the basis functions for the theoretical

expansion of the pulse profile function, S(β), using Equation (111).

Another interesting similarity between our work and that of Blum & Kraus (2000) is

that their method includes a reconstruction of the angular distribution (beaming pattern)

for the radiation escaping from the rings on the stellar surface, which is analogous to the

beaming pattern we obtain using our angular expansion. Based on the similarities between

the two expansion methods, it is instructive to compare our results with those obtained by

Blum & Kraus (2000) in their analysis of Her X-1. As indicated in Table 2, their computed

geometry parameters are given by Ψ = 83°, φ1 = 18°, φ2 = 159°. Assuming that the two

poles have opposite phases with respect to the rotational angle β in their model, this would

imply that ∆β1 −∆β2 = 180° in Equation (121), which yields Ξ = 177°. Their result for the
inclination angle Ψ is relatively consistent with the analysis of Leahy (1991), and it is also

in reasonable agreement with the results we obtain using our model, under the Scenario 2

assumption of independently radiating columns. In particular, we note that the beaming

patterns depicted in Figures 18 and 19 for our Scenario 2 are roughly consistent with those

obtained by Blum & Kraus (2000) and Leahy (2004b), which provides further support for

our formalism.

Table 3. Her X-1 Continuum Model Input Parameters

Model α ξ ψ Θ1(°) Θ2(°) k0 k∞ ytop Ṁtot(g s−1) Te(K) B(G)

BW22 0.35 1.14 1.42 0.315 0.0 1.0 0 2.15 1.90× 1017 5.5× 107 3.26× 1012

Our model 0.35 1.14 1.42 0.240 0.0 1.0 0 2.15 3.4× 1017 6.7× 107 4.25× 1012
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7.2. Comparison with BW22

In Table 3, we list the values of the input parameters that were used to compute the Her

X-1 continuum spectrum based on the BW22 analytical model, which provides the emission

components generated from the walls and tops of the two accretion columns. The same

parameter values were used in both Scenarios 1 and 2. These emission components are

subsequently combined with our relativistic geometrical formalism to compute the observed

pulse profile and phase-averaged X-ray spectrum. For comparison, we also include the pa-

rameter values used by BW22 in their treatment of Her X-1, which was non-relativistic, and

essentially computed the spectrum in the frame of the neutron star. We note that several

of the continuum model parameters remain the same, reflecting the invariance of the power-

law shape of the spectrum. However, there are also some interesting modifications to the

electron temperature, Te, the magnetic field strength, B, and the total accretion rate, Ṁtot.

Specifically, we observe that our parameters have shifted from those used by BW22 in order

to properly account for the redshifting effect of the star’s gravitational field, in a manner

consistent with the Schwarzschild metric, which describes the spacetime curvature around

the star. We discuss various aspects of this comparison in detail below.

7.3. Temperature and Magnetic Field

In general, the redshift z relating the frame of a local stationary observer at radius R

to the frame of a distant stationary observer is computed using (Weinberg 1972)

z(R) ≡
(
1− 2GMstar

c2R

)−1/2

− 1 . (145)

The radiation spectrum observed from an X-ray pulsar is composed of emission that escapes

from the accretion column at all values of the radius R within the domain Rstar ≤ R ≤ Rtop.

Since the redshift varies with the radius R, this implies that there is no global redshift factor

that characterizes all of the emission. However, detailed analysis shows that most of the

radiation escapes from the lower region of the accretion column, and therefore the surface

Table 4. Computed Model Parameters

Model σ⊥/σT σ||/σT σ/σT rcol (m) zth (cm) Tth (K) υth/c τth τtop

BW22 0.537 6.68× 10−5 5.90× 10−4 55.0 692 6.07× 107 -0.031 0.08 2.91

Our Model 0.601 4.33× 10−5 3.14× 10−4 41.9 776 6.96× 107 -0.031 0.09 2.91
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redshift, zstar, computed using the relation

zstar ≡
(
1− 2GMstar

c2Rstar

)−1/2

− 1 = 0.306 . (146)

should provide a reasonable approximation of the global redshift (Becker & Wolff 2007).

Adopting this approximation, we conclude that the shifts in the magnetic field and temper-

ature values between our model and that of BW22 should satisfy the relations

Te ≈ (1 + zstar)TBW22 , B ≈ (1 + zstar)BBW22 , (147)

where TBW22 and BBW22 denote the electron temperature and magnetic field values used by

BW22, respectively, and the gravitational redshift at the surface of the star, zstar, is given by

Equation (146).

While the relations introduced in Equation (147) should provide a reasonable description

of the shifts in the values of the temperature and magnetic field between the two models,

we must keep in mind that this is only an approximation when comparing our parameters

with those used by BW22. Referring to the values listed in Table 3, we note that the electron

temperature has been increased by a factor of 1.22 going from BW22 to the present paper,

and likewise the magnetic field strength has been increased by a factor of 1.30. Both of these

factors of increase are close to the gravitational redshift factor 1+zstar = 1.31 predicted using

Equation (147), and therefore the structure of our model is consistent with the expected

general relativistic relations.

7.4. Luminosity and Accretion Rate

The standard relationship between the X-ray luminosity, LX, and the observer-frame

accretion rate, Ṁobs, is given by Equation (1). However, in relativistic models, one must

distinguish between the frame of the distant observer, who measures luminosity LX, and

the frame of an observer at the stellar surface, who measures apparent luminosity LX,0.

The corresponding accretion rate per column measured in the local frame is denoted by Ṁ ,

which is the value used in the BW22 model to compute the continuum spectrum. The two

luminosities are related via the general relativistic transformation (Thorne 1977; Lewin et al.

1993; Guichandut et al. 2021; Zhen et al. 2023)

LX = (1 + zstar)
−2 LX,0 , (148)

where zstar is the redshift at the stellar surface given by Equation (146).
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It is also interesting to examine the relationship between the total accretion rate in the

stellar frame in our model, denoted by Ṁtot, and the observed accretion rate, Ṁobs. These

two quantities are connected by the relativistic expression (Michel 1972; Thorne et al. 1981;

Zhen et al. 2023)

Ṁtot = (1 + zstar) Ṁobs . (149)

Combining Equations (1) and (149) yields

Ṁtot = (1 + zstar)
LXRstar

GMstar

. (150)

In accretion-powered X-ray pulsars, the total accretion rate in the frame of the star, Ṁtot,

will be distributed between the two accretion columns, each centered on one of the magnetic

poles. In our work here, we make the simplifying assumption that the matter transferred from

the binary companion to the neutron star is equally distributed between the two accretion

columns, and therefore the accretion rate per column in the frame of the neutron star, Ṁ ,

used to compute the BW22 continuum spectrum in the local RM88 frame, is related to the

total accretion rate, Ṁtot, via

Ṁ =
1

2
Ṁtot , (151)

which can be combined with Equation (150) to obtain

Ṁ =
1

2
(1 + zstar)

LXRstar

GMstar

. (152)

In light of the discussion presented above, it interesting to compare the value for the Her

X-1 accretion rate adopted by BW22 with the value used here. In the BW22model, the accretion

rate, Ṁobs, is derived directly from the observed X-ray luminosity, LX, using Equation (1).

