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A microscopic understanding of magnetic exchange parameters beyond the conventional Heisenberg and
Dzyaloshinskii-Moriya interaction (DMI) is crucial for 3d difluorides, particularly for NiF,, where spins are
tilting about 0.43° along the z axis, which cannot be explained by DMI. It was proposed by Moriya Phys.
Rev. 117, 635 (1960) that this canting is related to single-site anisotropy, but the anisotropic contribution
to magnetic exchange remains insufficiently addressed. It is unclear what role anisotropic exchange plays in
comparison with single-site anisotropy, which can also induce a spin canting. Motivated by Moriya’s work,
we have calculated from first principles the full anisotropic exchange matrix for 3d rutile difluorides and
performed a systematic comparison of MnF,, FeF,, CoF,, and NiF,. Our approach integrates symmetry-based
spin-Hamiltonian construction and first-principles calculations, enabling the determination of the minimal form
of the magnetic exchange matrix in the presence of spin-orbit coupling.

DOLI: 10.1103/h11d-4gxc

I. INTRODUCTION

The first proposed altermagnetic was a metallic rutile,
ruthenium dioxide (RuO,). However, subsequent experimen-
tal investigations using muon spin-rotation (uSR) techniques,
neutron scattering, and other techniques have revealed that
RuO; is, in fact, nonmagnetic [1-11]. Nevertheless, the rutile
crystal structure can host a d-wave alternating magnetic order,
making it a promising altermagnetic candidate. The 3d-metal-
based difluorides also adopt the rutile crystal structure and
exhibit similar signatures of altermagnetism like a large spin
splitting with d-wave symmetry, along with a pronounced
altermagnetic optical response. The presence of altermagnetic
signatures necessitates a comprehensive calculation of the full
magnetic exchange matrix for the rutile-structure difluoride
antiferromagnet. Bilinear interactions between any two spins
in a crystal can be expressed as
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where the exchange matrix Fom corresponds to the case where
the two spin labels m, n reside on different crystal sites,
and the single-site anisotropy matrix K, characterizes the
directional dependence of the spin located at m. In the non-
relativistic limit, both matrices are rotationally invariant, that
is, J is diagonal in the spin space, and K,,,, is identically zero.
Spin-orbit coupling (SOC) breaks spin-rotational symmetry
and aligns spins along preferred directions which is decided
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by the crystal symmetry. This phenomenon introduces mag-
netic anisotropy, which gives rise to various noncollinear
magnetic behaviors such as Kitaev interactions, spin canting,
weak ferromagnetism in antiferromagnetic material, exotic
topological magnetic textures, unusual magnetoelastic cou-
pling, complex magnetic hysteresis, and many more [12—-14].
If SOC can be treated perturbatively (which is the case for
most 3d and 4d systems), one can show that the diagonal
interactions in the J matrix appear in zero order in SOC,
the antisymmetric part of the same matrix (when allowed by
symmetry) in the first order, and the symmetric off-diagonal
part, as well as the K matrix, in the second order. That is
to say, at different levels of approximation, one can consider
either purely Heisenberg exchange without any anisotropy, or
Heisenberg+DMI, or the full J and K matrices. The com-
monly used approximation that includes K but not symmetric
off-diagonal elements of J is thus inconsistent and cannot
be recommended [15-19]. These considerations motivated
us to explore of the full magnetic exchange matrix beyond
the conventional isotropic Heisenberg and Dzyaloshinskii-
Moriya interaction (DMI).

A rutilelike structure of transition metal difluorides
presents a compelling platform for exploring magnetic
anisotropy due to its inherent tetragonal crystal symmetry and
metal-fluoride octahedral coordination. The anisotropic mag-
netic behavior primarily stems from the interactions among
the d electrons of the transition metal, which are strongly
influenced by the surrounding octahedral environment in the
presence of SOC. This environment can be systematically
tuned through variations in the choice of transition metal,
metal-fluorine bond lengths, lattice parameters, and related
structural parameters. The anisotropic aspects of rutile mag-
netism are particularly intriguing, as this system stands out as
a promising candidate for investigating altermagnetism and a
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broader landscape of correlated magnetic phenomena. In this
3d difluoride series, the spin orientation along [001] is favored
in MnF,, FeF,, and CoF,, whereas NiF, prefers the [011]
direction [20].

