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Abstract

In this work we consider the development of a computational methodology to study stability
and nonlinear dynamics of large deformation plate models. The main application will be
the computational modeling of flexible wing designs for Micro Air Vehicles. We develop the
model by using a geometrically nonlinear Green strain-displacement formulation, a materially
linear constitutive stress-strain formulation, and a Hamiltonian energy approach to develop
a governing system of coupled partial differential equations for the axial and transverse
displacements. We develop an appropriate energy norm for a class of boundary conditions
where we prove a stability estimate for a simplified version of the model. The model developed
will be numerically validated for benchmark applications.
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1 Introduction

A Micro Air Vehicle (MAV) is a type of Unmanned Aerial Vehicle (UAV) that has a wingspan of
roughly 15 centimeters, much smaller than the current UAVs in the field today. Recent advances in
sensor and camera miniaturization have made MAVs popular choices as platforms for conducting
surveillance in hostile environments where maneuverability is at a premium. In addition to the
obvious defense applications, MAVs are also used in search-and-resuce, ecological surveys, disas-
ter relief, and climate monitoring. Advances in artificial intelligence research has also made the
organization of MAV swarms, which alter their flight plan and sensor coverage based on received
input from other networked drones, much more practical for the near future. As this limits the
number of needed human operators, MAVs are sure to increase in utility and popularity as time
goes on.

In the past, MAVs have used fixed wing designs, which suffer from a phenomenon called flutter.
Flutter is caused by vibrations from aerodynamic forces interacting with vibrations of the material
of the wing, causing dangerous oscillations that can become strong enough to snap the wing in
two. Flexible wings, inspired by biology, solve this problem and improve on the design in terms
of maneuverability and wind tolerance [4].

Flexible wing design is relatively new, so newer models must be developed to simulate the
aerodynamics of a membrane wing. We use plate theory to understand the structural mechan-
ics of the flexible wing. Older models used classical Newtonian mechanics to derive and analyze
such models [1], however, we use a Hamiltonian approach to derive the model. The Hamiltonian
approach works by describing the energy of the entire system. This makes the model momentum
-invariant, while classical mechanics depend on momentum. In addition to the new approach,
we also incorporate nonlinearities into our model. For example, in traditional models, the axial
displacement was assumed to be zero and the average axial force is assumed constant over the
plate [5]. In nonlinear models, the axial displacement are not trivial [2]. Since physical systems
are for the most part nonlinear, an accurate model of the wing structure must be nonlinear. The
first nonlinearity is called geometric, because it is a result of the nonlinear strain-displacement
relations, when the deformations are large. The material nonlinearity is a result of a nonlinear
stress-strain relation, however, in this paper we use a linear relationship.

The outline of this paper is as follows. First, we present the development of the mathematical
model for the dynamic behavior of a nonlinear plate undergoing deformation both in transverse
and axial directions using a Hamiltonian approach. Section 3 presents a new stability result for the
associated non-linear boundary value problem for axial and transverse displacements by obtain-
ing an energy-estimate for the excited non-linear plate. Note that, we have only considered this
model for simplicity and the analysis presented can be extended to more complex problems as well.

2 Derivation of Mathematical Model

The primary goal of this section is to derive a system of partial differential equations that de-
scribe the total energy of the plate. To do this, we must establish three interrelated quantities:
displacement, stress, and strain. These quantities are then used to define the kinetic and potential
energies of the system. After the formulas for energy are defined, we use Hamilton’s principle to



derive the final model.

2.1 Displacement

We need functions to represent the total displacement of the plate at any point in our (z1, z2, x3)
plane. We use the Kirchoff-Love theory of plates to define the displacement, which assumed
a three dimensional plate, if thin enough, can be represented by a two-dimensional mid-plane.
The following three kinematic assumptions hold: straight lines normal to the mid-surface remain
straight after deformation, straight lines normal to the mid-surface remain normal to the mid-
surface after deformation, and the thickness of the plate does not change during a deformation.
We use u to denote the in-plane axial deformation of the z;-axis, v denotes the in-plane axial
deformation of the xs-axis, and w denotes the transverse deformation. With this in mind, the
following equations for the total deformation are defined as follows:

Uy (21, 22,t) = U — T3y,
U (1,2, 1) = v — T3y,
ug(xy, z9,t) = w.

2.2 Strain

Strain is for our purposes a dimensionless quantity that measures the compressing or stretching
of an object based on a given load [3]. We will be using a nonlinear second order Green strain
tensor defined below [1]:

2 8xj 8@ axl 8xj ’

Ei‘:

where i,j = 1, 2, or 3 depending on the coordinate direction. Note the final term is the source of
the geometric nonlinearity. Now we simply substitute in the deformation equations. It’s relatively
straightforward to see that all elements of this tensor where ¢ = 3 or j = 3 are zero, so only the
following elements of E; ; are nontrivial.

En = %(Z(le — T3Wy a4y ) + wil)
Eyp = 5(2(%2 — T3Waya,) + wig)
Ey = 5((%2 + Vg — 203Wyy2y) + Wey Way)
Ey = 5((%2 + Vzy = 2T3Way ) + Way Wiy )



2.3 Stress

Stress is a physical quantity measuring the internal forces affecting the physical system. The
stress-strain relationship is materially linear and related to Hooke’s law, where Y is the Young’s
modulus of elasticity and v is the Poisson ratio. Note that both are determined by the material.

Y

=)

Uz‘j =

We then simply plug in our previous equations. As before, terms in which ¢ = 3 or j = 3 are
trivial.

