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Rigid muffin-tin approximation in plane-
wave codes for fast modeling of phonon-
mediated superconductors
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DanyloRadevych1 , TatsuyaShishidou2,MichaelWeinert2, ElenaR.Margine3, AlekseyN.Kolmogorov3 &
Igor I. Mazin1,4

We present a pseudopotential-based plane-wave implementation of the rigid muffin-tin approximation
(RMTA), offering a computationally efficient alternative to its traditional use in all-electron codes. The
RMTA partitions the total electron-phonon coupling constant into a sum of local atomic contributions,
each defined as the product of electronic and ionic factors. The former is represented by
McMillan–Hopfield parameters derived from angular-momentum-resolved electron-phonon matrix
elements,while the latter canbeobtained from the local forcematrix.Here,wederiveand incorporate the
electronic part of the RMTA within the widely used pseudopotential framework. We show that the
McMillan–Hopfield parameters for elemental transition metals and their compounds are in excellent
agreement with the results of full-potential linearized augmented plane wave calculations. Furthermore,
we formulate scalable strategies for computing the ionic factors and estimate the full electron-phonon
coupling constant and critical temperature. Integration of RMTA descriptors into high-throughput
workflows opens a cost-effective route for screening candidate superconductors.

Historically, the first practical method for calculating the electron-phonon
coupling (EPC) constant in metals was the rigid muffin-tin approximation
(RMTA)1–3, in which the electronic potential within a sphere around each
atom, called a muffin-tin (MT) sphere, was assumed to follow ionic dis-
placements rigidly. Since the RMTA was formulated in terms of MT
potentials and wavefunctions expanded in radial functions and spherical
harmonics, it was naturally implemented in many all-electron approaches,
such as the augmented plane wave (APW)4–8, Korringa–Kohn–Rostoker
(KKR)9–11, and linear muffin-tin orbital (LMTO)6,12,13 methods, where
atomic functions inside theMT sphere are evaluated explicitly. The RMTA
worked reasonably well for the elements with localized d-orbitals in close-
packed structures (e.g., V,Nb,Mo, andPd)12,14–20. It was used to calculate the
phonon-limited electrical resistivity in metals18 and to study super-
conductivity in A1516,21,22 and C1523 compounds, hydrides24–27, nitrides28,29,
carbides4,28, perovskites30,31, and other materials32–37. While this method was
designed with transition metals in mind, and routinely tended to under-
estimate the EPC in sp-metals, corrections accounting for the long-range
tails of the ionicMT potential in suchmaterials have been proposed19,38 and
successfully applied to, e.g., Ag19, and Al, Ga, and Pb38.

Later on, the RMTAwas superseded by the significantlymore accurate
and universal linear-response method, formulated within density-

functional perturbation theory (DFPT)39–42, and by superconducting
density-functional theory (SCDFT)43–46. Both frameworks are well-suited
for efficient pseudopotential-based plane-wave (PP+PW) codes and are
widely employed to predict superconducting properties. While the first
high-throughput materials screenings involving thousands of super-
conductivity calculations based on the Eliashberg spectral function (α2F)
have been recently reported47–52, the substantial computational cost ofDFPT
continues to impose limitations in the form of restricted unit cell sizes or
confined composition spaces. Although these efforts mark important
milestones in applying machine learning for superconductor discovery,
larger datasets, produciblewith fast physics-basedmethods, are necessary to
identify broader design rules.

Several fast descriptors for superconductors have been proposed,
typically tailored to specific material families. For MgB2-type layered
compounds, the frequency difference between in-plane boron phonons at
theMandΓpointswas usedas a softeningmarker expected tocorrelatewith
the EPC53. In sp-metals, scaled EPC constants evaluated at the Brillouin-
zone center were introduced as a proxy for the total EPC54,55, but this
approach cannot describe cases where zone-boundary phonons play a
significant role. More recently, finite-displacement calculations at a small
number of high-symmetry q-points combinedwith energy band shifts were
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proposed to estimate the EPC across materials of general chemistry, with
particular emphasis on phases with large unit cells56, although to date the
method has been applied exclusively to sp-bonded metals and hydrides.
Real-space descriptors have also been explored, including the electron-
localization function57,58 and spatial derivatives of the Kohn–Sham
potential59, which were used to estimate the critical temperature (Tc) in
hydrogen-based superconductors.While effectivewithin their target classes,
usually comprising light elements, these descriptors underscore the need for
approaches that can be extended to transitionmetals and their compounds.
TheRMTAcould address this problem, but so far it has not been formulated
in away suitable for pseudopotential-based codes, which are preferably used
by modern search algorithms. In this work, the RMTA EPC constant is
reformulated for such platforms through its partitioning into electronic and
ionic factors. This ionic, rather than phonon, representation can be viewed
as Eliashberg theory written in terms of ion-displacement Green
functions17,60.

Themethoddeveloped for the electronic factor,which is a fast but non-
trivial postprocessing step on top of a standard self-consistent field (SCF)
density-functional theory (DFT) calculation, is applied to transition metals
and their compounds. The corresponding electron-phonon (EP) matrix
elements12 and McMillan–Hopfield (MH) parameters3,12,17,61,62 calculated
with this method are shown to agree well with the RMTA implementation
within the full-potential linearized augmented plane wave (FLAPW)
method. The ionic factor is evaluated in terms of the local blocks of the
interatomic force constant (IFC)matrix, which can be extracted fromfinite-
displacement supercell calculations at a negligible computational cost using
universal machine learning potentials (uMLPs). Comprehensive bench-
mark studies have established the effectiveness of these interatomic models
for the analysis of vibrational properties63,64. The equivariant SmoothEnergy
Network (eSEN)65 used in this study is ranked among the most accurate
architectures66. Ionic factors obtainedusing this approach are shown to be in
excellent agreement with their ab initio counterparts; the latter remain the
robust moderate-cost option in cases where pre-trained uMLPs lack the
necessary accuracy for the target systems66.

Results
The primary results presented here are the methodology developed for
RMTA calculations within the PP+ PW framework and the quantitative
verification of this method for benchmark materials. This Section describes
the three assumptions underlying the RMTA36,67, including the definitions
of the electronic and ionic factors for atom- and type-resolved EPC con-
stants. Furthermore, formulations compatible with PP+PW codes are
provided, and results are compared to reference values obtained via other
computational methods. Unless stated otherwise, Rydberg atomic units are
assumed throughout the equations.

Assumption 1: rigid-ion approximation
TheRMTArelies on the assumption that a change in the potential acting on
an electron located at r relative to the ionic center τκ arises from a rigid
displacement of the electron-ion interaction potential Vκ(r) (see Fig. 1), so
that it is given by the dot product of the ionic displacement Δτκ and the
potential gradient ∇Vκ. In the present work, this change is evaluated
through Eq. (1) using the spherical part of the potential,Vκ(r), following the
original RMTA formulations1,2,12.

ΔVκðrÞ � �Δτκ � ∇VκðrÞ ¼ � Δτκ �br� � dVκðrÞ
dr

: ð1Þ

Assumption 2: local-vibration approximation
In the RMTA, the EP interaction is treated as local in real space1,3, such that
the total EPC constant for thewholematerial, λ, can be represented as a sum

of atomic EPC constants eλκ over Natoms atoms in the considered cell25,68:

λ ¼
XNatoms

κ

eλκ: ð2Þ

The EPC constant for each atom can be written17,32 in terms of the full
IFC matrix, Φ, as

eλκ ¼ X
αβ

eηκ;αβ Φ�1
� �

κα0;κβ0; ð3Þ

where α and β are Cartesian indices, and 0 are coordinates of the original
unit cell. In the rigid-ion approximation, the electronic tensor eηκ;αβ is
substituted by its isotropic average defined by the MH parameter eηκ,

eηκ ¼ X
αβ

eηκ;αβδαβ; ð4Þ

eηκ;αβ � 1
3
eηκδαβ: ð5Þ

The non-local phonon contribution in Eq. (3) is further approximated by
the local lattice response, such that the EPC constant takes the form3,17,69:

eλκ � eηκ 1
3
Tr Φκκ

� ��1
h i� �

¼ eηκeϕκ: ð6Þ

Here, eηκ and eϕκ are the electronic and ionic factors, respectively. In Eq. (6),
Φκκ

