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Part 1: The Model

A quick summary of the development of the mathematical model
for the dynamic behavior of a nonlinear beam undergoing
deformation both in transverse and axial directions using a
Hamiltonian approach.
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Kinematics

We use the Kirchhoff hypothesis for the deformation (u;) of the
beam.

Assumptions

. . Equations
@ straight lines normal to the

up = u— ywy
U = w
U3:0

mid-surface remain straight
after deformation

4

@ straight lines normal to the
mid-surface remain normal 0
the mid-surface after u = axial displacement in the x

deformation direction
w = transverse displacement

@ the thickness of the beam does
not change during a
deformation
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Visualization
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Strain-Displacement

We use the geometrically nonlinear Green strain tensor to relate
the strain tensor(Ej;) to displacement as follows:

Eij — %(81# Ouj + dum 8um)

0x; Ox; Ox; Oxj

Ex = %(2(UX - nyx) + WE)
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Stress-Strain

We use a materially linear elasticity tensor to relate stress (¢;;) and
strain using Young's modulus (Y) and a Poisson ratio (v) as
follows:

Y
Oxx = WEXX
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Virtual Kinetic Energy

5K = p - L [t]ed[un]e + [ua]eS[uale + [us]ed[us]e dx

uip = u— ywx
up = w
uz =0

0K = foL ph(usdu;s + wedwe) + %(Wxt(gth) dx
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Virtual Potential Energy

L 3
oU = / / Oxx O0Exx dx
o )
E L

1 h3
= h x “w? x xx 'xx
su 1—1/2/0 (h(u +2WX)(5u —|—(12W )ow,

+  (h(ws(ux + %Wf)))éwx dx
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Virtual Work

L
5V:/ (f — ku)ou + (fr — kwe)dw dx
0
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Hamilton's Principle for Deformable Bodies

T T
/ —0K +0U dt:/ oU dt
0 0
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Final Model

Eh 1
fi = phug + kuy — m[ux + EWE)]X
Eh 1, ER3
f2 = phth + kWt — m[WX(UX + EWX)]X + mWXXXX
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Part 2: A prioi bounds and stability

Assumptions:
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Opening Move

Divide both equations by ph, so that we have:

1
0 = Utt+K1Ut—D1[UX+§W3)]X

1
qg = W+ Kl Wr — Dl[WX(uX + EWE)]X + D2WXXXX
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Momentum Equations

Multiply the first equation by u; and aKiu and the second by w;
and aKiw; where 0 < a <1.

1
0 = U Ut + K]_U? — Dl[UX + EWE)]XUt
1
0 = aKiupu+ aK12utu — aKiDyux + wa)]xu
1
qws = WgWe + K1W152 - Dl[Wx(ux + EW)%)]XWf + Do Wioox Wt
2 1 5
aKigw = aKiwgw + aKywew — aKy Dy [wy(ux + EWX)]XW

+  aK1Dowyow
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Momentum Equations

Sum the previous equations, together with the following relations:

uttut + Kluf + aKiugru + aK12utu

= [ut]t + Kiu? 4 aKyugu + —[ 2,

= g[(ut+K1u) ]t+ 1- [Ut]t+( a)Klug

2

thwt + Klw,f2 4+ aKiwgw + 3K12WtW

K
= [Wt]t + K1Wt + 3K1thW+ 7[W2]
1 2

= Z[(Wt + Kiw)?]: + (5 - *)[Wr]t +(1— *)KIWt
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Momentum Equation

Then integrate with respect to x, and use integration by parts to

get:
d ([t a 5 a 5
p A 5((ut+K1u) )+Z(Wt+K1W))
1—a 1 a
- (u%)+(§—1)<w3)
D
F 2 et S (WP + R

L
a
+/ (1*3)K1u$+(1*§)K1Wtz
0

1 aKiD
+aK1D(ux + E(WE))Z + ; 2 w2, dx

L
K
:/ q(a 1W+W1_-)dX
0

2
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ODE

L
a a
Vi(t) = . 5((Ut+K1U)2)+Z(Wt+K1W)2)
l—a , 1 a, 5
b 2w G- Hwd)
2! 1oy, D2 s
+ 2 (uX+ 2( X)) + 2 WXXdX

L
a
W(t) = /(1—3)K1u§—|—(1—2)K1Wt2
0
aK1D2

1
+ aKiDi(ux + E(WE))Z + w2, dx
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L
K
[Vl]t+ V2 :/ q(a 21W + Wt)dX
0

Propostion 1: For a = 0 the rate of change of the sum of the
beam kinetic and potential energies (ph[V1]:) plus the dissipated
power (phV5,) equals the flux of the energy given to the beam
system from the fluid flow.
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() +x(1) = (1)

Goal:
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y(T) < y(©e T+e 7 /0 F(t)etdt
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Cauchy Inequality

Cauchy’s Inequality: Ve > 0, we have ab < ca° + i—z

aKi q2 2 q2 2
+ < —(—+ + — +
we) < 2 (481 ) 4ey c2Wr

aK1W

q(
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Cauchy Inequality

L
a
Vile + [ Q- aKied+ (- D)k e2)wd
0
aK1D2 2 aK1€1

2 M T T

1
+ aKiDi(ux + E(WE))2 + ( w?)dx

L
ak 1
< /q2( L )dx
0

8ey ' 4ep
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Poincaré Inequality

Poincaré Inequality: Assume that 1 < p < oo and that Q is a
bounded connected open subset of the n-dimensional Euclidean
space R” with a Lipschitz boundary (i.e., Q is a Lipschitz domain).
Then there exists a constant C, depending only on Q and p, such
that for every function u in the Sobolev space W1P(Q):

lu = ualle) < CapllVulleq)
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Poincaré Inequality

L L
C2 / w2dx < / w2 dx
0 0

1

Since we are in R, we can set Cr = 75.
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Cauchy Inequality

D C2D2_
Let g1 = 5F = 5

L
Wile + [ (1= a)Kud + (1= )k —ea)ud

KD
a ; 2fo)dx

1
+  aKiDy(ux + §(w3))2 +(

L

aK1 1
< 2= 4 2 )d
- /0 q(8€1+462)x
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Final Inequality

Vi <2v

therefore

/ " < A0
0 K1

+ %”ﬁ+1k4M7/T¥MT/thdmt
85]_ 452 0 0 L2
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Theorem: Let the nonlinear beam be excited by a distributed
transversal load q, then the energy functional V5 satisfies the
above inequality.
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Stability Results

Remark 1: Assume ||q||;2 to be bounded by C for all time, then:

-
V;

[ vstoar < B0q ey

0 Ki
aki € —2Ki T
(T 1T
(g i (T He )

< G+GT

Additionally, if lim;_~ V5 (t) = A, then A < 0.
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