011 = ﬁEn
022 = ﬁfﬁz
012 = ! ; UﬁEm
021 = ! ; Y 1 z/ﬂ)Eu

2.4 Kinetic Energy

Kinetic energy, denoted T, is relatively straightforward, using the typical physics formulation.
1
T = —m||V]|J~
SV

We must account for all the mass. To do this, we assume a homogeneous plate density p so
that T takes the form of an integral over the area. The squared norm of V in this case is identical
to the dot product of V with itself, i.e., the sum of the squared derivatives of our displacement
functions with respect to time.

a a %
b / / / B([ul]? + [uo]f + [us]7) darg daa day.
o Jo J 2

We then plug in these derivatives, resulting in the following integral:

a a h
T ="~ (4= 23wa, ]2 + [0 — 23,2 + [w]?) dzs daa d
B 2 0 Jo —h 3Wazy | U = T3Wgy |y Wi ) dTr3 ATo AT .
2

Expanding this out, we have:



h
a pa 3
T = B/ / /—h ([ut - [x?’]twm - x3wx1t]2 + [Ut - [l’g}t’wm — xgwxzt]Z + th) dzs day day

— / / / — 2uy[ws)iwe, — 2uw3Wy s + [wafw2, + 2[s)iwa, 3wy, + TIWS )
+ (V7 = 2u[ws)iwWe, — 20 T3Wey: + [xg]fw + 2[ws]iwe, w3Weyy + x3wm2t) + w?) das dwy da,

= / / T3 Ut +Ut +wt) + 3 ( Wt +wx2t)]xd n dro dry.

w‘\ w\:

As a result of the symmetrical limits of mtegratlon many terms equal zero when we integrate with

respect to xz. In addition, the inertial term }f2 (w2, +w?,,) is assumed to be zero [7].

/ / (u? 4+ v7 + w}) day da;.

The potential energy can be split into two major sources: energy caused by gravity and energy
caused by the bent plate. Due to the method used to construct our coordinate system, the grav-
itational potential energy is assumed to be zero. The energy caused by the bent plate can be
constructed as the energy stored in a bent spring defined as follows:

2.5 Potential Energy

h
a a b 1
/ / /h 5(0’11E11 + 099 9o + 012E12) de dzy dz;.
0 2

Plugging in our terms, we have the following:

Y l1-v Y
U = / / / Efl + —(1 — VZ)EQZQ + TmEé dzs dxy doy

- / / / 1) (2(““ T3tna) +W05)" oy (5 (20 — stans,) +u,)”
1—-v

1 Tm(2 (Ugy + Vg — 203Wa,4,)) dag das day.

Integrating with respect to x3, we have the following:



Yy oo 1, 1, ., 1
U = m/o /0 h((u$1+§wm1) +(Ux2+§wzg) +
h3

+ E(wmwil + Wy, Wyy + wxlwiQ) dxy da;y.

However, we still require the potential energy of the external applied forces. Here, it will be defined
as the negative of the work done by fluid forces acting on the plate. The f,, represent the fluid
forces acting on the place, and K is a damping constant which acts on the first temporal derivative.

A= u(fzvl - Kut) + U(f:m - Kvt) + w(f:vs - Kwt)

2.6 Hamilton’s Method

According to Hamilton’s principle, the progression of all physical systems minimizes the time

integral of the Lagrangian, which is to say the variation of the Lagrangian will always be zero, [6]
ie.

5/t1[(T—U)+A]dt:0.

to

Plugging in the kinetic and potential energies we have the following integral:

t1 a a h
0 :5/ //%(uf—l—vf—l—wf)
to 0 0
Yh 1 1 ,., 1-v

- m((um + 5“&%1)2 + (vap + 5%2)2 +

+ Ll (wa w2, + + %)
o (W Wy, + Wy Way + Wo W
12(1 — 12) ' 2

+ u(fm - Kut) + v(fm - Kvt) + w(fx3 - Kwt) de dl‘l dt.

We then continue by calculus of variations, obtaining the following.



t1 a a ph
0 = / / / T(Utéut + /Ut(S'Ut ‘I— wt5wt)
to 0 0
Yh 1 1 1

—_— 1
2 2 9 9
(1 —12) ((te, gwx1)5(ux1 + §wx1) + (Vo + 5%2)6(%2 + 5wm)

1—v

+ T(uwz + Uy + wmwxz)&(uxz + Uy + wxlwzz))

Y h? (
12(1 - 12)
oufy, — Koupu + dvf,, — Kévw + dw fr, — Kdwpw dag day.

W2, O0Way 2y + Wagzn OWaney + wx1$25w$1$2)

Using integration by parts to handle each term, the variation and the first spacial and temporal
derivatives of the variation are zero at the limits of integration, therefore each boundary term is
cancelled. After collecting all of the terms with contain du, dv, dw, we can separate the integral
into three parts as follows:

t1 pra pra YVh 1 , 11—y
0 = \/t\o /O /0\ 5”( - ph’lLtt + (1 _ V2) ([uxl + éwxl]xl + 2_ [U,x2 + (o —+ wxlwa]IQ)

+ Ku; + fm> dryday dt

t1 ra ra Yh 1 ) 11—
0 = /to /0 /0 ov < — phvy + —(1 — 1/2) ([U:c2 + Ewm]m + —2 [uxQ + Vg, + wmwxz]xl)

+ Kuvi+ fp, | deodaxy dt

e e Yh 1,
o= "] 5w<—phwﬁm([wxxum+§wx1>1m+[wx2<vm
1, 1-

14

+ iwwg)]$2 + T[w:ﬂ (Ugy + Vay + wx1wx2)]$2 + [wm (Ugy + Ve, + wxlwarz)]wl)
Yh?
+ m(whxlmm + Wrozozoms + 2w$1$1$2x2) + Kwt + fJ:B dm? dxl dt.

The functions f,,, fz,, fz; can be chosen arbitrarily to make the integral nonnegative, and this can
only be true if the three integrands are identically zero, so the final model looks as follows:

Jor = w + Cuy — Dl[um + %wgl]m - B[um + Uy + wx1wmz]m2 (1)



Joo = vt + Cvy — Dl[vmz + %w?sg]m - B[um + Vgy + wwlwm]wl (2)

1 1
fz3 = Wy + th - Dl([wm (um + §w:)231)]$1 + [wm (sz + §w9262)]m2) (3)

- B[wm (um + Uy + wzlwm)]m + [wm (U’wz + Uy + wmwm)]wl

+ EWeizi2121 T Waseseses + 2Way 21200

_ K p __M - _Y = _Yn
where C' = oh D1 = 0= B = 2p(11v)° and F = 12(1-12)p"

3 Stability Result for the Mathematical Model

The above system of coupled partial differential equations (1), (2), and (3) provide the governing
equations of motion for a plate being deformed by some external force with components f,,, f..,
and f,,. We will show for any transversal force f5 the energy of the system changes proportionally
to the force. In other words, our choice of initial conditions won’t cause the system to experience
flutter or other disastrous instabilities. To properly analyze the effect of the initial conditions on
the stability of the system, we must simplify the system to an ordinary differential equation. The
ultimate goal is to combine and re-separate the system based on elements containing temporal
derivatives and all other elements. We will proceed using several lemmas, for details refer to the
Appendix section.