Moriya [21], through an analysis of a relativistic spin
Hamiltonian incorporating SOC, demonstrated that DMI can-
not induce spin canting in NiF,, but magnetic anisotropy can.
However, lacking a first-principles calculation, it is nearly
impossible to distinguish between the single-site anisotropy
and, for instance, an Ising component of exchange coupling.
Thus, Moriya in his calculation combined all anisotropic in-
teractions in a single element of the K matrix. While Moriya’s
framework successfully accounts for the observed magnetic
properties, a comprehensive determination of the anisotropic
magnetic exchange interactions remained unaddressed. Moti-
vated by this pioneering work, we have evaluated the complete
magnetic exchange matrices for the most important bond (sec-
ond nearest neighbor) connecting the corner and the central
metal for four 3d difluorides by combining crystal symmetry
analysis with first-principles density functional theory (DFT)
calculations. In terms of length, this bond is the second short-
est one and by far the strongest since it involves a one-stage
superexchange. It is also generally considered the most im-
portant, as it allows for DMI and is responsible for the spin
canting discussed by Moriya. The shortest metal-metal bond
is vertical, which does not allow for DMI, and the exchange
for this pair is provided by a direct metal-metal overlap and is
necessarily weaker. Other exchange paths, as discussed later
in the paper, are dramatically weaker. Our findings reveal
the presence of ferromagnetic and antiferromagnetic elements
within the exchange matrix [14,21]. Additionally, it has been
reported that a finite thermal Hall conductivity can arise from
intrinsic magnonic Berry curvature in altermagnetic materials
with a rutile crystal structure [6-9]. Such spontaneous thermal
Hall effect has been theoretically predicted for MnF,, CoF,,
and NiF,, which further motivated our choice of these com-
pounds for investigating the entire magnetic exchange matrix
[9]. Furthermore, optical pumping has been shown to induce
significant spin canting in the insulating rutile CoF,, with
SOC playing a central role in light-induced anisotropic mag-
netism in altermagnets [10]. Experimental studies using x-ray
magnetic dichroism have also revealed that SOC plays a dual
role in the NiF, series, contributing not only to the anomalous
Hall effect and magneto-optical conductivity but also to the
emergence of weak ferromagnetism [11]. The confluence of
these phenomena highlights the relevance and importance of
finding an easy way to calculate the full magnetic exchange
matrix. In the present work, we propose a computational ap-
proach that is both more accurate and less computationally
intensive for determining all second-nearest-neighbor mag-
netic exchange parameters in transition metal fluorides mF,
(where m = Mn, Fe, Co, and Ni), which crystallize in the rutile
structure. Our methodology exploits the inherent symmetry of
the rutile lattice to derive the minimal form of the magnetic
anisotropy matrix and to formulate analytical expressions
that exhibit a trigonometric dependence of the anisotropic
magnetic exchange parameters on the rotation angle of the
spin-quantization axis as we did earlier for kagome metal [22].
By combining these theoretically derived expressions with
first-principles calculations, we achieve improved accuracy in

evaluating the anisotropic exchange parameters discussed in
this study.

II. CALCULATION METHODOLOGY

First-principles DFT calculations were carried out for iron
group transition metal difluorides mF, (m = Mn, Fe, Co, and
Ni) in the relativistic domain. The computations employed
a plane-wave basis set with an energy cutoff of 600 eV,
using projector augmented-wave pseudopotentials as imple-
mented in VASP [23,24]. Exchange-correlation effects were
treated within the generalized gradient approximation using
the Perdew-Burke-Ernzerhof functional [25]. For the transi-
tion metal elements, the pseudopotentials m_pv (i = Mn, Fe,
Co, Ni) were used, including p as valence state, along with
fluorine as the ligand. Structural optimization was performed
by relaxing internal atomic coordinates until the Hellmann-
Feynman forces on all atoms were less than 0.001 eV/A, and
the electronic self-consistency criterion was set to 10~ eV. To
ensure numerical accuracy, convergence tests were conducted
with k-point meshes up to 12 x 12 x 12, and the resulting
variations were used to assess the computational uncertainty.
Additionally, a directional constraint was applied (as imple-
mented in VASP) to ensure that only the spin-quantization axis
rotates—an essential step to guarantee a simple trigonometric
dependence of total energy with respect to rotation angle, in
both the unit cell and the supercell setup for four transition
metal difluorides.