Furthermore, in the BW22 model, the emission is associated with a single accretion column,

whereas in the new model developed here, there are two separate columns. The BW22 model

also includes no general relativistic correction between the two frames, and therefore BW22 set

the accretion rate per column using Ṁ = Ṁobs for one single accretion column. By contrast,

in the new model developed here, the gravitational redshift is included, and therefore the

total accretion rate in the frame of the star, Ṁtot, and the accretion rate per column in the

frame of the star, Ṁ , are computed using Equations (150) and (151), respectively.

Based on Equation (1), the accretion rate used by BW22, which we refer to as ṀBW22, is

given by

ṀBW22 =
LXRstar

GMstar

. (153)

The corresponding relation that we use to set the value of the total accretion rate in the stellar

frame in our relativistic model, Ṁtot, is provided by Equation (150). Hence, Equations (150)
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and (153) provide a quantitative basis for comparing the value of the accretion rate used

here with that used by BW22 in their treatment of Her X-1. We therefore conclude that

Ṁtot = (1 + zstar) ṀBW22 , (154)

which provides an interesting test of the model parameters. Based on the observations of

Her X-1 considered here, and assuming isotropic emission with a source distance of 6.6 kpc,

Wolff et al. (2016) obtained for the 0.1-100 keV X-ray luminosity LX = 4.9 × 1037 erg s−1.

Substituting this luminosity into Equation (150), we find that the total accretion rate in

our model is given by Ṁtot = 3.4 × 1017 g s−1. The accretion rate assumed by BW22 is

ṀBW22 = 1.9× 1017g s−1. The values of the two accretion rates are approximately related via

the redshift expression given in Equation (154), with the remaining discrepancy due to the

smaller luminosity value assumed by BW22, which was LX = 3.73× 1037 erg s−1.

We can also compare the values for the density ρ obtained in our Her X-1 model with

those obtained by BW22. The basis for the comparison is provided by the mass conservation

relation (Equation (11)), which yields

ρ(R0) = ne(R0)mp =
Ṁ

ΩR2
0 |υ(R0)|

(155)

This allows us to compute the density at a given radius R0, as a function of the accretion

rate per column, Ṁ , the solid angle Ω, and bulk accretion speed |υ|. Equation (155) applies

in both models. Furthermore, the velocity profile υ(R0) is the same in both models, since

they both use the values k0 = 0 and k∞ = 1 (see Equation (13)). We can therefore relate

the densities in the two models by writing

ρ(R0)

ρBW22(R0)
=

Ṁ/Ω

ṀBW22/ΩBW22

= 1.54 , (156)

where Ṁ = (1/2)Ṁtot is the accretion rate per column in our model, and ρBW22, ΩBW22, and

ṀBW22 denote BW22 parameter values. The numerical result in Equation (156) follows from

the quantities listed in Table 3. Given the decrease in the column opening angle, Θ1, from

0.315° in BW22 to 0.240° in our model, the radius of the accretion column at the stellar

surface, rcol = RstarΘ1, has decreased slightly in our model. This fact, combined with the

decrease in the accretion rate per column, leads to the increase in the computed density by a

factor of 1.5. The density increase in turn causes the height of the thermal mound, zth, and

its corresponding optical depth, τth, to each increase slightly, relative to the BW22 values, as

indicated in Table 4. Finally, we note that the scattering cross sections σ⊥, σ|| , and σ have all

shifted slightly relative to the BW22 values, but the variations are not physically significant.
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7.5. Pair-Production Effects

In highly magnetized, high-temperature plasmas, such as those present in the accretion

columns of XRPs, the production of electron-positron pairs can potentially play an important

role in both enhancing the productions of bremsstrahlung seed photons, and also in the

subsequent Comptonization of those seed photons. Both of these processes tend to cool the

plasma, and they also tend to increase the scattering opacity (Suleimanov et al. 2022). In the

high-temperature, strongly magnetized environment inside the accretion column, pairs may

be created as a result of particle-particle collisions, particle-photon collisions, and photon-

photon collisions. These processes, and their importance in various astrophysical situations,

have been studied in detail by Svensson (1982) and Mushtukov et al. (2019). In this section

we will review the fundamental expressions and use them to determine the relevance of pair

production in the context of the XRP accretion columns studied here.

Mushtukov et al. (2019) and Canuto & Chiu (1968) obtained expressions describing

the number density of positrons and electrons in a hot, magnetized plasma in thermal equi-

librium, including all production mechanisms. Their results can be used to estimate the

number density of pairs in the thermal mound at the base of the XRP accretion column,

where full thermodynamic equilibrium is expected to prevail. The expressions obtained can

also be used to provide an upper limit on the pair number density throughout the remainder

of the column, where the gas is more tenuous and full thermodynamic equilibrium is not

established. Using results from Mushtukov et al. (2019) and Canuto & Chiu (1968), we find

that the number densities of the electrons and positrons, denoted by n− and n+, respectively,

are given by

n∓ = A0
B

Bcrit

∞∑
n=0

gn

∫ ∞

−∞
f∓(pz) dpz cm3 , (157)

where pz is the particle momentum in the B⃗-field direction in units of mec, the particle

momentum distribution function is denoted by f∓(pz), the quantity gn is the spin degeneracy

of the nth Landau level, Bcrit ≡ 2πm2
ec

3/(eh) = 4.415× 1013G denotes the critical magnetic

field strength, and the constant A0 is computed using

A0 =

(
2πmec

h

)3
1

4π2
= 4.415× 1029 . (158)

The pair momentum distribution is computed using

f∓(pz) =

{
exp

[
En(pz)∓ µ

kT

]
+ 1

}−1

, (159)
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where µ is the chemical potential, and

En(pz) = mec
2

(
1 + p2z + 2n

B

Bcrit

)1/2

(160)

represents the total energy of an electron or positron with dimensionless momentum pz in

the nth Landau level.

