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Part 1: The Model

First, we present the development of the mathematical model for
the dynamic behavior of a nonlinear plate undergoing deformation
both in transverse and axial directions using a Hamiltonian
approach.
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Kinematics

We use the Kirchhoff hypothesis for the deformation (ui ) of the
plate.

Assumptions

straight lines normal to the
mid-surface remain straight
after deformation

straight lines normal to the
mid-surface remain normal to
the mid-surface after
deformation

the thickness of the plate does
not change during a
deformation

Equations

u1 = u − x3wx1

u2 = v − x3wx2

u3 = w

Terms

u = axial displacement in the
x1 direction
v = axial displacement in the
x2 direction
w = transverse displacement
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Visualization

This is an example from a beam model, which we will ultimately
compare our model against:

1 Introduction

Micro Air Vehicles have become popular in recent years primarily because recent advances photographic
technology has made it possible create cameras that are small and light enough to be mounted on these tiny
aerial platforms. As a result many institutions are currently working on research to understand exactly how
these minute vehicles function and cope with external conditions such a wind, smoke, rain and even extreme
heat.

Figure 1: Various MAV Designs both Rigid and Non-Rigid/Flexible Wing Types [7,4,6]

Many of these groups have looked to Mother Nature for inspiration simply because it seems that nature
has done a pretty good job so far at creating very light, maneuverable and especially durable air craft such
as birds, bats and small insects. These insights however have required researchers to change the way they
previously envisioned fight by turning their attention from a fixed rigid wing design to a more dynamic
flexible winged devises as depicted in Fig-1. One of the most interesting aspects of the potential utilization
of MAV’s lies in the fact that one could design them in such a way that they could essentially communicate
with each other and work together as a swarm just as insects would. This would require a hive of sorts where
each individual MAV could receive instruction and could stop to recharge when necessary.

2 Derivation of Equations

Figure 2: Orthogonal System

In order to study the problem effectively it is nec-
essary to set up a coordinate system which can be
used as a stationary frame of reference in relation to
the beam’s deformations. This will be demonstrated
primarily through the picture inserted to the right
as well as the other inserted below. Also note that
the origin is taken at the point that the mid line of
the beam attaches to the wall to make the problem
as simple as possible. The primary goal of the fol-
lowing section will be to derive the coupled system
of PDE’s using energy considerations.

2.1 Defining Displacement Functions

Figure 3: Displacement Diagram [1]

Our interest in this problem lies solely in de-
termining the axial (horizontal) and the trans-
verse(vertical) deformations of the beam as a
function of the horizontal variable x and time
t. To do this three functions (u1, u2, u3) are
created as defined below to represent the to-
tal displacement that the beam experiences at
any given point in the (x, y, z) directions. Us-
ing the Kirchhoff hypothesis as a guide it
can easily be shown that the displacement
of the beam in each of the coordinate di-
rections is defined by the following functions

1

[Hickman (2010)]
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Visualization

This is what we are actually working with:
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Strain-Displacement

We use the Green strain tensor to relate strain (Eij) and
displacement as follows:

Eij = 1
2 (∂ui∂xj

+
∂uj
∂xi

+ ∂um
∂xi

∂um
∂xj

)

E11 = 1
2 (2(ux1 − x3wx1x1) + w 2

x1
)

E22 = 1
2 (2(vx2 − x3wx2x2) + w 2

x2
)

E12 = E21 = 1
2 (ux2 + vx1 − 2x3wx1x2) + wx1wx2)
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Stress-Strain

We use the a materially linear formulation to relate stress (σij) and
strain using Young’s modulus (Y) and a Poisson ratio (ν) as
follows:

σ11 = Y
(1−ν2)

(E11 + νE22)

σ22 = Y
(1−ν2)

(E22 + νE11)

σ12 = σ21 = 1−ν
2

Y
(1−ν2)

E12
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Kinetic Energy

For a homogeneous plate density ρ, to account for all the mass T
takes the form of an integral over the area. We also drop the
inertial term.