III. CRYSTAL STRUCTURE AND SYMMETRY

The unit cell of transition metal difluorides crystallizes
in the rutile structure, characterized by a tetragonal symme-
try with space group P4,/mnm (SG No. 136), as shown in
Figs. 1(a) and 1(b). The Wyckoff position of the transition
metal is marked by =+, and the bond direction is indicated by
arrows in Fig. 1(a). In Fig. 1(b), the octahedral coordination
environment is illustrated, where the metal ions coordinated
by fluoride ligands form edge-sharing octahedra. The lattice
parameters for mF, (where m = Mn, Fe, Co, and Ni) have
been adopted from experimentally reported data [26]. We have
also indicated the local coordinate system of the octahedron
by blue dotted axes and the global coordinate system by
solid blue axes outside octahedral, as shown in Fig. 1(c). The
ﬁ X \/i x 1 supercell of the rutile altermagnet is illustrated
in Fig. 1(d), containing four nonequivalent transition metal
sites. The tetragonal crystal structure exhibits several distinct
symmetries. By applying the corresponding symmetry opera-
tions, we have determined the explicit form of the magnetic
exchange matrix. The key symmetry operations include a
fourfold screw axis (4,) along the z direction and a mirror
plane perpendicular to it. Additionally, there exists a twofold
screw axis (2;) along the x or y direction, accompanied by
an n-glide plane perpendicular to it, with a mirror operation
involving a fractional translation of (%, %, 0). Furthermore,
the structure features a twofold rotation axis along the [110]
or [110] direction, along with a mirror plane perpendicular to
these axes.
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FIG. 1. (a) and (b) depict the unit cell without and with an octahedral of mF, (m = Mn, Fe, Co, and Ni), respectively. In these illustrations,
the white spheres represent the transition metal ions m, while the red spheres denote fluorine atoms. The Wyckoff position has been marked
in (a) for each transition metal atom by the combination of three + signs. A magenta arrow also shows the bond direction. Two inequivalent
magnetic sites m; and m, are labeled. (c) shows the local coordinate system of the octahedron indicated by a dotted blue arrow inside it,
along the long (X) and short (Y') axes of the octahedron (uppercase X-Y), while the global coordinate system is shown outside the octahedron
using solid blue lines (lowercase x-y). In contrast, the direction of the Dzyaloshinskii-Moriya (DM) vector is shown by the solid orange arrow.
(d) represents the V2 x /2 x1 supercell with four distinct magnetic sites—m,, m,, ms, and my—indicated accordingly.

IV. DISCUSSION

A. Derivation of the magnetic Hamiltonian and the effect
of the quantization axis rotation

The bilinear magnetic interaction in its most general form,
accounting for SOC, can be expressed as discussed above

H:—Zsm‘jmn'sn+zsm'km1n'Sm’ (2)
m,n i

where summation is over all sites m. Here, J,,, and K, rep-
resent the exchange matrix and single-site anisotropy matrix
as described in Eq. (1). In this case, we consider the transition
metal atom to be positioned at the origin (0, 0, 0). There are
four second-nearest-neighbor bonds formed with other metal
atoms located at positions (:t%, j:%, i%). The magnetic
exchange interaction between the central atom and each
neighboring metal atom is described by a 3 x 3 matrix Jik,
where i, j, k = £ depends on the position of metal atoms. The
system has an inversion symmetry operation that can connect
eight different positions defined by i, j, and k. The crystallo-
graphic symmetry operations act differently on axial vectors
(magnetic moments) than on polar vectors (dipole moments):
a mirror (or glide) with normal vector n acting on an axial vec-
tor s = {x, y, z} transforms it as s — 2n(n-s) — s, while the
rotations about n act in the same way on either axial or polar

vectors; for a mirror plane through (110) with n = [110],
one obtains s — {—y, —x, —z} and all other transformation
of coordinates due to symmetry operations discussed later.
Now the presence of 110 mirrors through origin transforms
s={x,yz} to {—y,—x,—z} that leaves Jy =Jy =A,
Joe=Jyy=Band J,, =J,, =C, Jx =Jyy =J,

+++ +++
‘Ixx JXZ

AN J A B
FH+ g |
ORI 20 Bl AR BC
JEEE AR A -
The inversion symmetry allows us to write
J A B
JHHt =~ =|A J B]|. (€))
c C J;

We can also write separately isotropic (Jy) and anisotropic
interactions (J;, A, B, C) like

-£ A B
Jntij—_‘_ = ‘]lr_m__ = Jydm + A —% B . 5)
c c I

Here, Jy and J, represent Heisenberg and Ising interactions,
respectively. There is also a z mirror through the origin.
It transforms s={x,y,z} to {—x,—y,z}, leading to
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Jy=Jy=A4, Joy=J,=-B and J,=J,=-C,
Joo =Jyy =J =Jyg — J;/2. Since B # C, we can then write

-£ A -B
Jo =R = dwb+ | A =5 B (©
—-C —-C .

There are also nonsymmorphic symmetry operations, i.e., a
glide 100 plane at 0.25a from the origin, which changes s =

{x,,z} to {x, —y, —z}, and it swaps s and §', leading to
-£ -A —C
S =0 = b+ | A =L | D
—B B J,

We have another glide plane, 010, at 0.25b, which also
swaps s and §', and it changes s = {x, y, z} to {—x, y, —z},

J,
L A C

b =0 =T+ | -4 =L |, ®
B -B

so we have the total magnetic exchange matrix with the sum
of (for two spins)

H=—s-Y Jifs, ©
where Ji = 2000 + 20 4 205 4 20,0,
~% 0 0
ST =8ubm+| 0 =% 0]
0 0 8/

or we can also write it as before J=Jy —J,/2 and
JZZ = JH +Jz7

) J 0 0
Y Jik=slo s o] (10)
0 0 J.