3.1 Creating the Ordinary Differential Equation
For the purposes of unit conversion we introduce a constant a € (0, 1) into the system.

Multiply (1) by u; and aCu respectively. By adding the resulting equations together and us-
ing the fact that,

Uty = _[Ut]2
2 t
a
aC?uu = 502 [uQL



we are left with,

1
5 [w]? + Cu? + aCuyu +

a
502 [UQL

1
u + aDC [uxl + §(wx1)2} U

1

1
Dy [le + §(wz1)2}

+E [UIQ + Ugy + wxleEQ]xQ Uy
FaEC [Ugy + V) + Woy Way],, U+ fo, (U + aCu) (4)

1

Apply the same method to (2) with v; and aC'v respectively. Add the resulting equations together

and we get the following,

1
3 (]} + Cv? + aCuyv +

1 1
D, {vm + §(wz2)2} v, +aD;C {vm + é(w@)Q] v
9 2

+FE [ug, + vy + wgclwm]:El vy
+aEC [uiL"Q + Uy + w$1w$2]x1 v+ f:L"2 (vt + CLCU) (5>

Multiply (3) by w; and jaKw, respectively. By adding the resulting equations together and using

the fact that,

1
WyWy = 5 [wt]t
aC? a4 nr o
thw = ZC [w ]t



we are left with,

1 aC a
5 [wt]? + th2 -+ 7wttw + 102 [wﬂt

1 1
— Dl [wxl (um + §(wz1)2>:| wy + Dl |:wm2 (sz + §(w$2)2>:| Wy
x1 €2

D L D !
+a 210 |:'LUx1 (uxl + é(wx1)2>:| w + a4 210 |:7.ng <USL‘2 + §(w$2)2):| w

+E [(um + Ugy + wwlwﬂcz)wﬂcl]zg wy+ E [(uxz + Vg + wzlwm)wwz]z

lwt

aEC aEC
2 [(um + Ugy + w$1w$2)wxl}mg w+ T [(um + Vg, t+ wwlwxz)wrz]xl w

-D [w$1$1171$1 + 2w$1$1w2$2 + wwzmmm] Wy

B aDC
2

aCw
[wmmmm + 2wx1z1x2x2 + U)xggz;ngzQ] w —+ fxs (wt —+ 5 ) (6)

Ultimately we will be integrating in each one of the equations and it is therefore in our best interest
to rewrite many of the terms as derivatives allowing us to integrate by parts. We proceed in the
following manner. Rewrite the left hand side of (4) as,

1 a
3 [we]? + Cu? + aCuyu  + 502 [UZL
a a
= 3 [(us + Cu)?], + 5 [u], + (1 — a)Cu} (7)
rewrite the left hand side of (5) as,
Lo+ Co? + aCuw + 207 v
2 (% t 'Ut al vy 2 v .
a a
= 3 [(ve+ Cw)?], + 5 [v7], + (1 — a)Cv} (8)
and finally rewrite the left hand side of (6) as,
L+ ouw? + S + 202 [u?)
5 Wt |, wy 5 WW 1 w .
a a
= % fun + )], + <_ - Z) i), + (1 2) oug 9)

10



Substituting the results from (7), (8) and (9) in (4), (5) and (6) respectively yields:

a
2

N

1—a
[(ue + C’u)QL + 5 [uf]t + (1 — a)Cu?
1 1
— D [le + §(wxl)2} uy — aDC [uwl + é(wxl)g] U
Tl 1
— Elug, + v, + wmwm]m2 Uy
— aBC [ugy + gy + Wy Wy, u = fo, (us + aCu) (10)
1—a

[(0e+Cw)?], + [07], + (1 = a)Cv}

2
1 2 1 2
— Dy vy, + §(wm) vy —aDC |v,, + §(w$2) v
T2

z2
- b [um + Uy + wwlwm]xl Ut
— aEC [Ug, + Vg + Wy Wy, |, v = fo,(v; + aCv) (11)

% [(wy + Cw)?], + (% — Z) [w?], + (1 — g) Cw?

ach 1 2 CLch 1 2
9 |:wx1 (u:m + é(wm) )]zl w 9 |:w932 (U962 + §(ww2) >:| . w

E [(um + Uy + wwlwm)wwl]xQ Wy — E [(U’xz + Uy + wwlwm)wm]x Wt

1

aBEC aEC

9 [(um + Uy + wwlwm)wm]m w = 9

[(Ugy + Vay + wmwm)wm]xl w

D [wml‘ll‘wl + 2w2?11311‘2$2 + w$2x21‘2l‘2] Wy

aDC
2

aCw
[wxlmlmm + 2Way 2y w9z, + wxzwzmmz] W= fu, (wt + 9 ) (12>

As mentioned before we are interested in integrating these equations over our domain to get a
measure of energy. To do this we make use of the steps taken in the previous few lines and inte-

11



grate many of the terms by parts and then sum each integrated equation yielding,

a l1—a 1—a 1 «a
dt{// l (us + Cu)? 2(vt+0v)2+1(wt+0w)2+ 5 u + 5 U§+(§_Z>wt2
1 2 1)1 1 2 E 2
_5_ (1%q'+’2(1011)2> _% _5_ <lh2'+'§(lu$2)2) _% EZ (uzg'+'vml %‘QUzluha)

+2w? .+ wmm)] dx, dazg}

( z1$1 122

// (1—a)Cu? + (1 — a)Cv? + (1— )th

1 1 ?
+aC'D, (uxl + —(wx1)2> + aCD; + (v@ + §(wx2)2)

2
aDC
+aEC (tgy + Vg, + Waywa,)” + — (w

Lol aCw
— / / {le(ut + aCu) + fo,(vy + aCv) + fo, (wt + T)] dxy dzo
o Jo

2
121

+ 2wt 4 w? )] dzy dze

r1T2 T2T2

[\g

And we make the following definitions
1-— 1-— 1
(vt+0v)2+%(wt+0w)2+ S Sy (— - 9) w?