T = 1
2 m||V ||2

T =

∫ a

0

∫ a

0

∫ h
2

−h
2

ρ

2
(
∂u1

∂t

2

+
∂u2

∂t

2

+
∂u3

∂t

2

)dx3dx2dx1

Terms

u1 = u − x3wx1

u2 = v − x3wx2

u3 = w

T =

∫ a

0

∫ a

0

ρh

2
(u2

t + v 2
t + w 2

t )dx2dx1
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Potential Energy

The remaining potential energy is similar to a compressed spring,
as follows:

U =

∫ a

0

∫ a

0

∫ h
2

−h
2

1

2
(σ11E11 + σ22E22 + σ12E12)dx3dx2dx1

=
Y

(1− ν2)

∫ a

0

∫ a

0
h((ux1 +

1

2
w 2
x1

)2 + (vx2 +
1

2
w 2
x2

)2

+
1− ν

2
(ux2 + vx1 + wx1wx2)2)

+
h3

12
(wx1w 2

x1
+ wx2wx2 + wx1w 2

x2
)dx2dx1
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Potential Energy of External Applied Forces

The potential energy of the external applied forces will be defined
as the negative of the work done by fluid forces acting on the
plate, where K is a damping constant.

A = u(f1 − Kut) + v(f2 − Kvt) + w(f3 − Kwt)
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Hamiltonian Method

According to Hamilton’s principle, the progression of all physical
systems minimizes the time integral of the Lagrangian, which is to
say the variation of the Lagrangian will always be zero, i.e.

δ

∫ t1

t0

[(T − U) + A]dt = 0

Expanding this integral, we obtain the governing equations.
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Hamiltonian, continued

0 = δ

∫ t1

t0

∫ a

0

∫ a

0

ρh

2
(u2

t + v 2
t + w 2

t )

− Yh

(1− ν2)
((ux1 +

1

2
w 2
x1

)2 + (vx2 +
1

2
w 2
x2

)2

+
1− ν

2
(ux2 + vx1 + wx1wx2)2)

+
Yh3

12(1− ν2)
(wx1w 2

x1
+ wx2wx2 + wx1w 2

x2
)

+ u(f1 − Kut) + v(f2 − Kvt) + w(f3 − Kwt)dx2dx1dt
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Calculus of Variation

Using integration by parts to handle each term, the variation and
the first spacial and temporal derivatives of the variation are zero
at the limits of integration, therefore each boundary term is
cancelled. After collecting all of the terms with contain δu, δv ,
δw , we can separate the integral into three parts as follows:
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Calculus of Variation - δu component

0 =

∫ t1

t0

∫ a

0

∫ a

0
δu(−ρhutt +

Yh

(1− ν2)
([ux1 +

1

2
w 2
x1

]x1

+
1− ν

2
[ux2 + vx1 + wx1wx2 ]x2) + Kut + f1)dx2dx1dt
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Calculus of Variation - δv component

0 =

∫ t1

t0

∫ a

0

∫ a

0
δv(−ρhvtt +

Yh

(1− ν2)
([vx2 +

1

2
w 2
x2

]x2

+
1− ν

2
[ux2 + vx1 + wx1wx2 ]x1) + Kvt + f2)dx2dx1dt
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Calculus of Variation - δw component

0 =

∫ t1

t0

∫ a

0

∫ a

0
δw(−ρhwtt +

Yh

(1− ν2)
([wx1(ux1 +

1

2
w 2
x1

)]x1

+ [wx2(vx2 +
1

2
w 2
x2

)]x2 +
1− ν

2
[wx1(ux2 + vx1 + wx1wx2)]x2

+ [wx2(ux2 + vx1 + wx1wx2)]x1)

+
Yh3

12(1− ν2)
(wx1x1x1x1 + wx2x2x2x2 + 2wx1x1x2x2)

+ Kwt + f3)dx2dx1dt
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Final Model

f1 = utt + Cut − D1[ux1 +
1

2
(wx1)2]x1 − E [ux2 + vx1 + wx1wx2 ]x2

f2 = vtt + Cvt − D1[vx2 +
1

2
(wx2)2]x2 − E [ux2 + vx1 + wx1wx2 ]x1

f3 = wtt + Cwt + D[wx1x1x1x1 + 2wx1x1x2x2 + wx2x2x2x2 ]

−D1[wx1(ux1 +
1

2
(wx1)2)]x1 − D1[wx2(vx2 +

1

2
(wx2)2)]x2

−E [wx1(ux2 + vx1 + wx1wx2)]x2 − E [wx2(ux2 + vx1 + wx1wx2)]x1

where C, D, E, and D1 are all constants depending on the system.