At this point, it is instructive to introduce a local frame, where
the X axis is pointing along the longer axis of the Fg octahe-
dron and the Y axis along the short one. For m; in Fig. 1(a),
the new frame is obtained by the — /4 rotation, and for m,,
by the 4 /4 rotation, or explicitly, for site 1, X; = 41

[ b
Y = y‘\g‘ ,and Z; = 7, and for site 2, X, = XZEZ,YQ = xz?'z,

and Z, = z,. A point to be noted here is that, throughout the
manuscript, the global coordinate system is denoted by the
lowercase spin vectors s;(x1, y1, z1) and sy(x2, y2, 22), while
the local coordinate system is represented by the uppercase
spin vectors S (X1, Y1, Z1) and S»(Xz, Y2, Z5).

In the local frame, the exchange matrix appears to be

Jo 0 b
St =Ty + |0 T, 0], (11)
c 0
where J,=A—J,/2, J,=A—J/2, b=+/2B, and

¢ =+/2C. It is clear from this representation that the diagonal
exchange interaction reflects the difference between the
long-long axis spin interaction and the short-short, while the

long-short spins are orthogonal and do not interact, and in
addition, there is symmetric compass interaction (b + c)/2
and a single Dzyaloshinskii-Moriya (DM) component
-(b—c)/2 directed, in agreement with the standard
rules [14,21], perpendicular to the mirror plane passing
through a bond. Here, we have also added the single-site
anisotropy along the long-axis anisotropy as K; and the
short-axis anisotropy as K; of the octahedral. Hence, the total
anisotropy is

Hsingle—site =K (Xlz + X22) + K (Y12 + YZZ)' (12)
Considering the transformation from the local coordinate sys-

tem to the global one, where S| — s; and S, — s, the
expression of the single-site anisotropy can be written as

Haingle-sie = 2K_(x1y1 — 0232) — Ky (27 +23),  (13)

where

_KI+K¥ _Kl_Kv
A T T

If we keep the spin directions of s; and s, fixed along the y
and z axes in the global coordinate system and apply a rigid
rotation of angle ¢, the spin-quantization axis around the z
axis, the resulting energy expression takes the form in the
global coordinate system

E = Ey — K_sin(2¢). (14)

Alternatively, if we apply a rigid rotation of the spin-
quantization axis around the y axis (while keeping the spin
directions of s; and s, along the y and z axes in the global
frame), the resulting energy expression becomes in the global
coordinate system

E = Ey — K, cos’(¢). (15)

From this unit cell configuration, we can extract only the
single-site anisotropies K, and K_ using first-principles DFT
calculations. The other terms, such as A, B, C, and J,, do
not contribute by symmetry and thus fall out of the result-
ing energy expression. To capture additional interactions, we
consider a supercell of size /2 x /2 x 1, which contains
four spin sites, labeled s, s, s3, and s4 for m;, m;, m3, and
my 3d transition atoms, as shown in Fig. 1(d). Transitioning
to the supercell approach allows these terms to be captured
and resolved through appropriate spin configurations. The
Hamiltonian in supercell configuration for the four-spin site is
given by

4 4

-y

m=1 n=
m#n

Sm - J,lnj,]f Sy + 7'lsingle-site~ (16)
1

In the global coordinate system, by setting the spins
S1, S2, 83, 84 along +9, —9, +X, —X, respectively, and perform-
ing a rigid rotation about the y axis, the total energy takes the
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form
E=Ey+ [Ky + 2, —J)]cos(2p)
= Ep + [K+ + 3J;]cos(2¢), (17)

from which the Ising term J, can be extracted. Similarly, by
aligning the spins sy, S, 3, S4 along +y, —X, —9, —X, respec-
tively, and performing a rigid rotation about the z axis, the
total energy becomes in the global coordinate system

E = Ey + 164 cos(2), (18)

which enables the extraction of the parameter A. Lastly, by
setting the spin directions sy, S;, 83, S4 along +X, +79, +2Z, +X,
respectively, and applying a rigid rotation about the z axis, the
energy expression becomes in the global coordinate system