M, = // l (uy + Cu)? 5 5 5 1

l)l 1 2 ljl 1 2 E 2
7 (Uarl + §(w11)2> + 7 <UI2 + §(w$2)2) + E (um + Uy + wzlwm)

+ 2wk 4w dri dxo

m2332)

2 ( z1$1

L L a
M, = / / [(1 —a)Cul + (1 —a)Cvf + <1 - 5) Cw?
o Jo

1 ? 1 ?
+aC D, (ugc1 + §(wx1)2> +aCDy + (vxz + §(wx2)2)

aDC
2 ( wlxl

T1T2

+aEC (uy, + vy + wmlw,,;g)2 +

$1x2 r2T2

+ 2wt 4 w? )} dzy dzs

Lol aCw
— / / {fml(ut + aCu) + fo,(vy + aCv) + fo, (wt + T)} dxy dzo
o Jo

We then have the following differential equation.

dMy
dt

+ My =F

Before we continue let us firstly note that the equations for M; and Ms have fairly similar terms.

12



Both equations share terms share the same form of kinetic energy and take into account the way
the system’s energy is dependent upon the velocities of each direction and how the velocities are
related to the direction. In addition note that the derivation up until the point has done under the
assumption that f,,, f., # 0. For the purposes of convenience we will now adopt this hypothesis.

From here we will proceed by putting a bound on a defined energy measure which has a form
very similar to M;. We will choose our energy measure in such a way that allows us to apply a

bound to it, but also ensure that the contributions of the energy are not neglected.

As mentioned before for the purpose of convenience we will let,

[ o2

dM,
dt

and analyze the equation,

+ My =F

3.2 Young’s Inequality

We want to apply Young’s Inequality to f,,w and f,,w;
We have by Young’s Inequality that for e; > 0,

facg < 1 fxa €1 2 a%
fasw (\/5 wv2 < 261 \/5 —i— 5 wv2 461 + eqw?
and because %€ > 0 it follows that,

aC aC x3
Sl 5 Ge T aw’

Equivalently with f,,w; we have that for any e; > 0,

frswi = <f—\;i) ( t\/_> < 212 (f—\;%)Q + %2 ('zu,g\@)2 = 4—”5; + ew?

and thus it follows that,

aC aCw aC (I 12
Tfﬂcsw—i_fxswt:fxs (wt+ 9 >§ 9 (4€i+ aqw >+4_€Z+62wt2

leaving us with the following inequality for our original equation,

2
Ml t+M2 // fx3 Wy + aCw d.%‘l d$2 // CLC b + 1U) + =8 + egwf dl’l d,ﬁL’Q
2 461 462

13



3.3 Poincaré Inequality

With the introduction of €; and e, we are free to equate them to any two positive real numbers
we desire. We will choose them in a fashion that allows us to relate M; and Ms.

Choose €; and ey accordingly from the Poincaré Inequality:

By rearranging the previous inequality we see that,
aC a0 fsy  Je
M+ 0y = T — i < / / ] e

From which we may replace the equation of M, yielding,
[Mi]: + //(1—@ Cu? + (1 —a)Cv} + [(1——)0—62} w?

1 2 1 2
+aC D, (ugg1 + §(wxl)2> + aCD, <vx2 + é(wm)Q)
+aEC (tugy + vy, + wzlwx2)2
+aC’
2

2

[D(w? ,, +2w2 ,, +wl,.) — aw’] ) dxy dxs

lel

//fg?g (8_61 + 4—62) dxy dxy (13)

Note by the special case of the Poincaré Inequality where w vanishes on the boundary, it fol-
lows that there exists K7 so that,

L L

L L L L L L
//w2dac1 dxs §K12//w§1+w§2 dxq dxgsz//wil dxq d$2+K12//w§2 dri dxoy
0 0 0 0 0 0 0

0

And by application of the inequality to both individual integrals on the right hand side, we
guarantee the existence of a Ky and K3 so that,

L L L L L L
//w2 dxy dvy < K3 // (w2, +w?,,)dr des + K3 // (w2,,, +w? ) dey dxs
0 0 0 0 0 0

If we let K =max{K7, K>} then we receive the following inequality,

L L
//w dxy dry < K2// W24 ac1a:2 + wi2z2) dzy ds
0
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It follows that because agﬁ > 0 that,

O L L O L L

a € aC e

le// Wy, 517112 + xzm) dxy dzy < — 9 ! //’LU2 dxy dxsy
0 0 0 0

where we may apply this to (13) to yield,
L

[Mi]: + // ((1 —a)Cul + (1 —a)Cvi + [(1 — g)C’ — 62i| w?

2

1 2 1
+aC D, (uxl + §(ww1)2> + aC'D;, <vm2 + i(wm)Q)
+aEC (tuyy + vy, + wmlwm)2

+§ (D —eaK?) (w2, +2wl, +w?,) ) dx, dzy

2
//f$3 (861 462) dxl dl'2

And by letting ¢; = 2 to imitate the form of M; we see,

Mlt-l—//(l—aCut (1—a)Cv? + [(1——)0—62}103

2

1 ? 1
+aCD; <um1 + 5(10:):1)2) +aCD; <vx2 + E(wm)Q)

+aEC(uy, + vy + wmwm)2

CD
. 4 ( Wayay T 2wz1mz w§2x2) ) dxy dxoy

[ C’K2 1
S//f (a )diﬂldlﬁ
462
0 0

To shape M, into the form of M; the choice of €5 is much simpler. Let e = ( Q)C then,

[Ml]t—l—C’//((1—a)u?—i—(1—a)vt2—|—%(1—%)’ujt2

1 2 1 2
+aD1 (u:cl + i(wxl)Q) + CLDI (Uacg + 5(11}3;2)2)
+aFE(ty, + vy + w:,;lu%)2

aD

2
4 ( Wayey T 2w$1$2 + wmzxz)> o de
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L L
So//f?’ (% * ca=g) =

We now define the integral on the left hand side to be My*, and if one compares M; with M it
is clear that,
My < 2M,

3.4 Bounding the Equation

From here we will apply the inequality we have just found to solve for a bound M in terms of
the Ly norm of f,, as a function of time:

Recall that currently have the following inequality,

2
[Ml]t + CM2* //fai (CLCK (21_ a)) dflﬁ'l dCBQ

Which we may integrate in time from zero to some time ¢ to yield,

! CK? 1 !
M0 - 34600+ € [ 3501 ar < (T + a=ar ) [ Ml ar

where || - ||, is the L-2 norm. We may apply the fact that M < 2M; and see,

t t
1 aCK? 1
_ * _ * < 2
S M (1) M1(0)+C/M2(7') dr < ( D +O(2_a)) /||f23||L2 dr
0 0

and simply rearranging a few terms produces this first order linear differential inequality.

