Linear S_plines

Consider a simple inear regression
model Letting x he the explanatory
variable, the fitted model approxi -
mates the function, E(YIx), with

a (inear {uncﬂan having 1”’38 form

b, *+ b, x.

If a linear approximation is not
adeqcuafe, one could use polgnomia[
reqression Yo arrive af an approximation

having the )Corm
b, + b, x *b,x+ +prfi



Alternatively, one could wuse a
If we use a smgle preset Aot
5, such a spline can be created
by using OLS regression to fit
a multiple regression model based
on the basis functions

ho(x)=1, h(x)=x & h6)=(x-3).
In practice, one would create anew
variable h, (an‘nkmg of h, as a trans-
formation of x), and arrive atafi

haw‘ng the form
bo + bLX + bq_l‘n

= bo + b1‘x + l)q, (X'f)+.



We have a piecewise linear function
for which the slope is by on (o= 3)
and the slope is btbh, on (3, =)
Furthermore, the approx/mafmj
function is continuous at 5 which

is the [ocation at wlf\iclﬂ 1T can

bend.

N
E(YIx)




If we spech(«j two knots, fi and 5.

ond do a reqression using the basis

functions (P redrictors )

ho(X)= [ )
h, (x)=x,
hx(x) :(’X"}L)-r,

&
h'g('?() = (7(..31_)1-/
we will obtain an approximating

function %avmg the form

b, « b, x + b, (x=3)s * by (x- %)+,

Jo better illustrate how the final

approx/'maﬁng function is a linear

combination of the basis vpumd-/om,



I will show ho(x), h,(x), h.(x) and
ha(%) in green, and b,h.(x), b h.(x),
bh. (%), and bshi(x) in red, wsing
bo» O4, by= 1.5, bi= -086, and b," -03.
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(The knots are 3,=09 and %= [.4)



For the contributions from the first

Two basis 7Cuncj‘fons we have

b+bh(x)= O% + 15«

O.4 +1.5x%

/
/ x

‘;’b,ho (X) ""b“\, (K)

bohelx) +b, h,(x) * b, b, (x)

.

The above function results from adding b, h,(x)




To obtain the final function,
byh,(x)= =03 (x-14).
[041-03x x4,
~ { O, x €14
is added.

// bpl’).,(’\)"b, hob‘)
+b, h,Ix) * b,h, (x)




AHogef l’)er, the Fina( approx/maﬁng
)Cunc:(-ion IS
OU+15%x~- 06 (x-09),-03(x-14).,

136 + 0.6x, x>L4%
O.9%% + 09x, 09« x =14,
o4 + 1.5x x ¢ 0.9

\

To fit such a piecewise [inear spline,
one uses the x values to create

values for h, and h;, and then does
multiple regression using X, h,, and h,.
(It isn‘t very different from fittng

a polynomial model using x, x* and

x3)



With the current example, to fit
the spline model, four parameters
have to be estimated using |east
Squares. Four parameters also have
to be estimated *= fit a cubic
polynomial model. For some
underlying functions the spline
model would be better, and for
other funchions (+ would be better
to fit the cubic polgnomial model.
Other four parameter models, which
are 3enera“3 lecs desirable because fhe
fitted models fy,a/‘ca/(gac:of everywhere

COV\"‘ihMOMS/ are o 160(,“’ piece piecewife



1O

Consfarﬁ fuwdior) based on basiS 'Fun(jrom
O7C H’le ‘Form

h. (x) = I(_w,m (x),
hL(X) = I(?,,m (X),
h3(7() - I(}L/33] (7(),

&
hq( 7() = [(33/0‘,) (X),

CMO( a Two Piece Piecewfse I/'r)ear
7[unc+ion, where cases with x values
in (-==,3] are used to fit a linear
function on (-=,3] and cases with x
values in (3,2°) are used to fit a
lineav function on (?,m)/ re;u(%mj

n a Fi"/‘fed approxn'mah'on L\OVI'V\j
the form



[

T Dyt B, X% §
ECY | x) =
b,*b.x, %3

which need not be continu ous.
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