447 Proj.1

Kevin Talbott

#1 Solve Algebraically

(= A1)+ (y—B1)’ + (2 = C1)* = [e(ty — d)] (1)
(z — A2)® + (y — B2)* + (2 — C2)? = [c(t2 — d)]? (2)
(z — A3)’ + (y — Bs)® + (2 = C5)* = [e(ts — )]° (3)
(z — A"+ (y = B)' + (2 = Co)* = [e(ta — d)]* (4)

Expand the squares

2® — 2z Ay + A +y* — 2yBy + B} + 2% — 2201 + C} = A(d® — 2dty + 15
x? — 20 Ay + A5+ y* — 2yBo + Bi + 22 — 220, + CF =
2% — 20A3 + A5 +y? — 2yBs + B + 2* — 2205+ C; =
x? — 20 Ay + A +y* —2yB, + Bl + 22 — 220, + C} =

Subtract equations 2 from equation 1 to get a linear equation
2 — 20 A) + A2+ 97 —2yB) + B} + 2% — 220, + CF = A(d* — 2dt, +13)
— 2® —20Ay + A+ y? — 2yBy + Bi + 22 — 2205 + O = A(d* — 2dty +13)

= —22A; +20Ay + A} — A3 —2yB) + 2yBy + B — B2 — 220, + 220, + C} — O3
= A (—2dt, + 2dty + t] — t3)

Rewrite combining terms.
21(Ay — Ay) + AT — A3+ 2y(By — By) + By — B2 +22(Cy — Cy) + CF — C3 = 2dc*(ty — t1) + 17 — 5 (5)
Do the same for Equation 3 and 4:

22(As — Ay) + A2 — A3 4+ 2y(Bs — By) + BY — B3 4+ 22(C5 — C,) + CF — C3 = 2dc*(t; — t1) + 15 — t5 (6)

Solve for d in Equation 5:

20(Ay — A)) + Al — A3+ 2y(By — By) + Bf — By +22(Co —C1) + C7 — C3 —t1 + 13

d
202(t2 — tl)
Rewrite to for simplicity and to point out constants.
20(As — A1) +2y(By — By) +22(Cy — Cy) + A3 — A2+ B} — B3+ C; — Ci +t5 — 83 4

202(t2 — tl)



Make this equation more simple by defining new constants:
Ki=A - A2+ B> - B2+ C?—C2 4+t
Ky=A? - A2+ B} -Bi4+C? - C2 4+t - 13
Ky=A - A+ B -B+C:-Ci+ 13- 82

21’(142 — Al) + 2y(BQ — Bl) + 22(02 - Cl) + Kl
262(t2 —tl)

=d

Plug d into Equation into Equations 6 and 7.
21’(143 Al) + 2y(B3 Bl) + 22(03 - Ol) + KQ

o 2ZL’ Al + 2y(32 Bl) + 22(02 - 01) + K1 2

= 2 262( S t1> C (tg tl) (8)
21’(144 — Al) + 2y(B4 — Bl) + 22(04 — Cl) + K3

. 2.%‘(142 —Al) —|—2y(Bg —Bl) +2Z(OQ —01)+K1 2

~ 9 < 2 -1 Aty — 1) 9)

Cancel out 2¢? and movie the t’s over

213(143 — Al) + 2y(33 — Bl> + 22(03 — 01) + K2 . 21’<A2 — Al) + 2y(BQ — Bl) + QZ(CQ — Cl) + K1

t3 - tl t2 - tl
21’(144 — Al) + 2y(B4 — Bl) + 22(04 — Ol) + Kg o ZZE(AQ — Al) + 2y(B2 - Bl) + 22(02 — Cl) + K1
t4 - tl t2 - tl

Solve these equations for z:

(to —t1) (2x(As — A1) +2y(Bs — By) + K3) — (t3 — t1) (2x(Ay — Ay) + 2y(Bs — By) + K;) _ . (10)
2[(ts — t1)(C2 — C1) — (t2 — t1)(C5 — C1)]