t t
. . aCK? 2
MQ(t)+2C'/M2(T) dT§2M1(O)+( +O(2_a)) /||fz3||§2 dr
0 0

2D

Note we may solve this by means of multiplying by the integrating factor. This method produces,

t
CK? 2
“( < 20t | 20t (@ 2
4 /M ar| <200+ 2 (U5 1 B [Urali, ar
0

and integrating in time from 0 to some time 7' gives us,

T

t T t
M;(0) T aCK?> 2
Ct * < 1 2Ct 2Ct 2
/MQ(T) dr| < [—C’ e ]O—i-/ e ( 5D +C’(2—a) /||fx3||L2 dr | dt
0 0 0

0
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t

T
r M, (0) aC K? 2
20T x <M 20T 20t 2
e /0 M3 () dr < c e 1] + [ 5D +C(2—a)}/€ /Hfa:3|‘L2 dr | dt
0 0

where we may solve for fOT M (1) dr to yield,

M, (0) /

T
CK? 2
% < 20T —2cT | @ 20t 2
[y dr < 20 (1o g aer [ 2 e [g i ar |
0 0 0

and this gives us our theorem.

3.5 Theorem

We have shown that for any transversal force, f,,, the defined energy measure of our system satifies
the following inequality for any given time 7',

M, (0) /

T
CK* 2
x < _ —20T —207 | @ 2Ct 2
[t < O [ oryy o [2905 2 oo [iigr) a
0 0 0

where M () is defined as,

L L
1 1 2 1
M;(t) = // ((1—a)uf+(1—a)vf+§ (1 — g) w?—i—aDl (uwl + 5(“’@)2) +aD, (UIQ + §(w$2>2)
0 0

2

aD
+aE(uI2 + U$1 + wxlwﬂm)QT (wimn + 2“’3231@ + w92:2932) dl‘l d.l’g

This guarantees the stability of our system and accounts for many of the contributions of our
system including most importantly the kinetic energies of all the separate components. With some
conditioning on the force being applied we may immediately deduce two corollaries.

3.6 Corollary 1

If || fus||z, is bounded in time by a constant, F', then for all time 7" we have that,

T

2 2 2 2
/M;(T) dr < (Ml(()) B F [aCK . 1 }) n F [(ICK n 1 T
0

C 4Cc?| 4D T C(2—a) 2C | 4D ' C(2—a)

By hypothesis we have that for all time || f.,||z, is bounded is bounded by F and thus,

t

t
/Ilfz3||i2 dr§/F2 dr = tF?
0

0

17



And multiplying the above inequality by e*“* we see that for any time ¢,

t
[ 11l dr < 72
0

Applying the same method as in the first step of the corollary we see that for all T,

T t T
F2
/eQCt /Ilfx3\|%2 dr | dt < /tFQewt dt = = (e2°T(2CT — 1) +1)
0 0 0
We may now apply the theorem and receive that,
r My (0) CK? > 1 P
M dr < 1 1 — —2CT —2cT | @ 2CT 20T — 1 1
/ 2(7) dr < -] te 2D C@2-a) s (0 @CT =1 +)
0
And by rearranging a few term we find that,
r M(0)  F? [aCK? 2 F? [aCK?
My(r)dr < [ =L — ¢ 1—e20T) 4 |2 T
/ 2(7) T—( C 402{21) +C(2—a)D( e toeow
0

In addition we have (1 — e=2¢T) <1 for all T > 0 and therefore,

T
. M;(0) F? [aCK? 1 F? [aCK? 1
< _ i
/MQ(T)dT—( C Tic?| 4D Cce-al) 20 |TaD TC@-a
0

3.7 Corollary 2

If f ||fz3||%2 dt = F then,
0

O/TM;(T) dr < (Mg(o) + % [“%(2 + 0(21— a)D

By applying the equality hypothesis to the theorem we have that,

T T
M K? 1

/M;(T) dr < 1C('0) [1 — 6_2CT} 4 20T [aC’ + } /Fewt dt

0 0

4D C(2—a)
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And by integrating we find that,

My(0)

aC K?

T
/MQ*(T) dr < c [1 — e_QCT} + e 20T {
0

By rearranging the terms we find,

4D

C 2C | 4D

/T M;(r) dr < (Ml“)) B {“CK? ;

Therefore it follows that,

T

[ 30 ar < (Mlcfo) o [

0

19
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4 Appendix

This section is dedicated to many of the steps that were omitted in the previous sections for the
purpose of clarity. The proofs follow in order of appearance throughout the derivation. Due to the
symmetry of equations (1) and (2) we will omit the steps taken on (2) due to the similarity and
symmetry that equations (1) and (2) share. In addition for the first two lemmas we have isolated
the left hand sides to the terms including the force and the coefficient only for the purposes of

avoiding Step 5 as it is no more than simple substitution and rearrangement.

4.1 Lemma 1l

Multiply (1) by u; and aCu respectively. This yields the following two equations.

1
aCuf,, = aCuuy + aC?uu, — aC Dyuug, + 5(1113“)2]:,;1 — aCEuftug, + vz + Wey Way )y
1
Ufo, = Uy + CU? - Dlut[um + 5( x1)2]:r:1 - Eut[uxz + Vgy + wmwm]m

From here we may add the equations together and simplify.

aCufy, + upfo,

fo (aCu+uy) =

aCunty + uyy + aC?uuy + Cu?

1 1
—CLCD1U[U;;;1 + §<wz1)2]x1 - Dlut[uﬂvl + §(w$1)2]3«”1

—CLCEU[’U,M + Uy + wwlwwz]wz - Eut[uwz + Uy + wﬂclwxz]wz

1
aCuuy + é[uf]t + 302[u2]t + Cu?

1 1
_GCDlu[um + §(wx1)2]$1 - Dlut[um + §(wx1)2]$1
_aCEu[um + Vgy + wﬂclwm]wz - Eut[um + VUgy + wfflwa]fEZ
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4.2 Lemma 2
Multiply (3) by w; and %aK w, respectively. This yields the following two equations.