In order to ensure local charge neutrality, the number densities of the electrons, positrons,

and protons must satisfy the constraint

n− = np + n+ , (161)

where np denotes the proton number density, and we have assumed that aside from the pairs,

the accreting gas is composed of pure, fully-ionized hydrogen. In the context of our model, we

can compute the proton number density at radius R0 using the relation (see Equation (11))

np =
Ṁ

ΩR2
0mp|υ|

. (162)

The closure relation required to compute the value of the chemical potential µ is obtained

by combining Equations (161) and (162).

The efficiency of pair production in the accretion column is maximized within the ther-

mal mound, and we will therefore evaluate the pair number density at the radius corre-

sponding to the top of the thermal mound, denoted by Rth. In our application, we will

adopt physical values appropriate for the Her X-1 model considered here, and reported in

Tables 3 and 4. Hence we set the magnetic field strength B = 4.25 × 1012G, the accre-

tion rate per column Ṁ0 = (1/2)Ṁtot = 1.70 × 1017 g s−1, and the electron temperature

Te = 6.7 × 107K. We calculate the solid angle of the accretion column, Ω, using Equa-

tion (7), with Θ1 = 0.240° and Θ2 = 0.0°. This yields Ω = 5.51×10−5 ster. The radius R0 in

Equation (162) is set equal to the value at the top of the thermal mound, Rth = Rstar + zth,

with zth = 776 cm, and the velocity υ in Equation (162) is set equal to the value at the top

of the thermal mound, υth = −0.031 c. Based on these parameter values, we can now use

Equation (162) to show that the proton number density at the top of the thermal mound

is given by np = 1.98 × 1024 cm−3. Combining this with the charge-neutrality constraint

introduced in Equation (161), we can determine the value of the chemical potential, ob-

taining µ = 0.902. Finally, by evaluating Equation (157), we can show that the positron

number density is given by n+ = 8.58×10−46 cm−3, which is obviously completely negligible.

Similar results are obtained throughout the accretion column. We further argue that photon-

photon and photon-particle pair production are also negligible due to the complete absence

of gamma-rays with energy exceeding the pair production threshold ∼ 511 keV (Becker &

Kafatos 1995; Gould & Schréder 1967).
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7.6. Model Self-Consistency Checks

In our model, the sets of angular weight coefficients {Wwall,1
i ,Wwall,2

i ,W top,1
i ,W top,2

i }
are computed via fitting the theoretical pulse-profile function S(β) computed using Equa-

tion (111) using observational pulse profile data. The resulting phase-averaged theoretical

photon number spectrum, ⟨F#(ϵ)⟩, is then computed using the same coefficients by evaluat-

ing Equations (109) and (113). The availability of both the pulse-profile function S(β) and

the phase-averaged photon spectrum ⟨F#(ϵ)⟩ presents us with the opportunity to confirm

the self-consistency of our results. In particular, one crucial value that can be computed

separately using the two theoretical functions is the counts per pulse, which can be obtained

by either integrating the phase-averaged spectrum with respect to the photon energy, or by

integrating the pulse profile with respect to time. If the theoretical approach is valid, then we

would expect reasonable agreement between the values obtained using these two methods.

The pulse profile function S(β) gives the count rate in counts per second as a function

of the rotation angle β. Therefore, we can compute the counts per pulse detected in a single

spin period using the integral

Npulse
counts =

Tspin
2π

∫ 2π

0

S(β) dβ , (163)

where Tspin is the spin period. We can also calculate the counts per pulse by integrating the

phase-averaged photon spectrum, ⟨F#(ϵ)⟩ with respect to the photon energy ϵ, taking into

account the effect of the detector response function, represented by D(ϵ). Hence the counts

per pulse can be computed from the phase-averaged spectrum using the integral

N spec
counts = Tspin

∫ ϵmax

ϵmin

F#(ϵ)D(ϵ) dϵ . (164)

It is also instructive to apply Equation (163) to the data from Fürst et al. (2013) plotted in

Figure 8, which yields the observational value for the counts per pulse. We obtain

Ndata
counts = 113.59 counts . (165)

Hence this provides another useful cross-check between the theoretical model and the obser-

vations. For the Scenario 1 fit that was presented in Section 6.3, we obtain

Npulse
counts = 113.63 counts , N spec

counts = 115.55 counts , (166)

and for the Scenario 2 fit presented in Section 6.4, we obtain

Npulse
counts = 113.57 counts , N spec

counts = 115.88 counts , (167)
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where we have used the NuSTAR detector response function given by Ballhausen (2021).

The relative error between the two methods in each case is ∼ 2%, which we deem acceptable

given the complexity of the calculation. We therefore conclude that the results obtained

for the counts per pulse using the pulse profile and the phase-averaged spectrum agree,

which helps to validate the self-consistency of the theoretical framework we have developed.

Furthermore, both Scenario 1 and Scenario 2 show excellent agreement with the counts-per-

pulse calculated using the data, given in Equation (165). Hence, we have verified that the

model is self-consistent, and that it also agrees with the pulse profile data.

7.7. Conclusion

The new relativistic model developed here provides for the first time a successful simul-

taneous calculation of the pulse profile and the phase-averaged spectrum of an accretion-

powered X-ray pulsar that agrees closely with the observational data. The model utilizes

the analytical formalism of BW22 to calculate the dynamical and radiative structures of two

accretion columns powering the emission from an X-ray pulsar. The resulting BW22 contin-

uum emission components are used to describe the radiation spectra escaping through the

walls and tops of the two accretion columns. These radiation components are then linked

with a realistic model for the rotational and magnetic geometry of the neutron star, and

incorporated into the RM88 formalism to establish the angular, energy, and time dependence

of the radiation field measured by a distant observer, including the effects of the stellar ro-

tation, gravitational lensing, redshifting, and time dilation. The fits are carried out across

a large region of the parameter space of the angles (Ψ, φ1, φ2,∆β1,∆β2), and the quality of

the fits is ranked using the statistical analysis procedure discussed in Section 6.2. The best

fit models obtained under Scenario 1 (identical column beaming patterns) and Scenario 2

(independent column beaming patterns) are presented in Sections 6.3 and 6.4, respectively.