James Cameron Mathematical Modeling of Large Deformations on a Non-Linear Plate



Part 2: Analytic Stability

We will show for any transversal force f3 the energy of the system
changes proportionally to the force. In other words, our choice of
initial conditions won’t cause the system to experience flutter or
other disastrous instabilities.
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Opening Move

Multiply the first equation by ut and aCu, the second by vt and
aCv , and the third by wt and aCw ; where 0 ≤ a ≤ 1.

After this, add the resulting equations. For example, the first
equation becomes:

1

2
[ut ]

2
t + Cu2

t + aCuttu +
a

2
C 2
[
u2
]
t

=

D1[ux1 +
1

2
w 2
x1

]x1ut + aD1Cux1 +
1

2
w 2
x1

]x1u+

E [ux2 + vx1 + wx1wx2 ]x2ut + aEC [ux2 + vx1 + wx1wx2 ]x2u+

f1(ut + aCu)
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Methods

The overall goal of what we are doing is to reduce our now more
complicated system into a (relatively) simple ordinary differential
equation. Using integration by parts and some algebra tricks, this
is possible, though it takes a lot of work. If you want the full
derivation, email me.
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Ordinary Differential Equation

[M1]t + M2 =

L∫
0

L∫
0

f3(wt +
aCw

2
)dx1dx2

M1 =

L∫
0

L∫
0

a

2
(ut + Cu)2 +

a

2
(vt + Cv)2 +

a

4
(wt + Cw)2 +

1 − a

2
u2
t +

1 − a

2
v2
t

+

(
1

2
−

a

4

)
w2
t +

D1

2

(
ux1 +

1

2
(wx1 )2

)2

+
D1

2

(
vx2 +

1

2
(wx2 )2

)2

+
E

2
(ux2 + vx1 + wx1wx2 )2 +

D

2
(w2

x1x1
+ 2w2

x1x2
+ w2

x2x2
)dx1dx2

M2 =

L∫
0

L∫
0

(1 − a)Cu2
t + (1 − a)Cv2

t + (1 −
a

2
)Cw2

t

+aCD1

(
ux1 +

1

2
(wx1 )2

)2

+ aCD1

(
vx2 +

1

2
(wx2 )2

)2

+aEC(ux2 + vx1 + wx1wx2 )2 +
aCD

2
(w2

x1x1
+ 2w2

x1x2
+ w2

x2x2
)dx1dx2
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Bounding the Equation

[M1]t + M2 =

L∫
0

L∫
0

f3(wt +
aCw

2
)dx1dx2

One thing to notice is this equation looks a lot like,

d

dt
[y(t)] + x(t) = f (t)

And if we can get that to look like,

d

dt
[y(t)] + y(t) ≤ f (t)

d

dt

[
ety(t)

]
≤ f (t)et

eT y(T )− y(0) ≤
∫ T

0

f (t)etdt

y(T ) ≤ y(0)e−T + e−T

∫ T

0

f (t)etdt

James Cameron Mathematical Modeling of Large Deformations on a Non-Linear Plate



What To To With M2

[M1]t + M2 =

L∫
0

L∫
0

f3(wt +
aCw

2
)dx1dx2

It would be ideal to find a function M∗
2 so that M∗

2 is bounded
above by some factor of M1 because that would provide us with
the inequality we seek. Thus we begin our search for the elusive
M∗

2 by repeatedly throwing inequalities at our differential equation.
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Constructing M∗2

Using Young’s Inequality and the Poincaré Inequality we get,

[M1]t + C

L∫
0

L∫
0

(1− a)u2
t + (1− a)v 2

t +
1

2
(1− a

2
)w 2

t

+aD1

(
ux1 +

1

2
(wx1 )2

)2

+ aD1

(
vx2 +

1

2
(wx2 )2

)2

+aE(ux2 + vx1 + wx1x2 )2 +
aD

4
(w 2

x1x1
+ 2w 2

x1x2
+ w 2

x2x2
) dx1dx2

≤
L∫

0

L∫
0

f3(wt +
aCw

2
)dx1dx2

or setting M∗
2 to be the terms in red,

[M1]t + CM∗
2 ≤ f 2

3

(
aC

8ε1
+

1

4ε2

)
dx1dx2

Goal: We will use M∗
2 as the energy function to bound changes in the solutions

in order to prove our stability result.
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By Construction