� ��1
is the inverse of the 3× 3blockΦκκofΦ corresponding to the cell at

0, with elements

Φκκ

� �
αβ

¼ Φκα0;κβ0: ð7Þ

The present approximation for the ionic factor is equivalent to the
Einstein solid model70,71, in which the IFCmatrix is assumed to be diagonal
in site indices. Traditionally, the lattice response has beenwritten in terms of
the averaged eigenvalue of Φκκ

� ��1
, h Mκω

2
κ

� ��1i,

eϕκ ¼ 1
Mκω

2
κ

� 	
� 1

Mκ ω2
κ


 � ; ð8Þ

whereMκ andωκ are the atomicmass and characteristic phonon frequency,
respectively. The last part of Eq. (8),which is an approximationofeϕκ defined
in Eq. (6), was interpreted as the inverse of the effective local stiffness and, in
simple metals, further approximated using the experimental Debye tem-
perature, θD, via the relation hω2

κi � 1
2 θ

2
D
3,14,17,61,62.

The derivation of the analytical expressions for the electronic factor is
substantially more involved, given their direct dependence on pseudopo-
tentials (PPs) and the associated atomic functions. The corresponding
atomic MH parameter, eηκ, is defined as the Fermi-surface average of the

Fig. 1 | Vector definitions for the rigid-ion approximation. The schematic illus-
trates the relationship among the ionic center τκ, the electron position r, and the
displacement vector Δτκ, which are used to evaluate the potential change in Eq. (1).
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squared EP matrix elements for states at the Fermi level, divided by the
electronic density of states (eDOS) N(εF) at the Fermi energy εF:

eηκ ¼ Ω2

ð2πÞ6NðεFÞ
PNstates

ij

R
BZdkδ εi;k � εF

� �R
BZdk

0δ εj;k0 � εF

� 


× Ψj;k0

D ���∇VκðrÞ Ψi;k

�� ���� ���2;
ð9Þ

where N(εF) is defined per cell per spin; εi,k and εj;k0 are the Hamiltonian
eigenvalues of the states i and j corresponding to the wavefunctions Ψi,k(r)
andΨj;k0 ðrÞ at momenta k and k0, respectively;Nstates is the total number of
electronic states; Ω is the unit cell volume; and “BZ”marks the integration
over the Brillouin zone. The eDOS in the denominator of Eq. (9) makes the
atomic MH parameter and the corresponding atomic EPC constant
dependent on the cell size. The total EPC constant, λ in Eq. (2), however, is
independent of the cell size.

In materials where different Wyckoff positions are occupied, it is
convenient to introduce theEPCconstant λν for each of theNtypes symmetry
types, as defined in Eq. (10). Each symmetry type includes only atoms of the
same chemical element that are related by crystallographic symmetry
operations, with Nν

atoms being the number of atoms per type ν. The second
equality of Eq. (10) follows fromthe fact that all atomsbelonging to the same
type (Wyckoff position) ν share identical values of eλκ.

λν ¼
XNν
atoms

κ2fνg
eλκ ¼ Nν

atoms
eλκ���8κ2fνg: ð10Þ

Unlike the atomic EPC constants, the type-specific EPC constants, λν,
are independent of the cell size. The total EPC constant is then given by a
sumover the EPC constants corresponding to different symmetry types [see
Eq. (11)]16,26,30,72,73. Importantly, the ability to find the contributions of
individual symmetry types to the overall EPC in compounds allows for a
straightforward comparison between these contributions in different
materials.

λ ¼
XN types

ν

λν: ð11Þ

Crystallographically equivalent atoms share an identical ionic factoreϕκ. Consequently, the expression for a given symmetry type is

ϕν ¼ eϕκ 8 κ 2 fνg: ð12Þ

It follows from Eq. (12) that the MH parameters for different symmetry
types can also be introduced as

ην ¼ Nν
atomseηκ 8 κ 2 fνg: ð13Þ

Similar to the type-specific EPC constants, the type-specificMHparameters
do not depend on the cell size. Although the present formalism uses atomic
parameters, only the type-specific ones are reported in the “Quantitative
verification” section since they can be compared across different materials
regardless of the unit-cell choice.

Assumption 3: spherical-band approximation
The RMTA assumes that, inside theMT sphere of atom κwith radius rκ,MT,
the wavefunction of state i can be expanded in terms of radial functions
Rκ,l(r, εi,k) associated with the local screened potential Vκ(r) and spherical
harmonicsYlmðbrÞ labeled by quantum numbers l andm, withmomentum-

dependent coefficients aiκ,lm(k):

Ψi;kðrÞ ¼
X
lm

aiκ;lmðkÞRκ;lðr; εi;kÞYlmðbrÞ: ð14Þ

As shown in Supplementary Equations (1)–(4), the spherical-band
approximation, which separates the radial (k) and angular (bk) dependencies
on the wavevector k as

aiκ;lmðkÞ ¼ aiκ;lðkÞY�
lmðbkÞ; ð15Þ

along with the separation of radial (r) and angular (br) components of r, is
crucial. This approximation enables a significant simplification of the MH
parameter eηκ, reducing Eq. (9) to

eηκ ¼ P
l

2ðlþ1Þ
ð2lþ1Þð2lþ3ÞM

2
κ;l;lþ1

nκ;lðrκ;MT ;εFÞ × nκ;lþ1ðrκ;MT;εFÞ
NðεFÞ ; ð16Þ

where the partial EP matrix elements are defined as an integral of two
normalized radial functions with the potential gradient over theMT-sphere
volume,

Mκ;l;lþ1ðrκ;MT; εFÞ ¼
R rκ;MT

0
drr2Rκ;l ðr;εFÞdVκ ðrÞdr Rκ;lþ1ðr;εFÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiR rκ;MT

0
drr2R2

κ;lðr;εFÞ
R rκ;MT

0
drr2R2

κ;lþ1ðr;εFÞ
q : ð17Þ

As a result of the spherical-band approximation, Eq. (16) includes only
partial EPmatrix elements corresponding to dipole transitionswithΔl=±1.
The quantities nκ,l represent the partial eDOS for angular momentum l
inside the MT sphere of atom κ, defined as

nκ;lðrκ;MT; εFÞ ¼
P
m
nκ;lmðrκ;MT; εFÞ

¼ P
m

Ω
ð2πÞ3

R rκ;MT
0 drr2R2

κ;lðr; εFÞ

×
P
i

R
BZdkδðεi;k � εFÞ aiκ;lmðkÞ

�� ��2:
ð18Þ

It is important to point out that the spherical-band approximation is not
required for the partial eDOS calculation, as can be seen in Eq. (18), where
general coefficients aiκ,lm(k) are used.

Hereafter, the task of computing MH parameters in PP+PW codes
comes down to the calculation of partial EP matrix elements and
partial eDOS.

Formulation 1: partial EP matrix elements on the MT sphere
The original expression for the partial EP matrix elements, introduced by
Gaspari and Gyorffy [Eq. (17)]1,2, involves the integration of the radial
functions Rκ,l(r, εF) and Rκ,l+1(r, εF), along with the derivative of the MT
potential dVκ(r)/dr, over the volume of the MT sphere (Fig. 2a). This
expression has three problems for the PP+ PW codes: (1) The pseudo (PS)
potential differs from the all-electron (AE) potential within a cut-off radius
rc, where pseudization takes place (Fig. 2b), rendering the integration of the
PS-potential derivative in that region unreliable; (2) The screened self-
consistent potential, as calculated in PP+ PW codes, is periodic in the real
space, and needs to be converted to localized screened atomic potentials; (3)
The radial functions Rκ,l(r, ε) are not calculated explicitly and need to be
derived from available DFT data.
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In our method, the first problem is solved by referring to the following
reformulated expression for Eq. (17):

Mκ;l;lþ1ðrMT; εFÞ ¼
½VκðrÞ�εF�r2�ðLκ;l�lÞ½Lκ;lþ1þðlþ2Þ�

r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∂Lκ;l
∂ε �∂Lκ;lþ1

∂ε

q
������ ε ¼ εF
r ¼ rκ;MT

;

Lκ;lðr; εÞ ¼ r
Rκ;lðr;εÞ

∂Rκ;lðr;εÞ
∂r

� 

:

ð19Þ

It was introduced by Pettifor12 based on the Schrödinger equation for the
radial functions Rκ,l(r, ε) and their normalization conditions, provided in
Supplementary Equation (8). Here, Vκ(r) is the local screened potential of
the atom κ, Lκ,l(r, ε) is the logarithmic derivative of the radial part of the
wavefunction evaluated around the Fermi level, and ∂Lκ;l=∂ε is the energy
derivative of the logarithmic derivative. In this expression, the values of the
potential and logarithmic derivatives at the MT radius are sufficient to
calculate the partial EP matrix elements.