The new model allows the determination of the primary physical parameters such as

the electron temperature, Te, the magnetic field strength, B, and the accretion rate, Ṁ ,

as well as the inclination of the neutron star spin axis, Ψ, and the rotational latitudes of

the two accretion columns, φ1, and φ2, and the associated rotational phase shifts, ∆β1
and ∆β2, by performing fits to the pulse profile data for a given source. In the future,

we plan to apply the model to additional sources, and we will also explore the possibility

of porting the software into a high-level programming language for implementation in the

XSPEC environment, which would facilitate real-time data analysis. We also anticipate

the development of a multidimensional version of our model, as well as the relaxation of

the conical geometry assumed here, which deviates somewhat from the expected dipolar



– 96 –

geometry. The conical geometry is likely to distort the beaming patterns relative to those

obtained using dipole-shaped accretion columns, and therefore it would be very interesting to

investigate this further using a dipole model. Here, we have focused on an initial application

to Her X-1, but the model will be further tested in future work in which we plan to analyze

the data for a wide variety of X-ray pulsars, including low luminosity sources such as X Per

and high luminosity sources such as Cen X-3.
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A. Calculation of Flux in Local Detector Frame for Column Wall Emission

In order to calculate the energy flux spectrum for the wall emission in the frame of a

local detector, Fwall
ϵ,star, we must make a transformation from the RM88 frame to the detector

frame, as discussed in Section 4.5. The two frames are related by a 90°rotation, as indicated
in Figure 7. For the column wall the emitted flux in the local detector frame is given by

Fwall
ϵ,star =

∫∫
4π

Iwallϵ,star cos θ̃ sin θ̃ dθ̃ dϕ̃ (A1)

where the (θ̃, ϕ̃) represents the photon propagation direction as measured in the spherical

polar system of the local detector frame. In Equation (A1), the factor cos θ̃ represents the

dot product between the propagation direction and the normal to the detector plane, which

is the polar axis for the θ̃ angle. The coordinate transformation from the local detector

frame to the RM88 coordinate system is accomplished by rotating the coordinate system by

90°. This leads to the following relationships between coordinates

cos θ0 = sin θ̃ cos ϕ̃ , (A2)

sin θ0 sinϕ0 = sin θ̃ sin ϕ̃ , (A3)

sin θ0 cosϕ0 = cos θ̃ . (A4)
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To transform the integral in Equation (A1) into the RM88 coordinates, we must compute the

Jacobian for this transformation, which is given by

J(θ0, ϕ0) =

∣∣∣∣∣ ∂θ̃∂θ0 ∂ϕ̃∂ϕ0

− ∂θ̃

∂ϕ0

∂ϕ̃

∂θ0

∣∣∣∣∣ . (A5)

In terms of the Jacobian, the integral in Equation (A1) can now be written as

Fwall
ϵ,star =

∫∫
4π

Iwallϵ,star cos θ̃ sin θ̃ J(θ0, ϕ0) dθ0 dϕ0 (A6)

To calculate the required derivatives, we must first derive explicit expressions for the

angles (θ̃, ϕ̃) as functions of the angles (θ0, ϕ0), obtaining

θ̃ = cos−1 (sin θ0 cosϕ0) , ϕ̃ = tan−1 (tan θ0 sinϕ0) . (A7)

Carrying out the derivatives in Equation (A5) and simplifying, we arrive at

J(θ0, ϕ0) =
sin θ0

sin θ̃
. (A8)

Combining Equations (A6) and (A8) yields the final result

Fwall
ϵ,star =

∫∫
4π

Iwallϵ,star (sin θ0 cosϕ0) sin θ0 dθ0 dϕ0 , (A9)

which represents the energy flux spectrum measured by a local detector oriented tangent to

the column wall, with the integration carried out in the local RM88 frame.

B. Average Intensity Distribution in Co-moving Frame

We have obtained results for the angular intensity weight coefficients {Wwall,1
i , Wwall,2

i ,

W top,1
i , W top,2

i } by fitting the observational pulse profile data using the theoretical pulse-

profile function S(β) computed using Equation (111). We remind the reader that the four

sets of weight coefficients determine the angular variation of the column-wall and column-

top intensity distributions measured in the local RM88 frame via Equations (84) and (86),

respectively. Since the local RM88 frame is stationary with respect to the neutron star, it

is also of interest to compute the energy and angular distribution of the radiation intensity

measured by a co-moving observer who is advecting downward toward the stellar surface with

the local flow velocity. Since the flow has a variable velocity, the aberration between the

frame of the co-moving observer and the local RM88 frame, which is stationary with respect

to the star, is variable. Hence we will seek to compute the time-average of the intensity

distribution measured in the co-moving frame. We carry out the general derivation here,

and present the quantitative results in Section 6.
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B.1. Co-moving Average Intensity for Column Wall Emission

In this section we focus on establishing the quantitative transformation of the radiation

field specified in the local RM88 frame into the frame co-moving with the bulk plasma flow

at the same physical location. These two frames are related via a Lorentz transformation.

Once the transformation is established, we can perform the time average of the intensity

field measured in the co-moving frame.

Consider an arbitrary intensity distribution Iϵ(R0, µ0, ϕ0, ϵ0), defined in the local RM88

frame at radius R0. We seek to compute the corresponding co-moving frame intensity distri-

bution I ′ϵ(R0, µ
′
0, ϕ

′
0, ϵ

′
0). Based on the Lorentz invariance of the photon occupation number,

we find that the relation between the intensity distributions in the two frames is given by

(Rybicki & Lightman 1979)

I ′ϵ(R0, µ
′
0, ϕ

′
0, ϵ

′
0)

ϵ
′3
0

=
Iϵ(R0, µ0, ϕ0, ϵ0)

ϵ30
, (B1)

where the photon energy in the local RM88 frame, ϵ0, is related to the corresponding energy

in the co-moving frame, ϵ′0, via (Rybicki & Lightman 1979)

ϵ′0 = ϵ0 γ(R0) (1 + µ0 |υ(R0)/c|) , (B2)

with γ denoting the bulk Lorentz factor for the advecting plasma, defined by

γ(R0) ≡
1√

1− υ2(R0)/c2
, (B3)

and υ(R0) < 0 representing the flow velocity at radius R0.