(t2 — 1) (2w(As — A1) +2y(By — Br) + K3) — (ta — t1) 22(As — A1) + 2y(B> — By) + K1) _ 2 (11)
2[(ts = t1)(C2 = C1) = (ta — t1)(Cs — C1)]

Plug 10 into 11:

(tz — tl) (2$(A3 — Al) + 2y(Bg — Bl) —|— KQ) — (tg — tl) 2.27( A1> —I— QQ(BQ — Bl) —|— Kl)
2[(ts — t1)(Cy — C1) — (t2 — t1)(C3 — C1)]

(

(
_ (ta—t1) (22(Ay — Ay) + 2y(By — By) + K3) — (t4 — t1) (22(Ay — Ay) + 2y(B2 — By) + K1)
a 2[(ts = t1)(C2 = C1) = (t2 — t1)(Cs — C1)]

This is now an equation of just x and y. Solve this for y?:

2[(ts — t1)(C2 = C1) = (t2 = 11)(Ca — C1)] =

(tQ — tl) (21‘(143 — Al) + 2y(Bg — Bl) =+ KQ) — (tg — tl) (21’(142 — Al) -+ 2y(BQ — Bl) + Kl)
(12)

= 2[(t3 — t1)(Cy — C1) — (t2 — t1)(Cs — C1)] *

(tQ — tl) (QZE(A4 — A1) + 2y(B4 — Bl) + Kg) — (t4 — tl) (2I(A2 — Al) + 2y(32 — Bl) + Kl)




Simplify with new constants:

Q3= (ts —t1)(Cy — C1) — (t2 — t1)(C5 — CY)
Qs = (ts —t1)(Cy — C1) — (t2 — t1)(Cy — C1)
Then:
2I[2Q4(t2 — t1>(A3 — Al) — (tg — tl)(Ag — Al)] +

2y[2Q4(t2 — t1>(Bg — Bl) + (tg — tl)(BQ — Bl)] +
Ko2Qu(ty —t1) + Ki(ts — 1)

= 2$[2Q3(t2 — tl)(A4 - Al) - (t4 - tl)(AQ - Al)] +
2y[2Q3(t2 — t1>(B4 — Bl) + <t4 — tl)(BQ - Bl)] +
K32Q3(t2 — tl) + Kl(t4 — tl)

more constants:

X1 = 2Qu(ty — t1)(Az — Ay) — (t3 — t1)(A2 — Ay)]
Xo = [2Qs(ts — t1)(As — Ay) — (ta — t1) (A2 — Ay)]
Y1 = [2Q4(t2 — t1)(Bs — By) + (t3 — t1)(B2 — By)]
Yo = [2Qs(ts — t1)(By — By) + (ta — t1)(By — By)]

2£EX1 + 2yY1 + K22Q4(t2 - tl) + Kl(tg — tl)
= 22X5 4 2yYs + K32Q5(t2 — 1) + Ki(ts — 11)

QLC(XQ — Xl) + K32Q3(t2 — tl) + Kl(t4 — tl) — K22Q4(t2 — tl) — Kl(tg — tl)

= h - V) (13)
L (2(Xy = Xy) K32Qs(ty —t1) + Ki(ty — t1) — Ko2Qu(ta — t1) — Ki(t3 — 11)
y‘((Y—Yﬁ)“ V= Y) (14
I 2(X5 — Xy)
1 (V) - Ya)
8 = K32Q5(ts — 1) + Ki(ts — t1) — K22Qu(ts — t1) — Ki(ts — t1)
1 (Y — Ya)
then,
Y=oz + [

Now simplify z(x,y) and plug this in:
(ta —t1) (2x(Ay — Ay) +2y(By — By) + K3) — (ta — t1) (22(Ay — Ay) + 2y(By — By) + K;)

2[(ts = t1)(Cy = C1) — (ta — 1) (Cy — C1)]