The second problem is addressed by exploiting properties of the
Fourier transform.The self-consistentDFT-screenedPSpotential is givenas
a periodic local screened potentialVloc(r0) (Fig. 3b), defined on the 3D real-
space grid r0 and centered at an arbitrary origin of the calculatedunit cell. Its
Fourier transform is represented by the coefficients

eVðGÞ ¼ 1
Ω

Z
Ω
dr0e

�iG�r0V locðr0Þ; ð20Þ

where G is a reciprocal lattice vector.
A spherically-symmetric local screened atomic potential, Vκ,loc(r), is

then obtained in Eq. (21) by extracting the coefficients of the plane-wave
expansion of the periodic potential on a shifted grid, r, centered on a specific
atom at τκ (Fig. 3a, b), and by retaining only the l = m = 0 term in the
expansion of eiG⋅r in spherical Bessel functions and spherical harmonics (see
Supplementary Equation (9) for details).

Vκ;locðrÞ ¼ Vκ;locð r0 � τκ
�� ��Þ ¼ X

G

eiG�τκ eVðGÞ sinGr
Gr

: ð21Þ

In this equation, eiG�τκ eVðGÞ are modified coefficients of the plane-wave
expansion of the same periodic potential Vloc(r) [Fig. 3b], which is now
evaluated on the grid r. SinceVloc(r) is DFT-screened, the extracted local PS
potential Vκ,loc(r) is also screened. Note that the local PS coincides with the
AE potential above the cut-off radius: Vκ(r) = Vκ,loc(r) ∀ r > rc.

For the third problem, the method of choice is to generate the radial
functions Rκ,l(r, ε), which are compatible with the extracted screened
potential Vκ,loc(r), for a particular energy ε by solving the corresponding

radial Schrödinger equation,

� d2

dr2
þ Vl

κ;eff ðrÞ
� �

rRκ;lðr; εÞ
� � ¼ ε rRκ;lðr; εÞ

� ���
ε¼εF

; ð22Þ

with the effective potential Vl
κ;eff ðrÞ containing Vκ,loc(r), the l-dependent

semilocal (SL) potentialVl
κ;SLðrÞ that is non-zero only in the core region r <

rc (see Fig. 4), and the centrifugal potential l(l+ 1)/r2:

Vl
κ;eff ðrÞ ¼ VκðrÞ þ lðlþ1Þ

r2

¼ Vκ;locðrÞ þ Vl
κ;SLðrÞ

h i
þ lðlþ1Þ

r2 :
ð23Þ

Equation (22) is solvednumerically at the specified energy εbyoutward
integration from an r value close to zero to the desiredMT radius. This way,
the derivatives ∂Lκ,l/∂ε can be obtained by solving the radial Schrödinger
equation at different energies close to the Fermi level. The contribution from
the SL potential is pertinent to the PS approach: Different pseudopotentials
are needed to generate radial functions for different l values, while only one
AE potential would generate all radial functions.

Although most PP+PW codes use pseudopotentials in the non-local
(NL) Vanderbilt-Kleinman-Bylander (VKB) form74–76, which depends on
both r and r0, we adopt the SL form in the current implementation for
simplicity. Here, we employ the non-local optimized norm-conserving
Vanderbilt pseudopotentials (ONCVPSP) developed by Hamann77,78. The

Fig. 3 | Extraction of the local screened atomic potential. a Spatial relationship
between the real-space grid r centered on the atom at position τκ and the grid r0
centered on the origin of the unit cell. b Radial profile of the spherically symmetric
atomic local potential Vκ,loc(r), isolated from the total periodic potential.

Fig. 2 | Comparison of pseudo and all-electron potentials. a Spatial relationship
between themuffin-tin radius rMT and the pseudopotential cut-off radius rc, showing
that rc is smaller than rMT. b Radial profiles of the pseudo (PS) potential and all-
electron (AE) potential. The PS potential (orange line) deviates from the AE
potential (black line) at radii below rc.

Fig. 4 | Contributions of semilocal l-dependent components to the local pseu-
dopotential in bcc-Nb. The purely local potential (black line) is compared to the
total potential (solid gray and orange lines) after the inclusion of angular-
momentum-dependent semilocal terms.
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automatic conversion of the NL components read directly from the pseu-
dopotential file to the SL form is straightforward and described in Supple-
mentary Equations (10)–(12). In principle, solving the radial Schrödinger
equation with NL potentials directly79 would yield the same results.

Formulation 2: partial eDOS inside the MT sphere
The partial eDOS inside the MT sphere of atom κ is derived by assuming
that on the surface of the MT sphere the wavefunction of state i can be
expanded simultaneously in spherical harmonics and plane waves:

Ψi;kðrÞ ¼
P
lm

aiκ;lmðkÞRκ;lðrκ;MT; εi;kÞYlmðbrÞ;
Ψi;kðrÞ ¼ ψi;kðτκ þ rÞ

���
r¼rκ;MT

¼ 1ffiffiffi
Ω

p
P
G
eiðkþGÞ� τκþrð Þeψiðk þ GÞ

����
r¼rκ;MT

;

8>><
>>:

ð24Þ
where eψiðk þ GÞ are coefficients of the Fourier expansion of the wave-
function Ψi,k(r).

From the system of Eq. (24), the coefficients aiκ,lm(k) are determined
from Eq. (25), evaluated using the Gauss-Legendre quadrature method80.

aiκ;lmðkÞ ¼ 1ffiffiffi
Ω

p
Rκ;l ðr;εi;kÞ

R
dbr P

G
eiðkþGÞ� τκþrð Þeψiðk þ GÞ

� �
Y�
lmðbrÞ

����
r¼rκ;MT

:

ð25Þ

Then, using Eq. (25) and Supplementary Equation (4), the partial
eDOS,nκ,l, can be obtained from the Fourier coefficients, eψiðk þ GÞ, and the
logarithmic derivatives, ∂Lκ;l=∂ε, by Eq. (26). Note that this method allows
for the calculation of not only the l-resolved eDOS, but also m-resolved
eDOS, nκ,lm.

nκ;lðrκ;MT; εFÞ ¼
Pl

m¼�l
nκ;lmðrκ;MT; εFÞ

¼ Pl
m¼�l

rκ;MT

ð2πÞ3 � ∂
∂ε Lκ;l

� �R
BZdk

PN states

i¼1
δðεi;k � εFÞ

×
R
dbr P

G
eiðkþGÞ�ðτκþrÞeψiðk þ GÞ

� �
Y�
lmðbrÞ

����
����2
����� r ¼ rκ;MT

ε ¼ εF

:

ð26Þ

As can be seen from Eq. (19), the squared partial EP matrix element,
M2

l;lþ1, contains the energy derivatives ∂Lκ;l=∂ε and ∂Lκ;lþ1=∂ε in the
denominator. These derivatives are normalization integrals for the radial
functions Rl and Rl+1 (see Supplementary Equation (8)) that cancel out
when M2

l;lþ1 is multiplied by the partial eDOS nl and nl+1 from Eq. (26).
Hence, if the calculation of the partial eDOS themselves is not required,
Eq. (16) for the MH parameters can be rewritten in a form independent of
∂Lκ;l=∂ε and ∂Lκ;lþ1=∂ε, therefore the normalization integrals do not have
to be computed.

The eDOSat theFermi level per cell per spin is calculated as aBrillouin-
zone integral of the delta-functions summed over all electronic states,

NðεFÞ ¼
Ω

ð2πÞ3
Z

BZ
dk

X
i

δ εi;k � εF
� �

: ð27Þ

Formulation 3: evaluation of the ionic factor
Evaluation of the on-site blocksΦκκdefined in Eqs. (6) and (7) instead of the
full IFC matrix eliminates the need for large supercells and dense k-grids
required to capture the long-range nature and often oscillatory behavior of
its off-site elements in metals. In practice, converged ionic factors can be
obtained from SCF forces using standard displacements of non-equivalent

atoms along symmetry-distinct directions in relatively small (super)cells of
about 8 to 64 atoms [see Supplementary Equations (13)–(17) and Table S3
for details]81. However, this approach can become computationally
expensive for low-symmetry structures with multiple atomic types.

To provide an efficient alternative transferable acrossmaterials classes,
this work also leverages amodern uMLP to approximate the full IFCmatrix
at a fractionof theDFTcost.Our tests illustrate that extracted localeϕκ values
are in excellent agreement with finite-displacement DFT results.

