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Abstract. The i-dimensional Potts lattice Higgs model is a random assignment of spins
in Zq to the i-dimensional cells of a cell complex induced by a Hamiltonian with a Potts
interaction on the (i+ 1)-cells and an additional term playing the role of an external field.
We develop a representation of this model as a pair of dependent plaquette percolations,
and prove that Wilson line expectations can be expressed in terms of the probability of a
topological event. As an application, we prove the existence of a phase transition for the
Marcu–Fredenhagen ratio in the Potts lattice Higgs model on Zd when i = 1.

1. Introduction

Lattice Higgs models, also called lattice gauge theories with matter, are a class of probability
distributions studied in physics as discretized models of gauge fields in the presence of
particles [FS79]. Models with SU(n)-valued fields are of the greatest interest, but simpler
analogues are obtained by taking spins in the integers modulo q; the complexity is further
reduced with a Potts interaction, as defined in [Bai88]. In the special case with Z2-valued
fields, these models were already introduced in [Weg71], as examples of spin models with
phase transitions and local symmetries, and also appear in quantum information theory as
natural noised version of Kitaevs toric code, see, e.g., [SSN21, TKPS10]. We will throughout
refer to these models as Potts lattice Higgs models.

In this paper, we develop an analogue of the Fortuin-Kasteleyn random cluster representation
(see, e.g., [FK72] for Potts lattice Higgs models, both generalizing the random cluster
representation of the Potts model with external field [Gri16] and building on recent work
establishing a cellular representation of Potts lattice gauge theory [DS25a, DS25b, Shk23,
HS16]. More specifically, we define a coupling between the i-dimensional Potts lattice Higgs
model — which assigns spins in Zq to the i-dimensional cells of a cell complex — and a new
construction called coupled plaquette percolation (CPP), consisting of a dependent pair of
plaquette percolations of dimensions (i+ 1) and i. We prove that Wilson line expectations in
the former can be expressed in terms of the probability of a topological event in the latter.
In addition, the CPP on Zd has a duality transformation defined on the level of states; this
gives a concrete, geometric interpretation of the duality of the partition functions of the
Potts lattice Higgs model on Z3. As an application of the CPP, we prove the existence of a
phase transition for the Marcu–Fredenhagen ratio. To simplify the arguments and keep the
required knowledge of algebraic topology to a minimum, we assume that q is prime and take
free or periodic boundary conditions; extensions to more general models can be obtained via
modifications similar to those in [DS26]. Of particular interest is the case where i = 1 and
X is a finite subcomplex of the cubical complex Zd formed by tesselating Euclidean space
with unit cubes. In this context, the Potts lattice Higgs model assigns spins to the edges
with a Potts field on the edges and a Potts interaction on the signed sum of edges around
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every plaquette. The CPP is defined on a pair of percolations: a 2-plaquette percolation
P2 and a bond percolation P1, where the probability is weighted by the size of the relative
one-dimensional cohomology with coefficients in Zq, denoted H1(P2, P1;Zq). This counts the
number of spin assignments to the edges of X that are compatible with the pair (P2, P1)
in the sense that edges in P1 are assigned spin 0 the oriented sum of spins around each
plaquette of P2 adds up to 0 modulo q. When d = 3, the model is self-dual: there’s a bijective
measure-preserving mapping between the CPP and itself with different parameters.

Special cases of the Ising lattice Higgs model include the Ising model with external field
(i = 0 and q = 2) and the Ising lattice Higgs model (i = 1 and q = 2). The latter is
an object of previous study in both the physics [FS79, HL91, SSN21, SPKL26] and in the
mathematics [For24a, For24b, For25] literature. In particular, in [For24a], it is shown that
this model has a phase transition, which will be extended to q ̸= 2 in this paper. Alternate
surface representations have been developed for these models: a membrane expansion obtained
via a high temperature expansion [HL91] and a random current expansion [FV25, Aiz25].
In addition, we note that the coupling between the Ising lattice Higgs model and the CPP
may be of interest to physicists studying the former model in computational experiments;
it suggests a Swendsen–Wang-type algorithm [SW87, ES88, PDS25] whose dynamics may
change along the phase boundaries and which may converge faster than other Monte Carlo
algorithms in practice.