M∗
2 ≤ 2M1

M1 =

L∫
0

L∫
0

a

2
(ut + Cu)2 +

a

2
(vt + Cv)2 +

a

4
(wt + Cw)2 +

1− a

2
u2
t +

1− a

2
v 2
t

+

(
1

2
− a

4

)
w 2

t +
D1

2

(
ux1 +

1

2
(wx1 )2

)2

+
D1

2

(
vx2 +

1

2
(wx2 )2

)2

+
E

2
(ux2 + vx1 + wx1wx2 )2 +

D

2
(w 2

x1x1
+ 2w 2

x1x2
+ w 2

x2x2
)dx1dx2

M∗
2 =

L∫
0

L∫
0

(1− a)u2
t + (1− a)v 2

t +
1

2
(1− a

2
)w 2

t

+aD1

(
ux1 +

1

2
(wx1 )2

)2

+ aD1

(
vx2 +

1

2
(wx2 )2

)2

+aE(ux2 + vx1 + wx1x2 )2 +
aD

4
(w 2

x1x1
+ 2w 2

x1x2
+ w 2

x2x2
) dx1dx2
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First Order Linear Differential Equation

[M1]t + M2 =

L∫
0

L∫
0

f3(wt +
aCw

2
)dx1dx2

[M1]t + CM∗
2 ≤

L∫
0

L∫
0

f 2
3

(
aC

8ε1
+

1

4ε2

)
dx1dx2

1

2
M∗

2 (t)−M1(0) + C

t∫
0

M∗
2 (τ)dτ ≤

(
aC

8ε1
+

1

4ε2

) t∫
0

||f3||2L2
dτ

M∗
2 (t) + 2C

t∫
0

M∗
2 (τ)dτ ≤ 2M1(0) +

(
aC

4ε1
+

1

2ε2

) t∫
0

||f3||2L2
dτ

d

dt

e2Ct

t∫
0

M∗
2 (τ)dτ

 ≤ 2M1(0)e2Ct + e2Ct

(
aC

4ε1
+

1

2ε2

) t∫
0

||f3||2L2
dτ
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Our Theorem

For any non-linear plate and any transversal force, f3, the energy
measure, M∗

2 , satisfies the following inequality for any given time.

T∫
0

M∗
2 (τ)dτ ≤ M1(0)

C

[
1− e−2CT

]
+e−2CT

[
aC

4ε1
+

1

2ε2

] T∫
0

e2Ct

 t∫
0

||f3||2L2
dτ

 dt

where M∗
2 =

L∫
0

L∫
0

(1− a)u2
t + (1− a)v 2

t +
1

2
(1− a

2
)w 2

t

+aD1

(
ux1 +

1

2
(wx1 )2

)2

+ aD1

(
vx2 +

1

2
(wx2 )2

)2

+aE(ux2 + vx1 + wx1x2 )2 +
aD

4
(w 2

x1x1
+ 2w 2

x1x2
+ w 2

x2x2
) dx1dx2

where u, v , are axial displacements and w is transverse
displacement, ε1, ε2,C ,M1(0) are real numbers dependent on the
system.
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Part 3: Numerical Stability

The next step, now that we have proven the system to be
analytically stable, is to show numerical stability and use parameter
identification studies to validate our model using an explicit FTCS
finite difference method. At the moment, we are working on proofs
of stability similar to the classic ”Von Neumann stability” to get
convergence results.
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Future Work

Continue numerical validation using finite difference method
and finite element method

Error convergence

Nonlinear material constitutive law

Approximation of other nonlinearities

Parameter identification studies to validate the model

Allow f1 and f2 to be nontrivial

Allow

∫ t

0
||f3||2L2

dτ to be bounded or constant

Couple the structural model to a fluid model
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Contact Information

For further questions on this presentation, contact us at the
following email addresses:

James Cameron - jcameroa@masonlive.gmu.edu

Charles Daly - cday4@masonlive.gmu.edu

Dr. Padmanabhan Seshaiyer - pseshaiy@gmu.edu
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