Formulation 4: estimates of the critical temperature
Estimates of the critical temperature using the empirical McMillan
formula61,82,

Tc ¼
ωln

1:2
exp � 1:04ð1þ λÞ

λ� μ�ð1þ 0:62λÞ

� �
; ð28Þ

require the logarithmic-average phonon frequency,ωln, that is defined
83,84 as

the limit of the moments hωni1=n:

hωni ¼
R
dωωn�1α2FðωÞR
dωω�1α2FðωÞ ¼ 2

λ

Z
dωωn�1α2FðωÞ; ð29Þ

ωln ¼ lim
n!0

hωni1=n ¼ exp
2
λ

Z
dωω�1α2FðωÞ lnω

� �
: ð30Þ

Here, μ* is the Coulomb pseudopotential and α2F(ω) is the Eliashberg
spectral function. Since the RMTA does not provide α2F(ω), ωln is
typically4,22,36,81,84 approximated via the second-moment average, 〈ω2〉4,61,84,

ωln �
ffiffiffiffiffiffiffiffiffi
hω2i

p
: ð31Þ

If the phonon spectrum is represented by a set of discrete modes, ων≡
ωκ∣∀κ∈{ν}, with individual coupling constants, then Eq. (30) is strictly
equivalent32,85 to

ωln ¼
YN types

ν

ωλν=λ
ν ¼

YNatoms

κ

ω
eλκ=λ
κ : ð32Þ

In this case, the characteristic phonon frequencies,ωκ, can be approximated
from Eq. (8) as

ωκ ¼
ffiffiffiffiffiffiffiffiffi
hω2

κi
q

� 1ffiffiffiffiffiffiffiffiffiffiffi
Mκ

eϕκq : ð33Þ

In Eq. (28), the Coulomb pseudopotential μ* is defined as
μ=½1þ μ ln W=Ω

� ��34,86–88, where μ is the unrenormalized Coulomb
potential, a quantity of the order of one, and W/Ω ≫ 1 is the ratio of the
electronic and ionic energy scales. To a good approximation, μ� �
1= ln W=Ω

� � � 0:13 for most metals61. Unless otherwise stated, this μ*

value is used to estimate Tc in the present work.

Quantitative verification
Akey difference in how the partial EPmatrix elements andMHparameters
depend on the choice of the MT radius is illustrated in Fig. 5a, b for the bcc
structureofNb. For all l channels,M2

l;lþ1 decrease as theMTradius increases
[Fig. 5a], consistent with Pettifor’s observation12 that partial EP matrix
elements alone are not sufficient to describe the electronic part of the EPC
constant because they are strongly dependent on the MT radius.

On the contrary, the partial MH parameters, which are presented in
eV/Å2 following previous studies12,14,16, appear to be less sensitive [Fig. 5b] to
the choice of the MT radius since they include the partial eDOS, which
increases as theMTsphere expands.Notably,while thedf channelmay seem
dominant based on its corresponding partial EP matrix element, it
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contributes roughly the same to the totalMHparameter η as the pd channel
at the reference MT radius. Achieving a nearly flat behavior of the total
atomic MH parameter around the reference MT radius was one of the
objectives of thiswork.Nevertheless, the slight dependence on rMT indicates
that careful selection of the MT radius based on the cell geometry is
advisable.

The good agreement between the PP+PW and FLAPW methods for
the electronic factor calculated in selected simple metals and compounds is
demonstrated in Figs. 6 and 7, where the Strukturbericht symbols89 are used
as space-group identifiers for the compounds. Crystallographic parameters
of the structures are provided in Table S1. The differences in the squared
partial EP matrix elements (pd and df) for the metal atoms in the selected
structures do not exceed 5% [Fig. 6], with the PP+PW and FLAPW results
almost overlapping. In Fig. 7, which shows the MH parameters for the
symmetry types of the metal atoms, both the partial and total MH para-
meters exhibit similar trends across the two methods. Both methods
demonstrate that the η parameter ofNb atoms inNbN ismostly dominated
by the df channel contribution, in agreement with previous studies16,21. The
observed discrepancies betweenPP+ PWandFLAPWare primarily due to
slight differences in the electronic density of states. Importantly, there is no
tendency for one of themethods to produce consistently higher values than
theother.Comparisonof the totalMHparameters, shownas circles inFig. 7,
to some previous APW results14,16 is provided in Fig. S2.

TheMHparameters, combinedwith the recipes for evaluating the local
lattice response outlined above, are then used to obtain the total EPC
constant and estimate the critical temperature. Table 1 summarizes theMH
parameters, ionic factors, and both type-resolved and total EPC constants
for the four considered materials—three simple metals and one A15 com-
pound. The ϕν values from Phonopy+VASP finite-displacement supercell
calculations with pseudopotentials (denoted as DFT) reproduce the DFPT
results well, showingmaximumdifferences of 11% in bcc-V and 16% in fcc-

Pd. The corresponding results obtained using Phonopy+eSEN (denoted as
uMLP) match the underlying DFT reference with similar accuracy, as the
deviations range between 1% in bcc-Nb and 11% in bcc-V.

The resulting EPC constants, evaluated with either DFT- or uMLP-
based ionic factors, also align with the DFPT values within a 16% margin.
This level of agreement is comparable to the ~20% spread between the
present and previously reported DFPT EPC values for these materials90–94,
arising in part from slight variations in lattice parameters, Brillouin-zone
sampling, and smearing choices in the DFPT calculations95.

Table 2 lists the logarithmic-average frequencies and critical tem-
peratures, Tc, evaluated with μ* = 0.13, along with the μ* values used in the
reference DFPT studies. In bcc-Nb and bcc-V, the experimental Tc is
commonly reproduced by shifting the dynamic pair-breaking effect of
spin fluctuations, which effectively reduces the total EPC by λspin = 0.21−
0.34 96–98, into the static electron-electron repulsion,which artificially inflates
μ* up to 0.3090,92. The ωln values show that approximating the logarithmic-
average frequency with the second-moment average in the RMTA sys-
tematically overestimates this quantity by 2 to 12%. This trend agrees with
previous reports of phonon-frequency moments84,91, where higher-order
moments yield larger ωln estimates. Consequently, the RMTA produces
systematically higher Tc values even when μ* is chosen consistently, indi-
cating that the EPC constants obtained with the RMTA are more reliable
than the corresponding Tc estimates.

Analysis of Tables 1 and 2 shows that the highest and lowest calculated
ην correspond to the highest and lowest DFPT Tc references, respectively.

Fig. 6 | Comparison of squared partial electron-phononmatrix elements between
pseudopotential and all-electron methods. a Squared partial electron-phonon
matrix elements (M2

l;lþ1) for the pd channel (l = 1) calculated for V, Mo, and Nb
atoms across various crystallographic structures. bMatrix elements for the df
channel (l = 2) for the same set of atoms and structures. Results obtained via the
pseudopotential-based plane-wave (PP+ PW) method (orange circles) are com-
pared against full-potential linearized augmented plane-wave (FLAPW) calcula-
tions (gray circles). Corresponding muffin-tin (MT) radii for each metal species are
indicated at the bottom of the figure.

Fig. 5 |Muffin-tin radius dependence of partial electron-phononmatrix elements
and McMillan-Hopfield parameters. a Partial electron-phonon matrix elements
(M2

l;lþ1) for a Nb atom in the bcc structure. b Partial (ηl,l+1) and total (η) McMillan-
Hopfield parameters. All quantities are shown as functions of the muffin-tin (MT)
radius (rMT). The reference MT radius (rrefMT ¼ 2:70 bohr) is indicated by vertical
dashed lines.
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The low calculated electronic factor, EPC constant, and Tc values in fcc-Pd
correctly indicate that it is not a conventional superconductor91.

Discussion
The method presented for implementing the rigid muffin-tin approxima-
tion in PP+PW codes enables the calculation of the electronic factor of the
EPC constant, expressed through the MH parameter. The values obtained
for a variety of simple metals and compounds are validated against results
from an FLAPW code. The excellent agreement in the partial EP matrix
elements and MH parameters between the PS- and AE-potential methods
confirms the reliability of the implementation.