E =Ey — K_sin(2¢) — 4Bsin¢ — 4C cos ¢, (19)

which allows for the determination of the parameters B and
C. We combined first-principles calculations with the ana-
Iytically derived expressions presented above from the spin
Hamiltonian and applied them to both unit-cell and supercell
configurations. This approach enabled us to determine the
symmetry-allowed minimal form of the complete magnetic
exchange matrix for four distinct bonds in the iron diflu-
oride series. A point to be noted following Moriya is that
the term nearest neighbor is used to denote the interaction
shown in Fig. 1(a), which would be the nearest-neighbor one
in the ideal body-centered cubic (bcc) lattice. However, due
to the strong tetrahedral distortion present in these materials,
the corresponding bond is no longer a vertical metal-metal
bond which is shorter. The reader needs to keep in mind
that, in some papers, the nomenclature is called the second-
nearest-neighbor interaction. This exchange interaction is by
far the most dominant, and we focus on it in our calculations.
For completeness, we briefly discuss the remaining exchange
interactions. To this end, we employed the OPENMX code
[27,28], which implements the Green’s function perturbation
theory based on the magnetic force theorem, and evaluated the
first four isotropic exchange constants. The one we consider
in the paper is J,. The calculated ratios J; /J3, J3/J2, and J4/J»
for four rutile fluorides are shown Table II, and we found that
Ji is considerably smaller than J,, and the remaining ratios
are negligible. This is expected since J, corresponds to the
shortest superexchange path and is the only such interaction
mediated by a single ligand. The J; interaction, arising from
direct metal-metal overlap, is approximately a factor of two
smaller and is not expected to induce any significant effects.
The detailed methodology and corresponding results are pre-
sented in the following section.

B. First-principles calculation of the exchange matrix

We have combined the equations of our theoretical model
with first-principles calculations, including SOC, to evaluate
the entire magnetic exchange matrix elements that contribute
to the weak ferromagnetism observed in the antiferromagnetic
transition metal fluorides mF, (m = Mn, Fe, Co, and Ni).
To the best of our knowledge, while the isotropic Heisenberg
exchange interaction has been previously reported [29], the
anisotropic component of the magnetic exchange interaction
has not yet been explored in the literature. Leveraging the

underlying symmetry of this transition metal fluoride mF,
series, we identify the minimal set of independent magnetic
exchange parameters required to fully describe the anisotropic
exchange matrix. In our computational workflow, the total
energy is calculated for each rotation angle using the fixed
spin configurations predicted by our model equations. To
ensure systematic behavior and minimize numerical noise
in our first-principles calculations, we maintain all computa-
tional parameters fixed across each dataset of one particular
calculation (for a fixed spin configuration). The calculated
energy difference plotted as a function of rotation angle is then
fitted to the analytical expression derived from our model.
As shown in Figs. S1-S5 in the Supplemental Material [30],
the excellent agreement between the fitted equations with
computed energy differences, especially at low energy scales,
shows the accuracy and reliability of the extracted anisotropic
exchange parameters. In Figs. S1-S5 in the Supplemental
Material [30], the energy differences plotted along the y
axis primarily represent the variation in total energy relative
to the reference energy at zero rotation angle. Specifically,
these differences correspond to the energy values at succes-
sive rotation angles of spin-quantization axis (e.g., 20°, 40°,
and so on, up to 180°) subtracted from the energy at 0°.
Our proposed method enables the extraction of anisotropic
magnetic exchange interactions, namely, compass and DMIs,
along with single-site anisotropy, as discussed below for the
four altermagnetic rutiles: MnF,, FeF,, CoF,, and NiF,. In
our approach, we use consecutive small-angle rotations of the
spin-quantization axis rather than conventional total-energy
mapping. This offers several advantages. First, by fixing the
magnetic configuration and making only small changes in
the spin-quantization axis, the systematic numerical errors
due to changes in charge density, the rate of convergence,
or metastability effects are avoided. Second, through small-
angle rotation, the energy changes are guaranteed to remain
in the linear/quadratic regime, which is crucial for deter-
mining magnetic anisotropy and exchange interactions on a
small energy scale. Third, using configurations that have the
two moments perpendicular to each other automatically ex-
cludes the dominating isotropic interaction Jy, also improving
accuracy. Ultimately, the excellent agreement between our
analytical expressions and the first-principles calculations, as
shown in the trigonometric fitting curves in the Supplemental
Material [30], serves as an internal consistency check that is
not possible by direct energy mapping methods.

1. Magnetic exchange interactions for MnF ,

Considering the first case of MnF,, the isotropic Heisen-
berg interaction is found to be —0.48 meV, as calculated
from the energy difference between the ferromagnetic and
antiferromagnetic configurations in the absence of SOC. Upon
turning on SOC, the anisotropic magnetic exchange parame-
ters, namely, Ky, K_, A, B, C, and J,, become relevant. We
employed the unit cell configuration to determine the single-
site anisotropies, obtaining K; = —0.003meV and K_ =
0.01 meV, using Egs. (14) and (15). The trigonometric fitting
curve of the DFT data to the theoretical model is illustrated
in Figs. S1(a) and S2(a) in the Supplemental Material [30].
The Ising exchange term (J — J;) is extracted from Eq. (17),
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as shown in Fig. S3(a) in the Supplemental Material [30],
and used to evaluate J, via the relation —%JZ =J —J;. The
anisotropic exchange parameters A, B, and C are calculated
using Egs. (18) and (19) from the supercell configurations.
The quality of the fitting procedure for determining these
parameters is demonstrated in Figs. S4(a) and S5(a) in the
Supplemental Material [30]. To ensure the robustness of the
extracted anisotropy values, we have tested convergence by
employing two different k-meshes: 6 x 6 x 6 and 8 x 8 x §,
in both in-plane and out-of-plane directions for all cases.
Hence, the complete magnetic exchange interaction for MnF;
is given by following Eq. (5) as