1 1 1
§aC’wfx3 = §aC’wwtt + §aC’wat + §OLC’Dw[wmlxlac1 + 2Way 2y 20y + Wagzpzoms)
1 1, 1 1,
—§CLCD1w[w$1 <u331 + §(w$1) )]301 - §G’OD1w[ww2 (Um + §<w$2) )]332

1 1
_5&0Ew[ww1 (uﬂm + Uy + wmlwxg)]zg - EGCEw[wﬂw (um2 + Vy + wmwxz)]m
wtfxg = WiWy + th2 + Dwt [w:c1:c1x1x1 + 2wx1x1x2x2 + wxgxzxzxg]
1 1
—D1wi[wa, (g, + _(wx1)2)]x1 — Dywi[wa, (ve, + _<wm2)2)]x2

2 2
—Ew, [wm (Ugy + V) + Wy, wxz)]xz — By [wxz (Ugy + Vay + Wy, wxz)]m

From here we may add the equations together and simplify.

1 1 1
ianf223 + W fo, = §aC’wwtt + wywy + éaCwat + C’w?

1
—|—§CL0DUJ[UJ$1$1$1$1 + 2wz1x1:c2:v2 + wxzmmm]

+Dwt [w:clacm:la:l + 2w$1$1$2$2 + w$2$2w2$2]
1 1 1 1

—§CLOD1U)[U}$1 (um + §(w$1)2)]11 - éaODlw[wm (U$2 + §(w$2)2)]$2
1 1
_Dlwt[wm (um + E(wxl)Q)]xl - Dlwt [wm (UIQ + §(wx2)2)]$2
1 1

—§CLCE’LU[QU$1 (um + Uy + wwlwm)]m - §aCEw[wI2 (uwz + Uy + wwlwm)]wl

—Bwi[we, (Ugy + V) + Wey Wey )|y — BWi[Wey (Ugy + Vay + Wey Wy )],

1 1 1 1
fes <§aC’w + wt) = §anwtt + §[wf]t + ZGC2[W2]t + Cwy

1
+§aCDw[wI1w1xll"1 + walwlxzm + w$2x212w2]

+Dwt [wzlwlwlwl + 27“U961961:L“2902 + wxzrzzm]

1 1 1 1
—§GCD1U)[’LU$1 (uwl + i(wxl)Z)]xl - EGCDlw[wm (vwz + §(w$2)2)]m2
1 1

_Dlwt[wm (g, + 5(“’:81)2)]561 - Dlwt[wxz (Vep + §(wm2)2)]x2

1 1
—QaCEw[wzl (umz + Ugy + wzleQ)]IZ - QGCEU)[ZUM (um + Ugy + wzlwwz)]rl

_Ewt[wﬂh (um + Vg4 + wﬂ?lwrz)]rz - Ewt[wrz (u272 + Vg4 + wxlwxz)]ﬂh
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4.3 Lemma 3
Rewrite the left hand side of (4).

1
aCuuy + 3 [uﬂt + gCQ [uz}t +Cu? = aCuuy + gy + aC*uuy + Cu?

= (uy + Cuy)(aCu + uy)

= (uy + Cuy)(auy + aCu + up — auy)
= a(ut + CU) (utt + C'ut) + (]. - a)ut(utt + C’ut)
= a(us + Cu)(uy + Cuy) + (1 — a) (uguge + Cu)
= a(u + Cu)(uy + Cuy) + (1 — a)uguy +
(1—a)Cu?
= a(u + Cu) [uy + Cul, + (1 — a)us[ug]e +
(1 —a)Cu?
a 1—a
= 3 [(ut—i-C’u)zL—i— 5 [u?h—i—(l—a)@uf
4.4 Lemma 4
Rewrite the left hand side of (6).
1 1o, | 2 _ 1 1 2
2a(]wwtt + 2[wt]t + 4aC’ (w?y + Cw; = Qanwtt + Wwy + 2aC ww; + Cw,

1
= (wtt + C’wt)(§aC'w + U)t)

1
Wy + th)(§awt + ECLC’U) + Wy — §awt)

a
(’LUt + CU)) (wtt + th) + (1 — 5) wt(wtt + th)

—~

NN

(wy + Cw)(wy + Cwy) + (1 - %) Wy Wiy
+ (1 - g) Cw?
a

= St w45 (1 D il (1- ) cu?

The integration will be done and applied to each equation separately, then summed together.
Consider firstly (10).

4.5 Lemma 5

L L 1
/ / —aC D1 [uy, + =(we, )]s, udry doy
o Jo B 2

L
/ (/ aC Dy lug, + 1(wgﬁl)2]:,31ualar:1> dz
0 0 2

22



L 1 L L 1
— _/ [aCDl [um + —(wxl)z] u] —/ aCD; [um + —(wxl)ﬂ Ug, dxy | dxo
0 2 0 0 2
L L 1
/ (—/ aCD, {uwl + §(wx1)2} uxldxl) dzxs
/ / aCD, [uxl (wx1)2} Uy, dzy dTo

4.6 Lemma 6

/ / —D1[ug, + (wx1)2]xlut dxy dxy
/ / D [uy, + wxl)z]rlut dxy dxy

L

__ /0 ([Dl [u + ;@%)2] utL - /0 ‘D, {u + %(wmf] [ut]m) dy vy
/ L (— [ » {u 50| ful, dn ) do
/ / D, [u ) } fwl,, der dis

4.7 Lemma 7
L L
/ / —aCEtgy + Vg + Way Way|zpu day dag
o Jo
L
= —/ / aCEug, 4+ Uy + Wy, Wey|pyu dae dxy
L
— —/ ([aC’E [Uy + Vgy + Way W | u]g — / aCE [y, + Vyy + Wy W] um) dxy dzy
0, . 0
— —/ (—/ aCE [z, + Vg + Wy Wy, ] umdxg) dxy
0o 70
= / / aCE [Uug, + Vg) + Wy, Wy, | Uy, A dzy
o Jo

L L
= / / aCE [Uug, + Vg) + Wy Wy | Uy, dy dg
0

4.8 Lemma 8

/ / — By, + Uy + Wy, Way | g,y dy dxg

0
L L
= —/ (/ E[sz + Uz + wxlwa]xzutde‘2> dml
0 0

L L
— _/ ([E [Ugy + Vgy + Wy Wy | ut]OL — / E Uy, + Vg + Wy, Wy, | [ut]m) dxs dxy
0 0
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L L
= _/ (—/ E gy + Vgy + Way Way ] [ue],,, dx2> dxq
0 0
L L

