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Regular continued fractions



Standard algorithm

Let x > 0, then ag is the largest integer less than x.x = ag + — for
n

1 < rp. Let a; be the largest integer less that r;. x = ag + for

a+ —
rn

1 < rp. Continue this process,

X = ap +
1

a+...

ap +



Facts and tricks

This process terminates if and only if x is rational.

n=n—1+ % so we require that the last digit is greater than 1.

Then every real number has a unique continued fraction expansion.

1 p—
[a0;a1,a2,... ]

=[0; ag, a1, az, - . . |.
ao+[0; a1, a2,...] [0; a0, 21, 22 ]

1 — = _——— . soolle
° [0;317327"'] al+ 32+[Oy a3a-.-] [80'31732’ ]



Regular continued fraction Gauss map

Define T :[0,1) — [0,1) by



Natural Extension of the regular Gauss map

Define T : [0,1)? — [0,1)? by

T(x y):{(i_kvy—ik) for x € (l%&-l’ﬂ |
’ (0,y) if x=0

T(([O; a1, a2, .. ']v [O; b, b, .. ])) = ([O; az, das, .. -], [O; ay, by, by, .. ])



Facts about the regular Gauss map

e The dynamical system ([0,1), T, Bjg 1), 1) is ergodic for

_ d
dp = Io;2 ps
e The dynamical system ([0,1)?, T, Bjg 12, v) is ergodic for
dv = 1 dxdy

log 2 (14xy)?



Odd integer continued fractions



Odd integer algorithm

What if instead of rounding down in the Euclidean algorithm, we found
the nearest odd integer?

1. How do we deal with even integers?

2. How do we get all positive real numbers?



Odd integers, an example

_ 36
Let x = 33.

e Since x € (2,3), x=3—r, forr € (0,1). Here, = 3.

for r, € (0,1). Here, rn = 2

e x=3—-—33=3— &

3 —-n
1 1 1
o x=3— 1:3— . for r3 € (0,1). Here, r3 = 3.
5 — _
% 14+ n3
1 1
e x=3— =3-
1 1
D= H=
1 ! 1 !
T1r1 T3-1



Another example




Odd Continued fractions

Rieger (1980) defined a new type of continued fractions

x= a0+ —— =+ ((er/ar)(e2/a), - Yo

€2
a, +

€3
a+ —

where the a; are odd, ¢;, = £1, and a; + €11 > 2. That is, you never
have a 1 followed by subtraction.
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The extended odd Gauss Map

Define T, on [—1,1)

1 1 1
To(x)—m—@k-l-l) fOI' |X| S (2/(——|—2’ﬂ:|
Then the first digit of x is (sign(x)/(2k + 1)

).
e = sign Ty '(x),ar = 2k + 1 for | Ti7Y(x)| € (2k1+27 ﬁ}
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Odd Gauss Map

To(((e1/a1)(e2/22), - Do) = ((e2/22)(€3/23), - Do
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Grotesque Continued Fractions

Rieger (1980) defined the grostesque continued fractions

€0

y=—"—""—"={((a/a1)(e2/22), - Dgror
€1
ao +
where the a; are odd, ¢, = +1, and a; + ¢; > 2.
11—12 is only allowed in the odd continued fractions
1 is only permitted in grotesque continued fractions

13



Grotesque Gauss map

Define Tgror 1 [G —2,G) — [G — 2, G) where G = 1+2\/g by

1 1 1
Toor(x) = — — (2k + 1) f ,
wot() = 7 = (2k+1) or|X|€(2k+1+G 2k—1+G}
Then the first digit of x is (sign(x)/(2k + 1))

€ = sign T;,_o%(x),a,- =2k 4+ 1 for |Té,_o%(x)\ € (m, ﬁ]
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Grotesque Gauss Map

To(((e1/a1)(€2/2), - - Ngrot) = ((€2/a2)(€3/a3), - - N gror-
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What are we doing?