0 0  —0.01
Tt = 0488, 4+ 0 0o -o00l], o
—0.01 —-001 0

where the first term represents the isotropic Heisenberg inter-
action, and the matrix captures the anisotropic contributions
induced by SOC. Following a similar procedure, we can ex-
press the matrix forms of the exchange interactions J_—7,
J+==,and J+~ as given in Eqs. (6)~(8), respectively. The
fact that the Mn®>* ion has a closed 3d shell explains why
spin-orbit interaction, and thus anisotropic exchange, is so
small. The anisotropic contribution can also be expressed in
the local coordinate system of the octahedron, which pro-
vides a more convenient framework for describing magnetic
exchange interactions. This is achieved by performing a co-
ordinate transformation, leading to Eq. (11). Hence, J,/- is
now in the local coordinate system

0 0 —002
JHt = 0488, + 0 0 0
—0.02 0 0

From the above exchange matrix, we can see that symmet-
ric compass interactions are around —0.02 meV, while the
anisotropic DMI is zero. Hence, the total Hamiltonian for the
exchange interaction in a local coordinate system with two
spins S1(X1, Y1, Z1) and S»(X>, Y», Z») can be written as

Hyop, = 0.48(S; - $2) + 0.02(X,Z, + Z1X5)
+0.007(X7 +X7) +0.013(Y7 +Y5). (2D

The above equation provides a complete description of mag-
netic exchange interactions for MnF,, with K;(K; + K_) and
K (K; — K_), as long- and short-axis anisotropies are 0.007
and 0.013 meV.

2. Magnetic exchange interactions for FeF ,

For the second compound FeF,, the isotropic Heisenberg
interaction Jy is found to be —0.66 meV. The single-site
anisotropies were obtained as K; = 0.46meV and K_ =
0.55meV using Egs. (14) and (15). The trigonometric fit-
ting of the DFT data to the theoretical model is shown in
Figs. S1(b) and S2(b) in the Supplemental Material [30].
The Ising exchange related term (J — J,;) was extracted from
Eq. (17) (Fig. S3(b) in the Supplemental Material [30]) . The
anisotropic exchange parameters A, B, and C are evaluated
from Egs. (18) and (19), with the fitting results illustrated in
Figs. S4(b) and S5(b) in the Supplemental Material [30]. The

complete magnetic exchange interaction for FeF; is given by
using Eq. (5),

—007 0 006
THH = 0668, +| 0 =007 006, (22)
0.02 002 0.5

where the first term denotes the isotropic interaction, and the
matrix encodes the SOC-induced anisotropic contributions.
Following a similar approach, the exchange matrices J_ 7,
A+__ A_+_ . . . .

Jo ", and J_ T~ are given in Egs. (6)—(8). The anisotropic

part can also be expressed in the local coordinate system of
the octahedron as given in Eq. (11),

—007 0  0.08
Tt = —0.668,, +| 0  —007 0
0.03 0 015

Here, the symmetric compass interactions are around
0.06 meV, while the anisotropic DMI is approximately
—0.03meV. Hence, the total Hamiltonian for the exchange
interaction can be written as considering the single-site
anisotropies K; and K,

Hrer, = 0.66 (S - $2) + 0.07 (X, X + V1Y) — 0.15Z,2,
—0.06(X,2, +Z,X,) + 0.03(Z, X, — X12,)
+ 1LO1(X? 4+ X7) + 0.09(Y7 +Y5). (23)

The above equation provides a complete description of the
magnetic exchange interactions in FeF5.