In order to complete the transformation of the intensity between the two frames, we

must also consider the aberration of the emission direction, represented by (µ0, ϕ0) in the

RM88 frame and by (µ′
0, ϕ

′
0) in the co-moving frame. The polar axes of the two frames are

both aligned with the local bulk flow velocity, and therefore the azimuthal angles are equal,

so that ϕ′
0 = ϕ0. The transformation of the polar angle is given by the aberration formula,

which in our application can be written as (Rybicki & Lightman 1979)

µ′
0 =

µ0 + |υ(R0)/c|
1 + µ0 |υ(R0)/c|

. (B4)

We note that this formula deviates from the standard form because in our application the

polar angle θ0 = cos−1 µ0 is measured with respect to the outward radial vector, which is in

the opposite direction compared with the flow velocity.
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The radiation intensity distribution emitted from the column wall in the RM88 frame in

our model is represented using an expansion over “laser-like” emission directions, given by

Equation (84). The propagation of radiation is a linear process, and therefore the radiation

generated in each RM88 direction (µ0i, ϕ0j) is independently transformed into the co-moving

frame. It is therefore sufficient to focus on a single unitary emission vector in the RM88

frame. We begin by restating the fundamental sum for the column wall intensity distribution

measured in the RM88 frame, given by (see Equation (85))

Iwallϵ,star(R0, µ0, ϕ0, ϵ0) =

Nwall∑
i=1

Mwall∑
j=1

Wwall
i ϵ0Ṅ

tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) . (B5)

Next, we recognize that each term in this expansion can be written in the form

Iϵ(R0, µ0, ϕ0, ϵ0) = Ui,wall(R0, ϵ0) δ(µ0 − µ0i) δ(ϕ0 − ϕ0j) , (B6)

where Ui,wall(R0, ϵ0) is the RM88 intensity amplitude function for the column wall emission,

defined by

Ui,wall(R0, ϵ0) ≡
Wwall
i ϵ0Ṅ

tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

. (B7)

Equation (B6) expresses the intensity in the RM88 frame, and the corresponding intensity in

the frame of the co-moving observer is given by

I ′ϵ(R0, µ
′
0, ϕ

′
0, ϵ

′
0) = U ′

i,wall(R0, ϵ
′
0) δ(µ

′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j) , (B8)

where ϕ′
0j = ϕ0j, and µ

′
0i is related to µ0i via (see Equation (B4))

µ′
0i =

µ0i + |υ(R0)/c|
1 + µ0i |υ(R0)/c|

. (B9)

According to Equation (B1), the co-moving amplitude, U ′
i,wall, is related to Ui,wall via

U ′
i,wall(R0, ϵ

′
0) = Ui,wall(R0, ϵ0)

(
ϵ′0
ϵ0

)3
dµ′

0

dµ0

dϕ′
0

dϕ0

, (B10)

where the derivatives dµ′
0/dµ0 and dϕ′

0/dϕ0 appear due to the transformations between the

δ-functions in Equations (B6) and (B8). The azimuthal angles ϕ′
0 and ϕ0 are equal and

therefore dϕ′
0/dϕ0 = 1. The required derivative of the polar coordinate is obtained by

differentiating Equation (B4) with respect to µ0, which yields

dµ′
0

dµ0

=
1

γ2(R0) (1 + µ0 |υ(R0)/c|)2
, (B11)
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where γ(R0) denotes the bulk Lorentz factor for the advecting plasma at radius R0, defined

by Equation (B3).

Combining Equations (B2), (B10), and (B11), we obtain upon simplification

U ′
i,wall(R0, ϵ

′
0) = γ(R0) (1 + µ0 |υ(R0)/c|)Ui,wall(R0, ϵ0) , (B12)

where ϵ0 is computed from the value of the co-moving frame energy ϵ′0 using Equation (B2),

and µ0 is a function of µ′
0 and R0 via the relation

µ0 =
µ′
0 − |υ(R0)/c|

1− µ′
0 |υ(R0)/c|

, (B13)

obtained by inverting Equation (B4). We can now use Equation (B12) to substitute for

U ′
i,wall in Equation (B8) to obtain

I ′ϵ(R0, µ
′
0, ϕ

′
0, ϵ

′
0) = γ(R0) (1 + µ0 |υ(R0)/c|)Ui,wall(R0, ϵ0) δ(µ

′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j) , (B14)

which describes the intensity distribution measured by a co-moving observer at radius R0

due to unitary emission with amplitude Ui,wall(R0, ϵ0) in the (µ0i, ϕ0j) direction in the local

RM88 frame, where µ′
0i is computed from µ0i using Equation (B9), and ϕ′

0j = ϕ0j.

The velocity of the accretion flow onto the magnetic pole of the neutron star varies as the

material first accelerates towards the neutron star, and then eventually decelerates to come

to rest at the stellar surface (see Figure 2b). Hence there is a different bulk flow velocity,

υ(R0), at each value of R0. The co-moving frame intensity computed using Equation (B14)

therefore gives distinct results at each radius. In order to obtain a global representation

of the co-moving frame intensity distribution, we will therefore perform a time average of

Equation (B14) for an observer starting at the column top, located at radius Rtop, and

advecting downward at the local flow velocity, with the trip terminating at radius Rstar, the

stellar surface.

The time-weighted average of the co-moving frame intensity distribution, denoted by

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0), is defined by the integral

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0) ≡

1

t′tot

∫ t′tot

0

I ′ϵ(R0, µ
′
0, ϕ

′
0, ϵ

′
0) dt

′ , (B15)

where t′tot is the total co-moving transit time for the journey, and the radius R0 is a function

of t′ due to the accretion onto the neutron star. Based on the time dilation relation

dt′ =
dt

γ(R0)
=

dR0

γ(R0) |υ(R0)|
, (B16)
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we can compute the co-moving transit time using the integral

t′tot =

∫ t′tot

0

dt′ =

∫ Rtop

Rstar

dR0

γ(R0) |υ(R0)|
. (B17)

We can now combine Equations (B14), (B15), and (B16) to obtain

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

t′tot

∫ Rtop

Rstar

γ(R0) (1 + µ0 |υ(R0)/c|)Ui,wall(R0, ϵ0)

× δ(µ′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j)
dR0

γ(R0) |υ(R0)|
, (B18)

where the co-moving frame emission direction (µ′
0i, ϕ

′
0j) is a function ofR0 due to the variation

of the coordinate transformation with the changing flow velocity.