To obtain full EPC constants and critical temperatures, the electronic
factor is combined with an ionic factor derived from the averaged diagonal
elements of the on-site IFC matrix block. This block can be efficiently
evaluated using ab initio or uMLP-based finite displacements. The resulting
RMTA EPC constants for the considered materials show good agreement
with the DFPT references. These results suggest that the combined elec-
tronic and ionicRMTAworkflow can reliably distinguish betweenmaterials
with low and high EPC constants.

Computing the electronic factor has a cost comparable to that of an
SCF run in Quantum ESPRESSO (QE) package99,100,101, while the evaluation
of the ionic factor is significantly accelerated by using uMLPs in finite-
displacement calculations with Phonopy. In our tests, the uMLP calcula-
tions were at least three orders of magnitude faster than their DFT
equivalents, yielding converged ionic factors within a typical runtime of the
ab initio electronic factor evaluation. Although further development is
required to integrate these components into a single workflow and software
package, the approachpresented here already enables efficient estimation of
EPC constants and critical temperatures for a broad range of transition-
metal compounds.

Machine learning studies26,27,102 have demonstrated that MH para-
meters and partial eDOS can serve as effective descriptors for identifying
potential superconductors. In this context, the RMTA-derived MH para-

Fig. 7 | Comparison of type-resolved McMillan–Hopfield parameters between
pseudopotential and all-electron methods. Partial (ηl,l+1) and total (η) parameters
calculated for V, Mo, and Nb atoms across various crystallographic structures.
Results obtained using the pseudopotential-based plane-wave (PP+PW) method
(orange circles) are compared with full-potential linearized augmented plane-wave
(FLAPW) calculations (gray circles).

Table 1 | Electron-phonon coupling constants calculated within the rigid muffin-tin approximation

Phase Type rκ,MT ην ϕν λν λ

ν DFT DFT uMLP DFPT DFT uMLP DFT uMLP DFPT Refs.

bcc-V V 2.48 8.01 0.158 0.176 0.177 1.27 1.41 1.27 1.41 1.47 1.19–1.22a,c

bcc-Nb Nb 2.70 9.07 0.137 0.135 0.132 1.24 1.22 1.24 1.22 1.36 1.22–1.26a,c

fcc-Pd Pd 2.66 2.65 0.121 0.125 0.144 0.32 0.33 0.32 0.33 0.29 0.35–0.38a,b

A15-V3Si V 2.23 11.37 0.136 0.143 0.145 1.55 1.63 1.56 1.64 1.41 1.15–1.26d,e

Si 2.76 0.17 0.100 0.106 0.107 0.02 0.02

Total electron-phonon coupling (EPC) constant, λ, is obtained based on QE-implemented DFT type-resolved McMillan-Hopfield parameters, ην (eV/Å
2), at the specified MT radii, rκ,MT (bohr), and ionic

factors, ϕν (Å
2/eV), from Phonopy+VASP DFT and Phonopy+eSEN uMLP finite-displacement calculations for selected materials. All finite-displacement calculations employed 216-atom cells. DFPT λ

values obtained in this work (DFPT) and corresponding references (Refs.) are provided for comparison. κ ∈ {ν} is assumed.
a90, b91, c92, d93, e94.

Table 2 | Logarithmic-average frequencies and superconducting critical temperatures

Phase ωln Tc(μ* = 0.13) Tcðμ�Þ 8 μ� 2 ½μ�max; μ
�
min� [μ�max, μ

�
min]

DFT uMLP DFPT Refs. DFT uMLP DFPT DFT uMLP DFPT Refs. Refs.

bcc-V 265 251 187 202–245a,c 23 24 19 9 11 9 6–7a,c [0.30]a,c

bcc-Nb 211 212 139 124–185a,c 18 17 13 12–16 12–16 9–12 9–11a,c [0.21, 0.15]a,c

fcc-Pd 209 206 135 174–180a,b <1 <1 <1 <1 <1 <1 <1b [0.15, 0.10]b

A15-V3Si 286 279 202 255–259d,e 31 33 20 29–34 30–35 18–22 17–26d,e [0.15, 0.10]d,e

Calculated logarithmic-average frequency,ωln (K), and critical temperature,Tc (K), are basedon the type-resolvedMcMillan-Hopfield parameters, ην, and ionic factors,ϕν, fromTable 1. DFPTωln , μ
�
max, μ

�
min,

Tcðμ�Þ 8 μ� 2 ½μ�max; μ
�
min � calculated in this work (DFPT) and corresponding references (Refs.) are provided for comparison.

a90, b91, c92, d93, e94.
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meters and full EPC constants are well-suited for high-throughput
screening of candidate materials. While Tc estimates can also be used,
their systematic overestimation arising from the approximation of the
logarithmic-average phonon frequencymust be considered. To improve the
RMTApredictions for sp-metals and other families ofmaterials, corrections
to the asymptotic behavior of the local ionic potential could be introduced,
as was done by Zdetsis et al.38 and Mazin et al.19.

Methods
Calculation of the electronic factors
The present implementation for evaluating the electronic factor was
developed within the Quantum ESPRESSO package99–101, which was
employed in this study to calculate the self-consistent screenedPSpotentials
with the PW code. Norm-conserving ONCVPSP77,78 pseudopotentials with
the Perdew-Burke-Ernzerhof (PBE)103 generalized-gradient approximation
(GGA) for the exchange-correlation functionalwere used for all atoms, with
a wavefunction energy cutoff of 120 Ry. The RMTA code was executed as a
postprocessing step after the SCF calculation. In the “Quantitative ver-
ification” section, all structures weremodeledwith their primitive unit cells,
and the MT radii were chosen to correspond to touching spheres. These
values were estimated from the nearest-neighbor distances divided into
ratios of the corresponding default MT radii commonly used in (FL)APW
calculations16. The default three-dimensional fast Fourier transform (FFT)
mesh for charge density and self-consistent potential, set by the energy
cutoff, was retained.A24× 24×24 automaticMonkhorst-Pack k-point grid
and Methfessel-Paxton smearing104 with σ = 10−2 Ry were utilized for the
approximation of the occupation function in the SCF calculation. The tet-
rahedron integration method105 on the same k-point grid was selected for
the evaluation of the partial and total eDOS across all structures, since it
showed faster convergence with respect to the k-point grid than smeared
delta-function approximations (see Fig. S1a, b).

Calculated partial EP matrix elements and McMillan-Hopfield para-
meters were compared to the FLAPW code flair106. In FLAPW, semicore
states of all atoms were treated as core with explicit core-orthogonalization.
Equations (16) and (19) were evaluated with the atomic potential, radial
functions, and partial and total eDOS calculated using the FLAPWmethod.
The sameMT radii, k-point grid, and smearing parameters as those used for
the RMTA calculations with the PW code were employed to ensure
consistency.

Calculation of the ionic factors
The ionic factors were computed via the finite-displacement method in
supercells using Phonopy107,108 interfaced with the Vienna ab initio simu-
lation package (VASP)109–113 and eSEN65. To keep both the MH parameters
and ionic factors local, only the on-site 3 × 3 atomic blocks of the resulting
IFCmatrices were extracted and used following themethodology described
in the “Assumption2: local-vibrationapproximation” section.TheϕνuMLP
values were found to be within ~10% of the DFT Phonopy+VASP results
obtained with the projector augmentedwave (PAW) PBE pseudopotentials
(see Fig. S3a–h andTable S2 for convergence tests). Phonopywas used to set
up and post-process calculations with 0.1Å displacements in large super-
cells containing 216 atoms to ensure good convergence in the considered
materials, especially in bcc-Nb114. The supercell DFT reference calculations
performed with VASP employed a 500 eV energy cutoff and Monkhorst-
Pack k-point grid of 4 × 4 × 4.

Reference DFPT calculations
Reference DFPT calculations of ϕν, λ, and ωln were performed with QE,
employing the same pseudopotentials and wavefunction energy cutoffs as
those chosen for the electronic factor calculations. A 24 × 24 × 24 k-grid and
an 8 × 8 × 8 q-grid were set for the primitive cells of the simplemetals, while
a 12 × 12 × 12 k-grid and a 4 × 4 × 4 q-grid were adopted for the A15
compound. In the α2F(ω) calculation, a Gaussian smearing of 0.121 THz
was applied to the phonon delta-function, and a Gaussian smearing of

0.02 Rywas selected for the electronic delta-function. The convergence tests
with respect to the size of the q-grid are provided in Fig. S4a–d.

Data availability
The data supporting this work are available within the paper, its Supple-
mentary Information files, and from the corresponding author upon rea-
sonable request.