3. Magnetic exchange interactions for CoF

For CoF,, the isotropic Heisenberg interaction
is Jy = —1.01 meV. The single-site anisotropy parameters,
extracted using Egs. (14) and (15), are K, = 0.96 meV and
K_ =0.85meV. The trigonometric fit of DFT data to the
theoretical model is shown in Figs. S1(c) and S2(c) in the
Supplemental Material [30], and the Ising exchange term
(J — J;), obtained from Eq. (17), is presented in Fig. S3(c) in
the Supplemental Material [30]. The fitting quality is
illustrated in Figs. S4(c) and S5(c) in the Supplemental
Material [30] to find A, B, and C. Thus, the full magnetic
exchange interaction for CoF, is given by Eq. (5),

—0.16 0  0.17
JHt = 1018, +| 0 —016 0.17]. (24
0.13 013 032

Here, the first term denotes the isotropic Heisenberg interac-
tion, while the matrix encapsulates anisotropic contributions
arising from the relativistic domain (SOC). The corresponding
exchange matrices J~F, J+—= and J_ are presented in
Egs. (6)—(8), respectively. The anisotropic part in the local
octahedral coordinate system [following Eq. (11)] is

—0.16 0 024
JH = 1018, 4+ 0 -016 0 |,
0.18 0 032

with symmetric compass interactions ~0.21 meV and
anisotropic DMI ~—0.03 meV. The total exchange Hamilto-
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nian is with K; = 1.81 meV and K; = 0.11 meV,
Heor, = 1.01(S; - S2)+0.16 (X1 X, + 11Y») — 0.322,2,
— 021 (X1Z, + Z,X2) + 0.03 (Z1 X2 — X12»)
+ 1.81 (X7 +X7) +0.11 (Y7 + Y5). (25)

4. Magnetic exchange interactions for NiF ,

The end compound of this series NiF, is particularly in-
triguing, as the spins in these materials exhibit a preference
for tilting along the z axis. Here, the isotropic Heisenberg
interaction is Jy = —4.11 meV. The single-site anisotropies,
obtained from Egs. (14) and (15), are K, = —0.15meV and
K_ =0.07meV. The Ising exchange term (J —J,;), along
with the other anisotropic parameters (A, B, C), was extracted
from the trigonometric relations in the same manner as for the
three other compounds in the series. The corresponding fitting
curves for all parameters (K, K_, J;, A, B, C) are presented
in Figs. S1(d)-S5(d) in the Supplemental Material [30]. The
complete exchange interaction is given by Eq. (5),

002 0 031
T = 4118, 4+ 0 —002 031]. (6)
030 030 0.4

The first term is isotropic, while the matrix captures
anisotropic terms due to SOC corrections, as discussed earlier.
The matrices J,, ", JF—= and J = follow from Egs. (6)—(8).

The anisotropic part in the local octahedral coordinate system
[Eq. (1D)]is

—002 0 044
JHt = 4118, + 0  —-002 0

mn ’

0.42 0 0.04

with symmetric compass interactions ~0.43meV and
anisotropic DMI ~—0.01 meV. Hence, the total exchange
Hamiltonian can be written considering K; = 0.08 meV and
K; = 0.22 meV,

Hyir, = 4.11(S; - $2) +0.02 (X, X> + V1Y2) — 0.04 Z, Z,
— 043 (X1 2, + Z1X2) + 0.01 (Z1 X, — X, 2,)
+0.08 (X{ +X5) +0.22 (Y7 +Y5). 27)

5. Comparison

We have plotted the isotropic and anisotropic exchange
parameters as a function of the transition metal elements from
Mn to Ni, as shown in Figs. 2 and 3(a)-3(f). The variation
in the isotropic exchange parameters observed in our calcu-
lations follows trends similar to those found in the available
literature [29]. For the anisotropic exchange parameters, two
distinct trends emerge, corresponding to the sum and the
difference of the DM and the compass term. First, the trends
of the Ising interaction J, and the strength of anisotropy con-
stants K, and K_ are similar, which show distinct peaks in the
case of FeF; and CoF, in comparison with MnF, and NiF,,
as shown in Figs. 3(a)-3(c). In our rutile fluoride systems, the
relativistic effects mainly arise from the SOC of d electrons,
split into #,, and e, manifolds, separated by the crystal field
energy A = 10Dg ~ 1 eV—as opposed to some systems with
very heavy ligands, like Crls;, where the large SOC on the
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FIG. 2. Tllustration of the isotropic exchange parameter (Jy)
for each transition metal in the mF, compound, where m =
Mn, Fe, Co, Ni.

ligands may play a significant role. The anisotropic exchange
parameters are mainly controlled by the SOC strength, which
is strongly affected by orbital quenching. A strong orbital
quenching reduces the orbital moment, making the L. - S inter-
action weaker, while a reduced orbital quenching increases the
anisotropic magnetic interactions. Here, Mn>* has a complete
d? shell with zero orbital moment, so SOC there is extremely
weak, as reflected in anisotropic magnetic interactions. Also,
Ni** has a complete , shell, so the orbital moments appear
only in the second order in £soc/ A, a rather small number. On
the other hand, FeF, and CoF, have one hole or one electron
in the 15, shell, respectively, which can form a combination
with L, = %1, resulting in stronger SOC, thus enhancing the
anisotropic magnetic constants K™, K, and J,, see Fig. 3, as
well as DMI interaction (B — C)/ V2, see Table I1.
Surprisingly, the compass interaction (B + C)/~/2 does not
follow this trend but varies consistently with the Heisenberg
exchange interaction Jy, with the maximum for NiF, and
minimum for MnF,. To understand this, we note that the
Heisenberg interaction for NiF; is significantly higher (by at
least a factor of 4) than that for the other compounds. As dis-
cussed in Ref. [29], this is due to its enhanced metal-fluorine