1.1. Definitions and Notation. We start by introducing terminology and notation from
algebraic topology. The cell complex Zd is the tesselation of Euclidean space by unit cubes
with integter points as vertices. Zd is composed of j-dimensional cells (called j-cells or
j-plaquettes) for 0 ≤ j ≤ d where the j-cells are the j-dimensional faces of cubes in the
tesselation. That is, 0-cells are vertices, 1-cells are edges, 2-cells are unit squares, and so on.
A j-dimensional subcomplex of Zd is a union of cells of Zd so that the dimension of each cell
is at most j. Note that if σ is cell of a subcomplex X and τ is a face of σ, then τ is also a cell
of X. Another cell complex is the discrete torus TdN obtained from the subcomplex [0, N ]d of
Zd by identifying opposite faces. For a cell complex X denote by X [j] the collection of all
j-cells of X and the i-skeleton X(j), the subcomplex of X consisting of all cells of dimensions
less than or equal to j.

Given a cell complex X, we notate by Cj(X;Zq) the group of functions f from oriented
j-cells in X to the additive group Zq of integers modulo q, with the property that if −x is x
considered with the opposite orientation, f(−x) = −f(x). An element of Cj(X; Zq) is called
a “j-cochain” or a “discrete j-form”. Dual to cochains are chains which form the group
Cj(X; Zq) of formal sums of oriented j-cells with coefficients in Zq, with the relation that
−x is obtained from x by reversing the orientation. By extending linearly, we can evaluate
cochains on chains.

The chain groups come with linear boundary maps ∂j : C
j(X; Zq)→ Cj−1(X; Zq) defined by

∂j(x) =
∑
yk, where yk are the set of oriented (j−1)-cells incident to x. The linear coboundary

maps δj : C
j(X; Zq) → Cj+1(X; Zq) are defined by δj(f)(x) = f(∂j+1(x)). Subscripts on

the maps are generally omitted. The boundary and coboundary maps are used to defined
homology and cohomology, as described at the beginning of Section 2 below.
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Definition 1 (Potts lattice Higgs Model). Fix i ∈ Z≥1, q ∈ Z≥2, β2 > 0 and β1 > 0, and let
X be a finite cell complex. The Potts lattice Higgs model is the Gibbs measure µ = µβ2,β1,q,i,X
on Ci(X;Zq) induced by the Hamiltonian

H (f) = −β2
∑

σ∈X[i+1]

I0 (δf (σ))− β1
∑
ϵ∈X[i]

I0 (f (ϵ)) ,

where Ix(y) is the indicator that y = x.

If i = 1 and q = 2, 3 this model is equivalent to the Zq lattice Higgs model with unitary
gauge [FS79, For24b] with Hamiltonian

−β′
2

∑
σ∈X[2]

Re e
2πi
q
df(σ) − β′

1

∑
ϵ∈X[1]

Re e
2πi
q
f(ϵ).

This follows from the fact that for q = 2, 3, and x ∈ Zq, x 7→ Re e(
2πi
q
x) is an affine

transformation of I0(x).

We note that there is an alternative definition of the Potts lattice Higgs Model [Bai88] which
assigns probabilities to a pair (f, g) with f ∈ Ci(X; Zq) and g ∈ Ci−1(X; Zq). Specifically,
one can consider the Gibbs measure ν induced by the Hamiltonian

H̃ (f, g) = −β′
2

∑
σ∈X[i+1]

I0 (δf (σ))− β′
1

∑
ϵ∈X[i]

I0 (f (ϵ)− δg (ϵ)) . (1)

We call ν the Potts lattice Higgs model with general gauge. For any h ∈ Ci−1(X; Zq), ν(f, g) is
invariant under the gauge transformation f → f+δh, g → g+h. The map (f, g)→ (f−δg, 0)
covers its image evenly, so any function invariant under such a transformation (e.g. a Wilson
line variable) will have the same expectation in both models. While Wilson line variables
are not gauge invariant, the Wilson line expectation for µ equals the expectation of its
analogue

W ′
γ(f, g) := exp

(
2πi

q
(f(γ)− g(∂γ)

)
for ν (see, e.g., [For24b]).

Next, we define the CPP as a dependent pair of random percolation subcomplexes.

Definition 2 (Percolation Subcomplex). A j-dimensional percolation subcomplex of X is a
subcomplex P of X satisfying

X(j−1) ⊆ P ⊆ X(j).