— / / E Uy, + Vgy + Wy, Wy, ] [Ug],, drydr
L0

- / / E gy + Uy + Wy Wy | [g],, dry dovy
o Jo

4.9 Lemma 9
By taking the integral of (2) we get,

/ / Fur(aCu+ ) day day —
(ur + Cu)?], + =% [u2], + (1 — a)Cu?
[ G ;

1
—CLCD1 [uxl 2 (w$1)2]x1u - Dl [uml + §(w$1>2]$1ut

—aCEUgy, + Vg + Wy Way|zytt — Eltig, + vy + wxlwm]mut> dxy dzs

and by the previous lemmas this is equal to,

/ / For (aCu + wy) day day =
//< [0+ Cu)f] + 1;a[uﬂt+<1—a>oug

1 1
+GCD1 |:Ug;1 + é(wx1)2:| Ugy + Dl |:ux1 + §(w1’1)2:| [ut]xl

ACE [Ugy + Vay + Way Wy | Uy + B [Ugy + Vay + Way Wy ] [ue],, ) dxy dxy

4.10 Lemma 10

Noticing that the equations (10) and (11) are the same with the exception of w and v this leads
us to the conclusion that,

L L
//fgg2 aCv + vy) dzy dzy =
o Jo

//(§ o+ O, + 2 [u2], + (- )

1
OJCDl |?U£E2 wxz) :| Ugy + D, |:U962 + 5(11)352)2} [Ut]:pg

FaCE [Ugy + Vgy + Way Way| Vg + E Uy + Uy + Way Wy | 4], ) dxy dzy
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4.11 Lemma 11

This integration will be done and applied to equation (12).

L L
1
/ / EGCD[wmlccll‘lxj + 2wa:1a:1x2x2 + wxgxzmg:cz]w d'rl d$2
0 0

1 L L L /L
_—aC’D/ / [T—— Lwdx dx2+2D/ / [wxlzlm]mwd@dml
o Jo
+D/ / (Waoszs ) wda:Qd:Bl
= —CLCD/ < wxwwl]w]oL_/O [wrlmlwl] [w]xl dxl) dxo
L
+aCD / (Il = [ ]l o)
0
L
ey (lrsnsedlf = [ Bovs 0, doa )
L
:——aC’D// (War21], wx d$1dx2—aCD// (Way 5], wx dxy dxs
——aC’D// (Waos ], wz dxo dxy
L
= 300D [ (Wl llt [ ] b ) o
0o | ) 0o
a0 [ (a0l = [ ] e ) do

1 L L
59D [ (1wl = [ ] [0l )
0 0
L L

1 L L
= §aC’D/ / (W] [Way 2y | dy dzco + aCD/ / [Wa 2] [Wayan| dy do
0o Jo o Jo

1
+—aCD/ / [Wanzo] [Winwy| dy dao

~aCD / [ (3l + ] + 5 2] ) i

2
= \/0 A ECLCD wx1w1 + wam + I2x2:| dxl dm2
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4.12 Lemma 12

/ / D w:plxlmlxl + 2ww11’1.’£222 + wxzwzwgwg Wy d'rl d'rQ

= D/ / (——— LWy dxq dx2+2D/ / - , Wt dx d:z:ﬁ—D/ / [(—— , Wt dxy dxy
= D/ ( wxlmlwl wt]oL _/O [wzlwlm][ ]xl dxl) dxs
L
12D / (lsn wlf = [ Bl o, doa ) doy
0 L
+D/ ( wﬂﬁzxzxz]wt]é _/ [wﬂﬁzmm] [wt]xg dﬂfz) dxl
0
= —D/ / (W 2,] - [wy],, dxl dxs
_2D/ / [Wa, 2, ] o [wy], d;z:l dxs
—D/ / (Wayas]y, (Wi, drodr

= _D/ (wz1m1 wtm]o - [wx1x1] [wtmm] dml) dxy
0

L
_QD/ <w501502 wtmz]L - / [wmm] [wt:vwz] dxl) dx?
0

—D/ / (Way 2] [War 2, ), A1 do

+2D/ / (Way 0] [ Wz, A1 dacs

/ [wmm] [wm@] dxl dx?

1
-D / / ( 2o [l + 5 (0], ) dos o,
/ / J:1ﬂc1 w3’1$2 + wizxz}t dxy dis
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4.13 Lemma 13
/ / ——aC’Dl [We, (Ugy + (wxl) )]y w dxy dg

/0 (/0 éaCDl[ow(uaﬁl + %(wzl)Q)]hdel) dis

- /0 ' (Bacm [wml(um - %(wm)Q)} w]j — /0 ’ %a(]Dl [wxl(um - %(wml)%] [w],, dx1> dx,

/L (_ /L %(J,CDl {wm(um + ;(wm)Z)} [w],, d:c1> dzo

4.14 Lemma 14
/ / ——aC’Dl [Way (Vay + (w$2)2)]z2w dxy dxg

1 1
/ (/ —aC D [wyy (Vg + —(wx2)2)]x2wdx2) dzq
1 L

_ /OL ({éach {wm(vm + %(wxzf)] wLL —~ /0 500Dy {wm (Vay + %(%)2)} [w],, dx2> da,
[ L bt o)
/ / 50C D {“’xa Vg, +- (wmz) )} [w],, dwy dy

4.15 Lemma 15
L L 1
/ / Dl (ty + 2 (w3} oywr day
0 0 2
L L 1
-—[(] Dl[wmm+—<wx1>2>1mwtdasl) des
0 0 2



4.16 Lemma 16

/ / — D1 [we, (v, + 2(w12)2)]x2wt dxy dxg
/ ( Dl [tz (v, + 1<wm>2>1m7~wd‘”’[”2) n
0 0 2

/( v+ (0 WtLL— [0 [+ 5] [wt]mdx2> dr,
(-

OL / D {wff? Uy + ;(w12)2)] [wi],,, dxg) dx,

{ v 50| .,
e

o (Vg + wgc2 )2)} [wy],, drydy

4.17 Lemma 17
L oLy
/ / —QCLC'E[wI1 (Ugy + Vay + Wy Wiy )]y dy dao
o Jo

L Ly
— _/ (/ §aCE[wx1(ua:2 + Uz, + wmlwxz)]mwd@) dxy
0 0

1 bt
|:§(ICE [Way (U + Vay + Wa Wy )] w] — / §aC’E [Way (Usy + Vay + WeyWay)] W], dx2> dxq
0 0