At this point, we recall that the variable µ0 appearing in Equation (B18) is a function

of µ′
0 and R0 via Equation (B13), from which we can derive the useful identity

1 + µ0 |υ(R0)/c| =
1

γ2(R0) (1− µ′
0 |υ(R0)/c|)

. (B19)

This relation can be combined with Equation (B18) to obtain

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

t′tot

∫ Rtop

Rstar

1

γ(R0) (1− µ′
0 |υ(R0)/c|)

Ui,wall(R0, ϵ0)

× δ(µ′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j)
dR0

γ(R0) |υ(R0)|
, (B20)

Our next task is to evaluate the integral in Equation (B20) analytically. We can use Equa-

tion (B9) to substitute for µ′
0i in the δ-function in Equation (B20), which yields

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

t′tot
δ(ϕ′

0 − ϕ′
0j)

∫ Rtop

Rstar

1

γ(R0) (1− µ′
0 |υ(R0)/c|

Ui,wall(R0, ϵ0)

× δ

(
µ′
0 −

µ0i + |υ(R0)/c|
1 + µ0i |υ(R0)/c|

)
dR0

γ(R0) |υ(R0)|
, (B21)

where the ϕ′
0-dependent δ-function has been pulled out of the integral since it does not

depend on R0.

In order to carry out the integration in Equation (B21), it is necessary to transform the

argument of the delta function in the integrand so that it depends directly on R0. Making

this transformation gives the result

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

t′tot
δ(ϕ′

0 − ϕ′
0j)

∫ Rtop

Rstar

1

γ(R0) (1− µ′
0 |υ(R0)/c|

Ui,wall(R0, ϵ0)

× δ(R0 −R∗
0)

(1 + µ0i|υ(R0)/c|)2

(1− µ2
0i)|υ′(R0)/c|

dR0

γ(R0) |υ(R0)|
, (B22)
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where υ′(R0) denotes the radial derivative of the velocity, and the parameter R∗
0 is the root

of the equation

µ′
0 =

µ0i + |υ(R∗
0)/c|

1 + µ0i |υ(R∗
0)/c|

, (B23)

or, equivalently,
|υ(R∗

0)|
c

=
µ′
0 − µ0i

1− µ0i µ′
0

. (B24)

We can use Equation (13) to substitute for the function |υ(R∗
0)/c| on the left-hand side of

Equation (B24). This yields an explicit form for the root equation, given by(
2Rg

Rstar

)1/2
[
k2∞

(
R∗

0

Rstar

)−1

+ (k20 − k2∞)

(
R∗

0

Rstar

)−4
]1/2

=
µ′
0 − µ0i

1− µ0i µ′
0

. (B25)

This equation can be solved numerically to determine the value of R∗
0 for given values of µ0i

and µ′
0. Physically, R∗

0 represents the radius at which radiation with propagation direction

µ0i in the RM88 frame has propagation direction µ′
0 as viewed in the co-moving frame. In

general, Equation (B25) may have zero, one, or two acceptable physical roots for R∗
0 within

the radial domain of the accretion column, which is Rstar ≤ R∗
0 ≤ Rtop.

We can now evaluate the integral in Equation (B22) exactly, obtaining

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

t′tot
δ(ϕ′

0 − ϕ′
0j) (1 + µ0i |υ(R∗

0)/c|)Ui,wall(R∗
0, ϵ0)

× (1 + µ0i|υ(R∗
0)/c|)2

(1− µ2
0i)|υ′(R∗

0)/c|
1

|υ(R∗
0)|

, (B26)

where the value of ϵ0 is computed using

ϵ0 = ϵ′0 γ(R
∗
0) (1− µ′

0 |υ(R∗
0)/c|) . (B27)

We remind the reader that the value of R∗
0 in Equation (B26) is a function of µ′

0 and µ0i via

Equation (B25). Using Equation (B7) to substitute for Ui,wall(R
∗
0, ϵ0) in Equation (B26) and

simplifying, we obtain

Iϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

t′tot
δ(ϕ′

0 − ϕ′
0j)

Wwall
i ϵ0Ṅ

tot
ϵ (R∗

0, ϵ0)

2πR∗
0 sinΘ1

(1 + µ0i|υ(R∗
0)/c|)3

(1− µ2
0i)|υ′(R∗

0)/c|
1

|υ(R∗
0)|

, (B28)

which describes the time-average of the intensity distribution measured in the frame of a

co-moving observer resulting from radiation emitted in the (µ0i, ϕ0j) direction in the RM88

frame.

Our next step is to generalize Equation (B28) so that we can transform the complete

expansion for the RM88-frame intensity given by Equation (B5) into the frame of a co-moving
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observer. Because the expansion in Equation (B5) is a linear sum comprising individual

terms that each resemble Equation (B6), it follows that we can use Equation (B28) to treat

each term in Equation (B5) separately. This immediately yields an expansion for the total

time-averaged, co-moving wall intensity, denoted by I tot
ϵ,wall(µ

′
0, ϕ

′
0, ϵ

′
0). The result obtained

is

I tot
ϵ,wall(µ

′
0, ϕ

′
0, ϵ

′
0) =

Nwall∑
i=1

Mwall∑
j=1

1

t′tot
δ(ϕ′

0 − ϕ′
0j)

Wwall
i ϵ0Ṅ

tot
ϵ (R∗

0, ϵ0)

2πR∗
0 sinΘ1

× (1 + µ0i|υ(R∗
0)/c|)3

(1− µ2
0i)|υ′(R∗

0)/c|
1

|υ(R∗
0)|

, (B29)

where R∗
0 depends on µ′

0 and µ0i via Equation (B25), and the value of ϵ0 is computed using

Equation (B27). Equation (B29) can also be reorganized to obtain

I tot
ϵ,wall(µ

′
0, ϕ

′
0, ϵ

′
0) =

Nwall∑
i=1

1

t′tot

Wwall
i ϵ0Ṅ

tot
ϵ (R∗

0, ϵ0)

2πR∗
0 sinΘ1

× (1 + µ0i|υ(R∗
0)/c|)3

(1− µ2
0i)|υ′(R∗

0)/c|
1

|υ(R∗
0)|

Mwall∑
j=1

δ(ϕ′
0 − ϕ′

0j) . (B30)

We will use Equation (B30) when applying our model to the analysis of the Her X-1 data in

Section 6.

B.2. Co-moving Intensity for Column Top Emission

The case of the column-top emission is more straightforward to treat than the column-

wall emission because only one value of the radius is involved, since the radiation escapes from

the upper surface of the accretion column, at radius R0 = Rtop. Hence in this situation, we

can compute the intensity in the co-moving frame by performing a Lorentz transformation

from the stationary RM88 frame into the co-moving frame at a single value of the radius,

and no time average is required. The treatment of the transformation of the column-top

emission is consequently much simpler than the transformation of the column-wall emission

considered in Section B.1.