Code availability
The RMTA code for Quantum ESPRESSO is available from the corre-
sponding author upon reasonable request. Quantum ESPRESSO, flair,
VASP, and Phonopy codes used in this study are distributed via their cor-
responding websites.
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ASSUMPTIONS OF SPHERICAL POTENTIAL AND BANDS FOR MCMILLAN-HOPFIELD
PARAMETERS

This section demonstrates how the assumptions of a spherical potential and spherical bands lead to simplified
expressions for the McMillan-Hopfield (MH) parameters. Following [1–3], Eq. (9) of the main text can be rewritten
as

η̃κ =
Ω2

(2π)6N(εF)

Nstates∑
ij

∫
BZ

dkδ (εi,k − εF)

∫
BZ

dk′δ (εj,k′ − εF)

∫
MT

dr

∫
MT

dr′

×Ψj,k′(r′)Ψ∗
i,k(r

′)Ψ∗
j,k′(r)Ψi,k(r) (r̂ · r̂′) dVκ(r)

dr

dVκ(r
′)

dr′
.

(1)

While the explicit use of the wavefunction expansion from Eq. (14) of the main text would lead to four distinct
sets of {l,m} quantum numbers, corresponding to each wavefunction, the adoption of the spherical approximation in

Eq. (15) of the main text and the orthonormality of the k̂- and k̂′-dependent spherical harmonics reduce the number
of independent angular momentum indices to two sets: {l,m} and {l′,m′}. As a result, Eq. (1) simplifies to

η̃κ =
Ω2

(2π)6N(εF)

Nstates∑
ij

∑
lm

∑
l′m′

∫
dkk2|aiκ,l(k)|2δ (εi,k − εF)

∫
dk′(k′)2|ajκ,l′(k′)|2δ (εj,k′ − εF)

×
∣∣∣∣∫ rκ,MT

0

drr2Rκ,l(r, εF)
dVκ(r)

dr
Rκ,l′(r, εF)

∣∣∣∣2 ∫ dr̂

∫
dr̂′Ylm(r̂)Y ∗

l′m′(r̂)Y ∗
lm(r̂′)Yl′m′(r̂′) (r̂ · r̂′) .

(2)

The next simplification is achieved by taking advantage of the separation of the spatial dependence of r into radial,
r, and angular, r̂, components. Applying the identity [4]

(r̂ · r̂′) = 4π

3

1∑
m′′=−1

Y ∗
1m′′(r̂′)Y1m′′(r̂), (3)

along with the properties of Gaunt coefficients (integrals involving three spherical harmonics [5]), Eq. (2) simplifies
to a form involving only dipole transitions with l′ = l± 1 and m′ = m+m′′. The resulting expression for η̃κ is given
by Eqs. (16)–(18) of the main text.

Notably, the partial electronic density of states (eDOS), defined in Eq. (17), can be further simplified by using the
normalization of the radial functions in Eq. (8):

nκ,l(rκ,MT; εF) =
∑
m

nκ,lm(rκ,MT; εF)

=
∑
m

Ωrκ,MT

(2π)3

−R2
κ,l

∂Lκ,l

∂ε

∣∣∣∣∣r=rκ,MT
ε=εF

∑
i

∫
BZ

dkδ(εi,k − εF) |aiκ,lm(k)|2 .
(4)
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In Eq. (4), the integrals over r are replaced by energy derivatives of the logarithmic derivatives, ∂Lκ,l/∂ε, evaluated
only on the surface of the muffin-tin (MT) sphere.

NORMALIZATION OF THE RADIAL FUNCTIONS

The radial Schrödinger equation [Eq. (22) of the main text] for the l-channel can be rewritten as

− 1

r2
∂

∂r

(
r2

∂Rκ,l(r, ε)

∂r

)
+

l (l + 1)

r2
Rκ,l(r, ε) + Vκ(r)Rκ,l(r, ε) = εRκ,l(r, ε). (5)

The energy derivative of this equation is given by

− 1

r2
∂

∂r

(
r2

∂2Rκ,l

∂ε∂r

)
+

l (l + 1)

r2
∂Rκ,l

∂ε
+ Vκ

∂Rκ,l

∂ε
= Rκ,l + ε

∂Rκ,l

∂ε
. (6)

Multiplying Eq. (5) by ∂Rκ,l/∂ε, Eq. (6) by Rκ,l, and taking the difference between the two yields the following
identity:

r2R2
κ,l =

∂

∂r

[
r2

(
∂Rκ,l

∂ε

∂Rκ,l

∂r
−Rκ,l

∂2Rκ,l

∂r∂ε

)]
. (7)

Integrating both sides of Eq. (7) over r from 0 to rκ,MT allows the normalization integral of the radial function to be
expressed in terms of the energy derivative of the logarithmic derivative of this function as∫ rκ,MT

0

drr2R2
κ,l(r, ε) = r2κ,MT

(
∂Rκ,l

∂ε

∂Rκ,l

∂r
−Rκ,l

∂2Rκ,l

∂r∂ε

) ∣∣∣∣∣
r=rκ,MT

= −rκ,MTR
2
κ,l

∂Lκ,l

∂ε

∣∣∣∣∣
r=rκ,MT

, (8)

where the final equality follows from the definition of the logarithmic derivative, Lκ,l.

LOCAL SCREENED ATOMIC POTENTIAL

The coefficients Ṽ (G) in the plane-wave expansion of the periodic local screened potential Vloc(r0) [Fig. 3b] are
given by Eq. (20) of the main text, where the vector r0 starts at the origin of the calculated periodic unit cell [see
Fig. 3a]. To obtain the periodic local potential on the atom-centered r-grid, with the atom located at τκ, such that
r0 = τκ + r, one can apply the inverse Fourier transform

Vκ,loc(r) = Vloc(r0) = Vloc(τκ + r) =
∑
G

[
eiG·τκ Ṽ (G)

]
eiG·r

= 4π
∑
G

[
eiG·τκ Ṽ (G)

]∑
l,m

iljl(Gr)Y ∗
lm(Ĝ)Ylm(r̂).

(9)

In the final equality of Eq. (9), the plane wave eiG·r was expanded in terms of spherical harmonics Ylm and spherical
Bessel functions jl. If only the spherically symmetric terms corresponding to l = m = 0 are kept, Eq. (9) simplifies
to the spherically-symmetric atomic potential given in Eq. (21) of the main text.

SEMILOCAL AND NON-LOCAL PARTS OF HAMANN PSEUDOPOTENTIALS

For the atom κ, the total non-local Vanderbilt-Kleinman-Bylander (NL-VKB) [6–8] pseudopotential corresponding
to angular momentum l is generally written as

V l
κ,tot(r, r

′) = Vκ,loc(r) + V l
κ,NL(r, r

′) = Vκ,loc(r) +
∑

ij∈{l}

Dκ,ijβκ,i(r)βκ,j(r
′), (10)



3

where V l
κ,NL(r, r

′) is the fully non-local part that includes only the beta-projectors βκ,i(r) and βκ,j(r) generated for
angular momentum l. These projectors are read directly from the pseudopotential file along with the normalization
coefficients Dκ,ij . The local part Vκ,loc(r) is extracted from a density-functional theory (DFT) calculation. With fully
non-local pseudopotentials, the radial Schrödinger equation for the radial functions is

− d2

dr2
[rRκ,l(r, ε)] +

∫
dr′V l

κ,tot(r, r
′) [r′Rκ,l(r

′, ε)] = ε [rRκ,l(r, ε)] . (11)

While Eq. (11) can be solved numerically, in some cases it is more straightforward to convert the non-local pseudopo-
tential to a semilocal (SL) form, if such a conversion is possible. The non-local Hamann optimized norm-conserving
Vanderbilt pseudopotentials (ONCVPSP) [9, 10], used in the present work, allow for this conversion, as the pseudopo-
tential files include the radial functions χκ,l(r) = rRκ,l(r), evaluated at the same reference energies used to construct
the beta-projectors. With these radial functions, the semilocal components of the potential can be reconstructed as

V l
κ,SL(r) =

1

χκ,l(r)

∑
ij∈{l}

Dκ,ijβκ,i(r)

∫
dr′βκ,j(r

′)χκ,l(r
′). (12)

Alternatively, since the Hamann ONCVPSP code computes the SL parts internally, they can be printed directly
in the pseudopotential file and read from there. In our tests, the SL parts calculated with Eq. (12) were found to be
identical to those printed directly by the Hamann ONCVPSP code.

CRYSTALLOGRAPHIC PARAMETERS

The crystallographic parameters of all the structures used in this work are reported in Table S1.