TABLE I. The lattice parameters a and ¢ for the four transition
metal difluorides have been presented, along with the two distinct
metal-fluorine bond lengths. The lattice parameters were chosen to
closely match those reported in the experimental study Ref. [26].

Lattice parameters Bond length (m-F)

Elements a(A) c(A) di(A) dy(A)
MnF, 4.87 3.31 2.14 2.11
FeF, 470 3.31 2.03 2.10
CoF, 470 3.18 2.05 2.04
NiF, 4.65 3.08 2.04 1.98
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FIG. 3. (a)—(f) show the anisotropic magnetic exchange parameters (i.e., magnetic interactions in the presence of SOC) for each transition
metal in the mF, compound, where m = Mn, Fe, Co, and Ni in the global coordinate system. Specifically, (a) displays the Ising term (J,),
(b) shows the single-site anisotropy K, (c) presents the single-site anisotropy K_, and (d)—(f) correspond to the parameters A, B, and C,
respectively. The detailed definitions and discussions of these exchange parameters are provided in the main text. The fitting errors are indicated
in each figure by the bars and are roughly on the order of the size of the marker.

hybridization. Here, NiF, exhibits the smallest metal-fluorine
energy splitting as well as the shortest average m—F bond
length across the series. These features significantly enhance
the 7,; hopping between Ni-d and F-p orbitals, resulting in
a stronger superexchange pathway. Additionally, the larger
superexchange angle further enhances the AFM interaction.
Coming back to the compass interaction, we observe that,
while its absolute value bucks the predicted trend, its ratio to
Jy is small in NiF,, following that trend. The results of all
calculations are summarized in Tables I and II. We confirm
that the out-of-plane single-site anisotropy (—K,) combined
with the Ising term (J;) yields the easy-axis anisotropy for
all compounds except NiF,. For the latter, we have applied
Moriya’s theory [21], using our calculated in-plane single-
site anisotropy 2K —, to find the spin-canting angle for NiF,.

TABLE II. Magnetic exchange interaction ratios for four rutile
fluorides, where J; represents the first-nearest-neighbor interaction,
J, the second-nearest-neighbor interaction, J; the third-nearest-
neighbor interaction, and J4 the fourth-nearest-neighbor interaction.

Metal fluorides Jl /Jz .13/.]2 J4/J2
MnF, 0.47 0.010 0.05
FeF, 0.12 0.002 0.05
CoF, 0.54 0.013 0.007
NiF, 0.38 0.019 0.03

The spin-canting angle is 0.38°, well within the reported
range [31].

V. SUMMARY AND CONCLUSIONS

In summary, we have developed a computational frame-
work that uses symmetry analysis to construct a theoretical
model with trigonometric expressions of the rotation angle of
the spin-quantization axis vs energy, which are subsequently
fitted to the angular dependence of total energy obtained
from first-principles calculations. This approach facilitates the
extraction of anisotropic magnetic exchange interactions, a
relatively underexplored domain within computational mag-
netism. As a case study, we apply this method to a series
of magnetic transition metal fluorides (mF,, where m = Mn,
Fe, Co, and Ni), chosen for their characteristic weak ferro-
magnetism or altermagnetism that can be effectively captured
through anisotropic exchange terms, which are a mixture
of ferromagnetic and antiferromagnetic contributions. Our
analysis reveals that MnF, and NiF, exhibit the smallest
and largest values, respectively, of both isotropic (Jy) and
anisotropic exchange parameters B and C. In contrast, FeF,
and CoF, display significantly larger single-site anisotropies,
not only along the principal axes of the octahedral coordina-
tion but also in the Ising-like term, relative to the end-member
compounds due to the orbital quenching effect. Ultimately,
we have determined the compass and DMIs, as well as the
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single-site anisotropy, in the local coordinate system using
coordinate transformations. The proposed method is computa-
tionally efficient and robust, with minimal numerical noise, as
all computational parameters are held constant except for the
rotation angle of the spin-quantization axis. The high quality
of the fitted equations demonstrates excellent agreement be-
tween the symmetry-derived model and first-principles data.
This methodology offers a powerful and generalizable tool
for determining the complete magnetic exchange matrix in a
wide range of magnetic materials, thereby offering valuable
insights into the origin of unusual magnetic phenomena.
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