L L 1
[T 30 s+ v+ i, )
0
L

aCE [wy, (Ugy + Vgy + Waywy,)] (W], dxg day

T2

2
L L 1
N / / §GCE [Way (Uy + gy + W Wy, )] [w]m dz; dz;
0 0

4.18 Lemma 18
L L 1
/ / —éaCE[wm(u:,;2 + Vg + Wyy Wy )]y w dxy dg
o Jo

L L
1
= —/ (/ éacE[wzz (uzg + (o + wzlwm)]mlwdxl) dq,‘2
0 0
L

Lirn L
— _/ {§aC’E [Way (Ugy + Vgy + Wy W,y )] w] — / §aC’E (W (Ugy + Vey + Way Wy, )] [w], dxy | dy
0 0

0

L L 1
- —/ (_/ iaOE [wxg (uxg + le + w$1wx2)] [w]xl dxl) de
0 0
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L L
1
= / / §GCE [Way (Usy + Vg + Wy way)] (W], dvy dovy
o Jo

4.19 Lemma 19
/ / Elwg, (g, + V) + We, Wy )] wywy dy das

Elwg, (ug, + vy + wxlwm)]mwtdxg) dx;

0

B [way (Ugy + Vay + Wy Way )] W], dl’z) dzx;

L L
( wm um + Vg + w$1w$2)] wt]g - / E [wm (uﬂcz + Ugy + wmwxz)] [wt]x2 dﬂi‘g) dxy
0
[ L
L

/ / E Wy, (Ugy + Vay + Way Wy, )] Wy, drydry
o Jo

L L
- / B [way (U, + Vay + Way Way )] W], day dy
o Jo

4.20 Lemma 20

/ / Elwg, (g, + V) + We, Wy )], wy dy dag

/ (/ Elwg, (g, + vy + wxlwm)]xlwtdxl) dxs
OL 0 L
= _/ ([E [wdfz (U'SCQ + Uy + wﬂclwﬂw)] wt]g - / E [wxz (uﬂcz + Uy + wmlwl’z)] [wt]xl dl‘1> dl’g
0 0

L L
— —/ (—/ E [wa, (tgy, + Vg + Wy Wy, )] [wt]xl dl‘1) dxy
0 0
L L

= / / E Wy (Ugy + Vay + Way Wy, )] [we], doy davy
o Jo
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4.21 Lemma 21
By taking the integral of (3) we get,

/L /L Js (lan +wt) dzy dxy =
[ ot o

+2GCD[7~UJ:1:C1Q:1901 + 2We 101292y T Wapaszaws) W + DWayz12100 + 2Wey 0y 202y + Waprssws) W

1

—EaCDl [Wg, (g, +

()i — 50D g (v, + 5 ()

2 2

£ ()t = Dyl (0, + 3 (1))

_§GCE{U}$1 (um —|—le +w$1w12)]x2w - QOJCE[wa (um +UCE1 +w$1wx2>]$1w

_Dl [wl‘l (uftl +

_E[wxl (Ugy +Vg) +Way W, )]xQ Wy _E[wwg (Ugy +Vg, +Wey Wy, )]561 wt) dxy dzy

and by the previous lemmas this is equal to,

/OL/OLfmg (lanert) dry dry =
[ ] (o, 3 0-5) et (-t

+ CLC.D [ 1515171 + 211}1171932 + w$2x2j| + g [ 1515131 + 2U}

1 1
#59CD1 [, + 500 4 D1 10+ (0] i 0]

12

+ w? L

222

+UJCE(U902 Uz T Way wxz) [w»ﬁ wxz] +E(uﬂc2 Uz T Wey W, ) [wm wwz]t ) dxy dwy
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4.22 Lemma 22

Applying lemmas (9),(10), and (21) and adding the equations together factoring out the time
derivative we see that,

/ / fu, (aCu + uy) + fo(aC'v + ) + Sy ( aCw + wt) dry dzs =

1—a , 1 a

// (dt[ (ug + Cu)?® + +2(Ut+CU) 5 vt—i—z(wt—i—Cw) +§<1—§)w
1

(1 - a)Cu + (1 = a)C; + (1——)th+ ~aCD [w?

2 2
1E1:B1 + 2wﬂﬂlﬂﬁz + wl‘zwz]

D
+5 [w?nm + 2w92ﬂ1r2 + wxzwz]

1
CD . —
+a 1u1+2( 5

1 1 1
+D, |:u:v1 + é(wx1)2:| [ut]x1+D1 |:U$2 + §(w962)2:| [Ut]x2+D1 |:wx1 (ux1 + 5

t

wm)2 Ug, +aC Dy vy, +

(wxl)z) [wa, + wxz]t

1 1 1
5 00?] v 5aCD (04 0] i 0]

+aCE [Uyy + Uy + Way Way | Uy FACE [ty + Vs + Wa, Way | Uy FAC E Uy +03, F Wy Wiy ) [Wer) W |

+E [U’mz + Uy + wmwm] [ut]x2+E [u932 + Uy + wfﬂlwxz] [Ut]zl+E(uz2+U$1 +w$1wﬂ?2> [wﬂclwm]t)

After factoring and applying the reverse chain rule we are ultimately left with,

a g, 1—a , 1—a, L ay\
dt{// {Q(uH—Cu (vﬁ—Cv) 4(wt+Cw)—|— 5 Ut vt—l—(2 4>wt

D, D 1 2 F

7 Ugy =+ Z(w:m)2> + 71 <Ux2 + §(wx2)2) + E (Um + Uz, + wxlwx2)2
D 2

E ( l’ll‘l + wall‘g + w:chg) dl‘l d'IZ

+/0 /0 [(1 —a)Cul + (1 —a)Cv? + (1 — g) Cwy

1 ? 1 2
+aC Dy (uxl + §(wml)2> +aCD; + <vm + §(wx2)2)

aDC
2

+aEC (Uy, + vy + wxlzum)2 +

r1T1 T1T2 T2T2

(w2 +2w? 4 w? )1 dzy dxs

L L
- / / {fm(ut + aCu) + fo,(vy + aCv) + fo, (wt + acz*w)} dx, dxsy
0o Jo
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