We begin with the expansion for column-top intensity in the RM88 frame, given by (see

Equation (87))

Itopϵ,star(µ0, ϕ0, ϵ0) =

Ntop∑
i=1

Mtop∑
j=1

W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) . (B31)
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In similar fashion to the case of the column-wall emission, described by Equation (B1), the

Lorentz transformation of the column-top emission implies that

I ′ϵ(µ
′
0, ϕ

′
0, ϵ

′
0)

ϵ
′3
0

=
Iϵ(µ0, ϕ0, ϵ0)

ϵ30
, (B32)

where the angular variables µ0 and µ′
0 are related by the aberration formula

µ′
0 =

µ0 + |υ(Rtop)/c|
1 + µ0 |υ(Rtop)/c|

, (B33)

and the photon energy in the co-moving frame is computed using

ϵ′0 = ϵ0 γ(Rtop) (1 + µ0 |υ(Rtop)/c|) , (B34)

with the column-top Lorentz factor, γ(Rtop), defined by

γ(Rtop) ≡
1√

1− υ2(Rtop)/c2
. (B35)

By analogy with Equation (B5), we can write each term in Equation (B31) in the form

Iϵ(µ0, ϕ0, ϵ0) = Ui,top(ϵ0) δ(µ0 − µ0i) δ(ϕ0 − ϕ0j) , (B36)

where Ui,top(ϵ0) represents the RM88 intensity amplitude function for the column-top emission,

defined by

Ui,top(ϵ0) ≡
W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

. (B37)

We can transform the RM88 frame intensity given by Equation (B36) by making use of

Equation (B32), which yields

I ′ϵ(µ
′
0, ϕ

′
0, ϵ

′
0) = U ′

i,top(ϵ
′
0) δ(µ

′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j) , (B38)

where µ′
0i is related to µ0i via (see Equation (B33))

µ′
0i =

µ0i + |υ(Rtop)/c|
1 + µ0i |υ(Rtop)/c|

, (B39)

and the co-moving amplitude, U ′
i,top(ϵ

′
0), is given by

U ′
i,top(ϵ

′
0) = Ui,top(ϵ0)

(
ϵ′0
ϵ0

)3
dµ′

0

dµ0

dϕ′
0

dϕ0

. (B40)
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We note that ϕ′
0j = ϕ0j, and therefore dϕ′

0/dϕ0 = 1. Furthermore, the result for dµ′
0/dµ0

obtained by differentiating Equation (B33) is

dµ′
0

dµ0

=
1

γ2(Rtop) (1 + µ0 |υ(Rtop)/c|)2
, (B41)

where γ(Rtop) denotes the bulk Lorentz factor at the column top, computed using Equa-

tion (B35).

We can now combine Equations (B34), (B38), (B40), and (B41) to obtain

U ′
i,top(ϵ

′
0) = γ(Rtop) (1 + µ0 |υ(Rtop)/c|)Ui,top(ϵ0) . (B42)

Next we substitute for µ0 in Equation (B42) using the relation

µ0 =
µ′
0 − |υ(Rtop)/c|

1− µ′
0 |υ(Rtop)/c|

, (B43)

which yields

U ′
i,top(ϵ

′
0) =

1

γ(Rtop)

1

1− µ′
0 |υ(Rtop)/c|

Ui,top(ϵ0) . (B44)

Making use of Equation (B44), we can rewrite Equation (B38) for I ′ϵ in the form

I ′ϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

γ(Rtop)

1

1− µ′
0 |υ(Rtop)/c|

Ui,top(ϵ0) δ(µ
′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j) , (B45)

which can be combined with Equation (B37) to obtain

I ′ϵ(µ
′
0, ϕ

′
0, ϵ

′
0) =

1

γ(Rtop)

1

1− µ′
0 |υ(Rtop)/c|

W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

δ(µ′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j) . (B46)

This result expresses the contribution to the co-moving frame intensity made by the RM88-

frame intensity distribution given by Equation (B36).

Since the transformation of the radiation field between the RM88 frame and the co-

moving frame is a linear process, we can use Equation (B46) to separately treat each term

in the expansion given by Equation (B31). This allows us to compute the total co-moving

frame intensity distribution measured at the column top, denoted by I tot
ϵ,top(µ

′
0, ϕ

′
0, ϵ

′
0), taking

into account the entire grid of (µ0i, ϕ0j) emission directions in the RM88 frame. The result

obtained is

I tot
ϵ,top(µ

′
0, ϕ

′
0, ϵ

′
0) =

Ntop∑
i=1

Mtop∑
j=1

1

γ(Rtop)

1

1− µ′
0 |υ(Rtop)/c|

× W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

δ(µ′
0 − µ′

0i) δ(ϕ
′
0 − ϕ′

0j) , (B47)
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where the value of ϵ0 is given by

ϵ0 = ϵ′0 γ(Rtop) (1− µ′
0 |υ(Rtop)/c|) . (B48)

We note that Equation (B47) can also be rewritten in the form

I tot
ϵ,top(µ

′
0, ϕ

′
0, ϵ

′
0) =

Ntop∑
i=1

1

γ(Rtop)

1

1− µ′
0 |υ(Rtop)/c|

× W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

δ(µ′
0 − µ′

0i)

Mtop∑
j=1

δ(ϕ′
0 − ϕ′

0j) . (B49)

Equation (B49) will be utilized in our application of the new relativistic model to Her X-1

in Section 6.

C. Flux Components in Frame of Distant Observer

The calculation of the contributions to the energy flux spectrum, Fϵ,obs, measured by a

distant observer due to emission from the walls and tops of the two accretion columns is a

central result obtained using our formalism. We develop the required closed-form expressions

here, and apply them to the analysis of the observational data for Her X-1 in Section 6.

C.1. Column Wall Emission

First we calculate the phase-dependent observational energy flux spectrum resulting

from emission escaping through the column wall, denoted by Fwall
ϵ,obs(ϵ, β). By substituting

the intensity given by Equation (85) into Equation (103), we obtain

Fwall
ϵ,obs(ϵ, β) =

Nwall∑
i=1

Mwall∑
j=1

∫ 2π

0

∫ 1

−1

ϵ3

ϵ30
µDwall(µ, ϕ;µ0, ϕ0)

× Wwall
i ϵ0Ṅ

tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) dµ0 dϕ0 . (C1)

The dependence on the rotational phase angle, β, enters implicitly on the right-hand side

because the emission radius, R0, and also the observer-frame photon propagation direction

(µ, ϕ) corresponding to the RM88-frame emission direction (µ0i, ϕ0j), all vary as the star

rotates, according to the ray-tracing procedure for determining the null geodesics outlined

in Section 3.5.1. For geodesics with roots for R0 that are not within the radial extent of the
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accretion column, the contribution to the integral is zero. The evaluation of the integrals in

Equation (C1) is trivial, and we obtain

Fwall
ϵ,obs(ϵ, β) =

Nwall∑
i=1

Mwall∑
j=1

Wwall
i gwallij (ϵ, β) , (C2)

where the expansion functions for the column wall emission, gwallij (ϵ, β), are defined by

gwallij (ϵ, β) ≡ ϵ3

ϵ20
µDwall(µ, ϕ;µ0i, ϕ0j)

Ṅ tot
ϵ (R0, ϵ0)

2πR0 sinΘ1

, (C3)

and ϵ0 is related to ϵ via Equation (67).