TABLE S1. Crystallographic parameters of the considered structures.

Structure Space
group

a = b = c
(bohr)

α = β = γ

(◦)
Atom x, y, z

(crystal units)
Wyckoff
position

bcc-V Im3̄m 5.72 90 V 0, 0, 0 2a
bcc-Nb Im3̄m 6.24 90 Nb 0, 0, 0 2a
bcc-Mo Im3̄m 5.95 90 Mo 0, 0, 0 2a
fcc-Pd Fm3̄m 7.54 90 Pd 0, 0, 0 4a

A15-V3Sn Pm3̄n 9.42 90 V 1/4, 1/2, 0 6d
Sn 0, 0, 0 2a

A15-V3Si Pm3̄n 8.93 90 V 1/4, 1/2, 0 6d
Si 0, 0, 0 2a

A15-Nb3Si Pm3̄n 10.07 90 Nb 1/4, 1/2, 0 6d
Si 0, 0, 0 2a

L12-Nb3Si Pm3̄m 7.97 90 Nb 0, 1/2, 1/2 3c
Si 0, 0, 0 1a

B1-NbN Fm3̄m 8.29 90 Nb 1/2, 1/2, 1/2 4b
N 0, 0, 0 4a

SMEARING VS. TETRAHEDRON INTEGRATION METHODS

The convergence of the total and partial eDOS at the Fermi level with respect to the uniform k-grid size is
crucial to obtain reliable McMillan-Hopfield parameters. As shown in Figure S1a,b, the convergence of the McMillan-
Hopfield parameter for bcc-Nb closely follows that of the eDOS. When the tetrahedron integration method is used
to evaluate the delta-function integrals in the eDOS expressions in Eqs. (26) and (27) of the main text, the results
converge significantly faster [orange lines in Figure S1a,b] than when the same smearing is used to approximate the
occupation function in the self-consistent field (SCF) calculation and the delta-function in the eDOS part [black and
gray lines in Figure S1a,b]. Consequently, the tetrahedron integration method is used by default in all rigid muffin-tin
approximation (RMTA) calculations presented here.
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FIG. S1. Convergence of the electronic density of states at the Fermi level and the McMillan–Hopfield
parameter. a Electronic density of states (eDOS) at the Fermi level and b the McMillan–Hopfield parameter (η) as functions
of the uniform k-grid size for bcc-Nb. The abbreviations “MP” and “FD” represent Methfessel-Paxton and Fermi-Dirac
smearing, respectively, with σ indicating the corresponding degauss value. In all cases, smearing is used to approximate the
occupation function in the self-consistent field (SCF) calculations. In the subsequent RMTA calculation, the eDOS at the
Fermi level converges faster when the tetrahedron method is used (orange lines) than when the delta-function is approximated
by smearing (black and gray lines).

COMPARISON OF MCMILLAN-HOPFIELD PARAMETERS WITH PREVIOUS AUGMENTED
PLANE-WAVE RESULTS

In Figure S2, the present McMillan-Hopfield parameters for the metal atoms in selected simple metals and com-
pounds are compared with the results reported by Papaconstantopoulos et al. [11] and Pickett [12], obtained using
the augmented plane-wave (APW) method with touching MT spheres. Our values agree well with those of Papacon-
stantopoulos et al. and Pickett for the simple metals, and are also reasonably close to Pickett’s values for the binary
compounds V3Sn, V3Si, and NbN. By contrast, Pickett’s value for A15-Nb3Si is significantly smaller than ours. This
difference may arise from several technical factors, including differences in crystallographic parameters, all-electron
potentials, exchange-correlation functionals, and possibly the treatment of the Nb semicore states as either core or
valence in the APW method. Given the limited technical details provided in Ref. [12], it is difficult to identify the
exact origin of the discrepancy. Nevertheless, all results are valid within the respective computational frameworks in
which they were obtained.

NbN
(B1)

Nb3Si
(A15)

Nb

(bcc)
Mo

(bcc)
V

(bcc)
V3Sn
(A15) 

η 
(e

V 
/ Å

2 )

V3Si
(A15)

Pickett
Papaconstantopoulos et al.
FLAPW
PP+PW

0.0

2.5

5.0

7.5

10.0

12.5

FIG. S2. Comparison of calculated McMillan-Hopfield parameters with literature augmented plane-wave
results. Calculated parameters for V, Mo, and Nb atoms across various structures. Results from pseudopotential-based plane-
wave (PP+PW) calculations (orange circles) and full-potential linearized augmented plane-wave (FLAPW) calculations (gray
circles) are compared with literature values (red and black circles) obtained via the augmented plane-wave (APW) method as
reported by Papaconstantopoulos et al. [11] and Pickett [12].
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COMPARISON OF THE FINITE-DISPLACEMENT RESULTS OBTAINED WITH VASP PAW PBE
PSEUDOPOTENTIALS AND UNIVERSAL MACHINE LEARNING POTENTIALS

FIG. S3. Comparison of phonon dispersions and density of states (DOS in states/meV per primitive unit cell)
calculated with PBE and eSEN for elemental (bcc-Nb, bcc-V, and fcc-Pd) and binary (A15-V3Si) materials.
a bcc-Nb 4×4×4, b bcc-Nb 6×6×6, c bcc-V 4×4×4, d bcc-V 6×6×6, e fcc-Pd 4×4×4, f fcc-Pd 6×6×6, g A15-V3Si 2×2×2,
and h A15-V3Si 3×3×3. We employed Phonopy to set up and post-process finite-displacement calculations with a 0.1 Å shift
in supercells with either 64 atoms (a,c,e,g) or 216 atoms (b,d,f,h). The PBE analysis was performed with Vienna ab initio
simulation package (VASP) using a 500-eV energy cutoff and Monkhorst-Pack k-meshes of 6 × 6 × 6 and 4 × 4 × 4 for the
64-atom and 216-atom supercells, respectively. The DOS integration was carried out on 20× 20× 20 q-point meshes, with the
plots for the binary compound showing both total and atom-projected values.
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TABLE S2. Comparison of the local trace ϕ̃κ = 1
3
Tr

[
(Φκκ)

−1] (Å2/eV) and the Einstein frequency ωκ = 1√
Mκϕ̃κ

(meV) for the considered phases. The trace is found in real space by inverting block-diagonal atomic parts of the force
constant matrices. Technical details on the finite-displacement calculations are given in the caption of Figure S3.

Supercell Method bcc-Nb bcc-V fcc-Pd A15-V3Si

(atoms) ϕNb ωNb ϕV ωV ϕPd ωPd ϕV ωV ϕSi ωSi

64
eSEN 0.134 18.33 0.175 21.68 0.125 17.74 0.142 24.08 0.106 37.47
PBE 0.134 18.35 0.159 22.72 0.121 18.04 0.134 24.71 0.101 38.47

216
eSEN 0.135 18.26 0.176 21.60 0.125 17.75 0.143 23.92 0.106 37.43
PBE 0.137 18.15 0.158 22.82 0.121 18.02 0.136 24.53 0.100 38.50

IONIC FACTOR FROM LOCAL IONIC DISPLACEMENTS IN SUPERCELLS

The interatomic force constant (IFC) matrix in real space is defined as the second derivative of the total energy of

the system E with respect to the atomic displacements ∆τ l
κ and ∆τ l′

κ′ of atoms κ and κ′ in their corresponding unit
cells l and l′:

Φκαl,κ′βl′ =
∂2E

∂τ lκα∂τ
l′
κ′β .