3



oty — 0)( A — A)) — 2t — t1)(Ay — Ay)
Tt —t)(Ca— C1) — (ta —1)(Cr— O] "
2(ta — t1)(Bs — B1) — 2(ts — t1) (B2 — By)
Yol (GG (ta—1)(Cr T
(to — 1)Ko — (ta — 1) K,
2[(ts = t1)(Cy = C1) — (ta — t1)(Cs — C1)]
L 2t —t)(As = Ay) — 2(ts — 81) (A )
2[(ts = t1)(Cy — C1) — (t2 — t1)(Cs — Cl)]
2(ty — t1)(By — By) — 2(ty — t1)(By — By)
(o + f) 2[(ts = t1)(Cy — C1) = (t2 — t1)(Cs — C1))] "

(ta —t1) Ky — (ts — t1) I
2[(ts — t1)(Cy — C1) — (t2 — t1)(Cy — C1)]

B . <2(t2—t1)(A4—A1) —2(ty —t1)(Ay — Ay) N 2(ty —t1)(By — By) —2(t4—t1)(BQ—Bl)> N
2((ts — t1)(Co — C1) = (ta — t1)(Cy — C1)] " 2[(ts — t1)(Co — C1) — (t2 — 11)(Cy — C1)]
2(t2 — t1>(B4 — Bl) — 2(t4 — tl)(BQ — Bl) (tg — tl)Kg — (t4 — tl)Kl
Bl =)@ =~ 1(C— )] A 0)(@— G) — (55— 1)(Ch — O]
At t)(A = A) =2t =)A= Ay 2ty 1)(Ba— By) — 2ts — 1)(By — B)
22ty — 11)(Co — C1) — (t2 — 11)(Cy — C1)] "2[(ty — 1) (Cy — C1) = (t2 — t1)(Cy — C1)]
8, = B 2(ty — t1)(By — B1) — 2(ty — t1)(Bs — By) (to —t1) Ky — (ty — t1) K,
2Tty — 1) (Cy = C1) = (ta — 1) (Cy — )] 2[(ts — t1)(Co — C1) — (t2 — t1)(Cy — C1)]
2 = ar+ P
Now d:
g 2x(Ay — Ay) +2y(By — By) +22(Cy — Cy) + K3
N 262(t2 —tl)
d = ZLU(AQ — Al) + 2(0&11’ + 51)(32 — Bl> + 2(@235 + BQ)(CQ — Cl) + K1
B 2c2(ty — t1)
d— 2(142 —Al)—f-QOél(BQ —Bl) +20€2(OQ —Cl) 261(B2 —Bl) —|—252(02 —Ol) +K1
-7 202(t2 — tl) + 202(t2 — tl)
2(Ay— ) 4 200(By — By) + 205(Cs — C)
@ = 22ty — t1)
_ 2B81(Ba — By) +262(Cy — Cy) + K,
fs = 2¢2(ty — t1)

d:a3$+ﬂ3



r =2

y=ox+ 5
2 = o + [
d:a3$+ﬁg

(€= A)*+(y = Bi)* + (2 = C1)* = [e(ty — d)?

(z — A)? 4 ((aaz + B1) — B1)? + ((qoz + o) — C1)* = [e(ts — (asz + B3))]?
(@ — A2+ (nz + B1 — B1)> + (az + B — C1)2 = [c(ts — sz + Bs)]?

(@ — A + (az + By — B1)> + (g + By — C1)% = [e(—asz + by + )]

.’L’2 — 214133 -+ A% -+ 06%1'2 + 2(ﬁ1 — Bl)x -+ (ﬁl — 31)2 + 04312 -+ 2(62 — Cl).’,U -+ (ﬁg — 01)2 =
02[a§$2 — 20[3$(t1 + Bg) + (tl + /83)2]

(140 + 03 — a3) 2® + (=241 + 2(B1 — B1) +2(B2 — C1) + 205¢*(t + ) ) @
+ (A + (B = B + (B — C1)* = A(t + B5)°) =0

v = 1+4+ai+a3—c%a;
U = —24;+2(61 — B1) +2(82 — C1) + 2056 (t1 + f3)
O = AT+ (B — B’ + (B — C1)* = (1 + B)°

then the simplified equation for x is:

ye? + Uz +0 =0

solve for x via the quadratic equation:

U+ U2 - 440
T = o
Y=oz +
2 = o + [
d:a3$+ﬁ3