The odd continued fractions and grotesque continued fractions are dual
continued fraction expansions.
Goals:

1. Define a way to interpolate between the grotesque continued
fractions and the (extended) odd continued fractions.

2. Find invariant measures and natural extensions of the relevant Gauss
maps.

3. Extend these results to other dynamical systems that generate
continued fractions with odd denominators.

16



a-odd continued fractions,
(Boca-M, 2019)




Comparing Gauss maps

If we ignore the rules for generating the digits, both T, and T take

1
X — — (2k +1)

x|
(((er/a1)(e2/a2) .. .)) = ((e2/a2)(e3/as) - . )
To: [71’]‘)*> [71,1) Tgrot : [G*2, G)g) [G*2, G)
Intervals |x| € (ﬁ, ﬁ} Intervals |x| € (m, ﬁ]

(ei/1) always followed by (+1/a;11) | Never (—1/1).

Define a new map ¢, : [ — 2, ) — [ — 2, ) by

1 1 1
Palx) = o7 — (2k+1) for x| € (2k+1+a’2k1+a}
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a-odd Gauss map

We will consider a € [g, G) for g = =145 = G — 1.
Pa - [04—2,04) - [06—2,04) by

1 1
2k+14+a'2k—1+a

1
va(x) = m — (2k +1) for x| € (

Again, we define ¢; = sign(p'~1(x)), a; = 2k + 1 such that
e ()] € (zai7ar 7tra

va({(e1/a1)(€2/22)(€3/23) - - Do) = ((€2/22)(€3/23) - - )
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Digit restrictions

Let do(x) = 2Lﬁ — 2] + 1 = ay(x) emphasizing the a.
Lemma
1. When g < a < G we have d,(a) =1 and when g < a < G we have
do(a—2) =1.
2. When a € (g,1) U (1, G) we have

1 1

oal@) pala—2) -
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Digit restrictions

3. When g < a <1 we have

< pala—2) <0< pa(a) <

T 31a
do(Pa(@)) = da(pala —2)) — 2 (1)
and 2 (a) = g5 (a—2).

4. When 1 < a < G we have

— 77— <¢ala) <0< pa(a—2) <a,

da(Pale)) = da(pale —2)) + (2)
and  @2(0) = po(a—2).
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Natural extensions




Natural extension of the a-odd Gauss map

We define @, : Q, — Q, by

€2

b 63

€1

€2 €0 s | a2+

a + ao+—
T I

1 1
(x,y) (|x| —(2k + D’2k—|—1+e(x)y>

1 1
f
or x| € (2k+1+a’2k—1+a

a+...

a; +
ao +

€0
ai1+...

J 00 =signt.
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Natural extension of the grotesque Gauss map

We define Tgror : [G —2,G) x [0,1) = [G —2,G) x [0,1) by

1 1
o) = (|X| I E(X)y)

1 1
f pu— i .
Or|X|€(2k+1+G’2k—1+G}’€(X) sign(x)
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Natural extension of the extended odd Gauss map

We define T : ([-1,0) x [0,2 — G)) U ([0,1) x [0, G)) —
([_1’0) X [072 - G)) U ([0’ 1) X [0’ G)) by

€2

5 €3 €1

ag + a+... €0
a2+... 0 a,1—|—... 30+T

1 1
(y) = <|X| — (@i} 2k +1+ e(x)y)

1 1 .
for x| € (2/<-&-27 21{} ,€(x) = sign(x).
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Natural extension domains
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Figure 1: The natural extension domains Q. for g < a <1 (left) and
1 < a < G (right)
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Some ergodic theory results

(Boca-M, 2019)

1 dxdy - . .
308G (A0)? 'S ®-invariant on Q.

e dv, = hod\ is pg-invariant with h, coming from integrating p,

e The measure p, =

over the y-values of the natural extension domain.

(R4, Ba,,, flas Do) gives the natural extension of (Iy, B),, Va, @alpha)

(In, Bi,, Ve, palpha) is ergodic, exact, and mixing of all orders.
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Standard consequences of ergodicity

Let % = <<(€1/31) ce. (En/an)>>a7

For every a € [g, G] and almost every x €,:

L ”2
() Ilrrln - log |gn(x; @)x — pa(x; @)| =  18log G
1 s
(ii) lim —log gn(x; @) = 18log G
_p(xia)|
li | - '
(iii) i — 015 < an(x; @) 9log G

For every a € [g, G] the entropy of ¢, with respect to v, is

7.‘.2

Olog G~

H(a) = —2 / : o e o) e =
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