(13)

In the local-vibration approximation, the local block of the IFC matrix Φκκ is sufficient to calculate the ionic factor—

ϕ̃κ = 1
3Tr

[
(Φκκ)

−1
]
—of the atomic electron-phonon coupling (EPC) constant λ̃κ. This block can be calculated from

the forces acting on atoms in the supercells, by displacing the atom κ in the original unit cell 0, along each Cartesian
direction as:

Φκκ =


∂2E
∂τ0 2

κx

∂2E
∂τ0

κx∂τ
0
κy

∂2E
∂τ0

κx∂τ
0
κz

∂2E
∂τ0

κy∂τ
0
κx

∂2E
∂τ0 2

κy

∂2E
∂τ0

κy∂τ
0
κz

∂2E
∂τ0

κz∂τ
0
κx

∂2E
∂τ0

κz∂τ
0
κy

∂2E
∂τ0 2

κz

 = −


∂Fκ,x

∂τ0
κx

∂Fκ,x

∂τ0
κy

∂Fκ,x

∂τ0
κz

∂Fκ,y

∂τ0
κx

∂Fκ,y

∂τ0
κy

∂Fκ,y

∂τ0
κz

∂Fκ,z

∂τ0
κx

∂Fκ,z

∂τ0
κy

∂Fκ,z

∂τ0
κz

 = −

∇κFκ,x

∇κFκ,y

∇κFκ,z

 , (14)

where ∇κ =
(
∂/∂τ0κx, ∂/∂τ

0
κy, ∂/∂τ

0
κz

)
, and Fκ = −∇κE is the force acting on the atom κ when it is displaced from

its equilibrium position τ0
κ by a small vector ∆τ0

κ . In Eq. (14), the matrix Φκκ is symmetric, has six unique elements,
and generally requires six numerical evaluations of Fκ—specifically, two atomic displacements along each Cartesian
axis:

∂Fκ(τ
0
κ )

∂τ0κ,α
=

Fκ(τ
0
κ +∆τ0κ,αα̂)− Fκ(τ

0
κ −∆τ0κ,αα̂)

2∆τ0κ,α
, (15)

where α̂ is a unit vector along the corresponding axis.
The calculation of Φκκ should be performed only for one atom of each symmetry type. Hence, in the A15 compounds

considered, only two atoms must be displaced in the supercells. By using the symmetry of the system, fewer than
6 total displacements per atom may be sufficient. In simple metals, 2 displacements of one atom along any of the
standard Cartesian axes are performed. In A15 compounds, four displacements along two axes are applied to one
metal atom and only two displacements along one axis are needed for a non-metal atom.

Table S3 demonstrates the convergence of the ionic factor calculated in a series of SCF runs with locally displaced
representative atoms for four selected materials. A 3×3×3 supercell containing 27 atoms appears to be optimal for
simple metals. Displacements performed in the 2×2×2 supercell of V3Si, which consists of 64 atoms, yield better
converged results than those in the primitive cell with 8 atoms. For fast RMTA estimates, however, displacements in
the 2×2×2 supercells of simple metals and the primitive cell of the A15 compound are sufficient, since they provide
ϕ̃κ estimates within 20% of the converged values.
In Table S3, the characteristic phonon energy ωκ is approximated via the ionic factor ϕ̃κ and the atomic mass Mκ

as [13]:

ωκ =
√

⟨ω2
κ⟩ ≈

1√
Mκϕ̃κ

, (16)
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and the logarithmic average phonon energy is obtained following [13, 14]:

ωln =

Natoms∏
κ

ω
λ̃κ
λ

κ . (17)

TABLE S3. Convergence of the ionic factors and type-resolved electron-phonon coupling constants with
respect to displacement parameters. The ionic factor, defined as ϕ̃κ = 1

3
Tr[(Φκκ)

−1], and the type-resolved electron-
phonon coupling (EPC) constant λν are shown for representative materials as functions of displacement length and supercell
size. Calculations are performed using a series of SCF runs in the Quantum ESPRESSO (QE) PW package, with displacements
of representative atoms ∆τ0

κ,α along each Cartesian axis. The same ONCVPSP pseudopotentials, smearing, and wavefunction
energy cutoff used for the calculation of the electronic factor ην are retained. A 24 × 24 × 24 k-point grid is used for the
primitive cells of the simple metals, while a 12 × 12 × 12 grid is used for the A15 compound; k-grids for the supercells
are rescaled accordingly. Reference ϕ̃DFPT

κ , λDFPT
ν , and ωDFPT

ln values are obtained in this work via QE density-functional
perturbation theory (DFPT) calculations using identical parameters and q-grids that correspond to the sizes of the equivalent
finite-displacement supercells. κ ∈ {ν} is assumed.

Material Type rκ,MT ην ∆τ0
κ,α Supercell / Natoms ϕ̃κ ϕ̃DFPT

κ λν λ λDFPT ωκ ωln ωDFPT
ln

ν (bohr) (eV/Å2) (Å) q-grid (Å2/eV) (Å2/eV) (K) (K) (K)

bcc-V V 2.48 8.01 0.01 2×2×2 8 0.157 0.157 1.26 1.26 1.37 266 266 240
3×3×3 27 0.183 0.183 1.47 1.47 1.17 246 246 244
4×4×4 64 0.179 0.179 1.43 1.43 1.30 249 249 227
6×6×6 216 0.180 0.180 1.44 1.44 1.53 248 248 185

0.10 2×2×2 8 0.156 0.157 1.25 1.25 1.37 266 266 240
3×3×3 27 0.182 0.183 1.46 1.46 1.17 246 246 244
4×4×4 64 0.179 0.179 1.44 1.44 1.30 248 248 227
6×6×6 216 0.180 0.180 1.44 1.44 1.53 248 248 185

bcc-Nb Nb 2.70 9.07 0.01 2×2×2 8 0.116 0.116 1.05 1.05 1.07 228 228 234
3×3×3 27 0.138 0.138 1.25 1.25 1.01 210 210 204
4×4×4 64 0.129 0.129 1.17 1.17 1.13 216 216 187
6×6×6 216 0.131 0.131 1.19 1.19 1.27 215 215 154

0.10 2×2×2 8 0.116 0.116 1.05 1.05 1.07 229 229 234
3×3×3 27 0.138 0.138 1.25 1.25 1.01 209 209 204
4×4×4 64 0.130 0.129 1.18 1.18 1.13 216 216 187
6×6×6 216 0.132 0.131 1.20 1.20 1.27 214 214 154

fcc-Pd Pd 2.66 2.65 0.01 2×2×2 8 0.135 0.135 0.36 0.36 0.35 198 198 74
3×3×3 27 0.142 0.142 0.38 0.38 0.19 193 193 173
4×4×4 64 0.140 0.144 0.37 0.37 0.25 194 194 156
6×6×6 216 0.144 0.144 0.45 0.45 0.29 177 177 136

0.10 2×2×2 8 0.134 0.135 0.36 0.36 0.35 199 199 74
3×3×3 27 0.141 0.142 0.37 0.37 0.19 194 194 173
4×4×4 64 0.143 0.144 0.38 0.38 0.25 192 192 156
6×6×6 216 0.144 0.144 0.38 0.38 0.29 191 191 136

A15-V3Si V 2.23 11.37 0.01 1×1×1 8 0.203 0.203 2.30 2.32 5.31 234 235 128
2×2×2 64 0.137 0.143 1.55 1.57 1.71 284 286 181
3×3×3 216 0.147 0.145 1.68 1.69 1.42 274 275 204

0.10 1×1×1 8 0.160 0.203 1.83 1.84 5.31 262 264 128
2×2×2 64 0.139 0.143 1.58 1.60 1.71 282 283 181
3×3×3 216 0.141 0.145 1.60 1.62 1.42 280 282 204

Si 2.76 0.17 0.01 1×1×1 8 0.112 0.112 0.02 423
2×2×2 64 0.106 0.107 0.02 436
3×3×3 216 0.106 0.107 0.02 435

0.10 1×1×1 8 0.110 0.112 0.02 426
2×2×2 64 0.106 0.107 0.02 436
3×3×3 216 0.106 0.107 0.02 436
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DENSITY-FUNCTIONAL PERTURBATION THEORY PHONON CONVERGENCE

phDOS (meV-1)phDOS (meV-1)

phDOS (meV-1)

a   bcc-V    k: 24x24x24

q: 8x8x8
q: 6x6x6
q: 4x4x4

q: 8x8x8
q: 6x6x6
q: 4x4x4

b   bcc-Nb    k: 24x24x24

phDOS (meV-1)

q: 4x4x4
q: 3x3x3
q: 2x2x2

d   A15-V3Si    k: 12x12x12c   fcc-Pd    k: 24x24x24

q: 8x8x8
q: 6x6x6
q: 4x4x4

FIG. S4. Convergence of phonon dispersion calculations with respect to q-point sampling. Phonon dispersion
relations for a bcc-V, b bcc-Nb, c fcc-Pd, and d A15-V3Si. The uniform k-point grid size for each material is specified at the
top of the respective panels. Calculations were performed using density-functional perturbation theory (DFPT) with optimized
norm-conserving Vanderbilt pseudopotentials (ONCVPSP). Parameters consistent with the rigid muffin-tin approximation
(RMTA) electronic factor calculations were maintained. Different line colors (orange, red, and black) indicate increasing q-
point mesh density.
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