As discussed in Section 4.2, based on the angular dependence of the cyclotron scattering

cross sections, we assume that the intensity weight coefficients for the wall emission, Wwall
i ,

are the same for all values of ϕ0j in our angular grid. This implies that Equation (C2) can

be written in the equivalent form

Fwall
ϵ,obs(ϵ, β) =Mwall

Nwall∑
i=1

Wwall
i gwalli (ϵ, β) , (C4)

where the set of single-index basis functions, gwalli (ϵ, β), are obtained by performing an aver-

age in the azimuthal direction, so that

gwalli (ϵ, β) ≡ 1

Mwall

Mwall∑
j=1

gwallij (ϵ, β) , (C5)

with Mwall representing the number of ϕ0 values in the azimuthal grid for the wall emission,

defined in Equation (82).

C.2. Column Top Emission

The phase-dependent observational energy flux spectrum resulting from emission escap-

ing through the column top, F top
ϵ,obs(ϵ, β), can be computed by substituting the intensity given

by Equation (87) into Equation (104), which yields

F top
ϵ,obs(ϵ, β) =

Ntop∑
i=1

Mtop∑
j=1

∫ 2π

0

∫ 1

−1

ϵ3

ϵ30
µDtop(µ, ϕ;µ0, ϕ0)

× W top
i ϵ0 Ṅ tot

ϵ (ϵ0)

ΩR2
top

δ(µ0 − µ0i)δ(ϕ0 − ϕ0j) dµ0 dϕ0 . (C6)
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The right-hand side has an implicit dependence on the rotational phase angle β because the

spin of the star causes a variation in the observer-frame photon propagation direction (µ, ϕ)

for a fixed emission direction (µ0i, ϕ0j) in the RM88 frame. Carrying out the integrations in

Equation (C6) yields

F top
ϵ,obs(ϵ, β) =

Ntop∑
i=1

Mtop∑
j=1

W top
i gtopij (ϵ, β) , (C7)

where the expansion functions for the column top emission, denoted by gtopij (ϵ, β), are defined

by

gtopij (ϵ, β) ≡ ϵ3

ϵ20
µDtop(µ, ϕ;µ0i, ϕ0j)

Ṅ tot
ϵ (ϵ0)

ΩR2
top

, (C8)

and the value of the RM88-frame energy, ϵ0, is related to the observer-frame energy, ϵ, via

Equation (67).

The assumption of azimuthal isotropy introduced in Section 4.2 implies that the intensity

weight coefficients for the column top emission, W top
i , are the same for all values of ϕ0j in

the angular grid. Hence, by analogy with Equation (C4), we can rewrite Equation (C7) in

the equivalent form

F top
ϵ,obs(ϵ, β) =Mtop

Ntop∑
i=1

W top
i gtopi (ϵ, β) , (C9)

where the single-index basis functions for the top emission are defined by performing the

azimuthal average given by

gtopi (ϵ, β) ≡ 1

Mtop

Mtop∑
j=1

gtopij (ϵ, β) , (C10)

with Mtop denoting the number of ϕ0 values in the azimuthal grid for the top emission,

defined in Equation (83).

Each of the azimuthally-averaged functions gwall,1i (ϵ, β), gwall,2i (ϵ, β), gtop,1i (ϵ, β), and

gtop,2i (ϵ, β) computed using either Equation (C5) or (C10) represents the contribution to

the observed X-ray spectrum due to radiation generated in a specific set of emission direc-

tions in the RM88 frame. We will refer to these energy- and phase-dependent functions as

“sub-spectra,” and they will be used subsequently in our astrophysical applications in two

different ways. First, we will we integrate the sub-spectra with respect to the photon energy

ϵ to compute the associated contributions to the pulse profile. Once the expansion coeffi-

cients are obtained by fitting the pulse profile data, we will then use the energy-dependent

sub-spectra to compute the theoretical prediction for the phase-averaged X-ray spectrum of

the source.



– 109 –

REFERENCES

Abolmasov, P., & Lipunova, G. 2023, Monthly Notices of the Royal Astronomical Society,

524, 4148

Abramowitz, M., & Stegun, I. A. 1970, Handbook of mathematical functions : with formulas,

graphs, and mathematical tables (N.Y., Dover)

Bailer-Jones, C. A. L., Rybizki, J., Fouesneau, M., Demleitner, M., & Andrae, R. 2021, AJ,

161, 147

Ballhausen, R. 2021, PhD thesis, Friedrich Alexander University of Erlangen-Nuremberg,

Germany

Basko, M. M., & Sunyaev, R. A. 1975, A&A, 42, 311

—. 1976, MNRAS, 175, 395

Becker, P. A. 1998, ApJ, 498, 790

Becker, P. A., & Kafatos, M. 1995, ApJ, 453, 83

Becker, P. A., & Wolff, M. T. 2007, ApJ, 654, 435

—. 2022, ApJ, 939, 67

Becker, P. A., Klochkov, D., Schönherr, G., et al. 2012, A&A, 544, A123

Blum, S., & Kraus, U. 2000, ApJ, 529, 968

Canuto, V., & Chiu, H.-Y. 1968, Physical Review, 173, 1210

Choudhury, D., Watts, A. L., Dittmann, A. J., et al. 2024, ApJ, 975, 202

Davidson, K. 1973, Nature Physical Science, 246, 1

Ferrigno, C., D’Aı̀, A., & Ambrosi, E. 2023, A&A, 677, A103

Fürst, F., Grefenstette, B. W., Staubert, R., et al. 2013, ApJ, 779, 69

Gerend, D., & Boynton, P. E. 1976, Astrophysical Journal, 209, 562

Gornostaev, M. I. 2021, Monthly Notices of the Royal Astronomical Society, 501, 564.

https://academic.oup.com/mnras/article/501/1/564/5986638
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