That is, P contains all cells of dimension less than j and a subset of the the j-dimensional
cells. When convenient, we treat a j-dimensional percolation subcomplex P as a binary
assignment to the j-cells, with P (x) = 1 iff x ∈ P for x ∈ X [j]. We will write |P | for the
number of j-cells of P.

Definition 3. Let (P2, P1) be a pair of percolation subcomplexes, where the dimensions of P2

and P2 are (i+ 1) and i respectively. An i-cochain f ∈ Ci(X; Zq) is compatible with (P2, P1)
if f (ϵ) = 0 for all i-cells ϵ of P1 and δf (σ) = 0 for all (i+ 1)-cells σ of P2.
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The cochains compatible with (P2, P1) form an additive group, the relative cocycle group,
denoted Zi (P2, P1; Zq) . As we will explain below, this group coincides with the i-dimensional
relative cohomology H i(P2, P1;Zq) because P1 is a percolation subcomplex. For now, we
only need that the symbol |H i(P2, P1;Zq)| counts the number of compatible i-cochains. Our
cellular representation weights a pair of percolation subcomplexes by this quantity.

Definition 4 (Coupled Plaquette Percolation (CPP)). For a finite cell complex X, a prime
integer q, a non-negative integer i, and 0 ≤ p2, p1 ≤ 1 define the Coupled Plaquette Percolation
measure ρ = ρp2,p1,q,i,X on percolation subcomplexes P2 and P1 of dimensions (i + 1) and i
respectively, by

ρ (P2, P1) ∝ p
|P2|
2 (1− p2)|X

[i+1]|−|P2| p
|P1|
1 (1− p1)|X

[i]|−|P1|
∣∣H i(P2, P1;Zq)

∣∣ .
We will often use the convenient reparametrization k2 = p2

1−p2 and k1 = p1
1−p1 . In these

coordinates, the law of the CPP ρ = ρ (k2, k1, q, i, X) is

ρ (P2, P1) ∝ k
|P2|
2 k

|P1|
1

∣∣H i(P2, P1;Zq)
∣∣ .

The CPP has a number of interesting special cases. When p1 = 0, then P2 is distributed
as the (i + 1)-dimensional plaquette random cluster model with coefficients in Zq [HS16].
Moreover, when X is simply connected and p2 = 1, then P1 is distributed as the i-dimensional
PRCM with parameter p1. On the other hand, when either p1 = 1 or p2 = 0 the appropriate
marginal distributions are independent plaquette percolations (see Proposition 20 below).
Fixing a states for either complex results in a random complex that can be interpreted as a
weighted plaquette random cluster model.

1.2. Main Results. We begin by establishing the coupling between the Potts lattice Higgs
model and the CPP. Denote by Ξj = Ξj (X) the collection of j-dimensional percolation
subcomplexes of X.

Theorem 5. Let X be a finite cell complex, q be a prime integer, and β2, β1 ≥ 0. If
p2 = 1− e−β2 , p1 = 1− e−β1, k2 = p2

1−p2 = eβ2 − 1, and k1 =
p1

1−p1 = eβ1 − 1, then there is a

coupling κ = κk2,k1,q,i,X , κ : C
i(X; Zq)× Ξi+1 × Ξi → [0, 1], defined by

κ(f, P2, P1) ∝
∏
ϵ∈X[i]

[
I0
(
P1(ϵ)

)
+ k1 · P1(ϵ) · I0

(
f(ϵ)

)]
·
∏

σ∈X[i+1]

[
I0
(
P2(σ)

)
+ k2 · P2(σ) · I0

(
δf(σ)

)]
which satisfies the following.

• The the marginal distribution on f is µβ2,β1,q,i,X (the Potts lattice Higgs model).

• The marginal distribution on (P2, P1) is ρp2,p1,q,i,X (the CPP).

• The conditional distribution on (P2, P1) given f is independent percolation with proba-
bility p2 on the set of (i+ 1)-cells so that δf (σ) = 0 and probability p1 on the set of
i-cells such that f (ϵ) = 0.

• The conditional distribution of f given (P2, P1) is the uniform measure on Zi(P2, P1;Zq).
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Figure 1. Two illustrations of the event Vγ. On the left, P2 is depicted by
the collection of light blue squares and P1 by the orange bonds. The events
Vγ1 and Vγ2 both occur, where γ1 and γ2 are the loop and path shown in dark
gray. On the right, P2 is shown by the blue surface and P1 by the orange line
segment. γ is depicted in black. Here, Vγ occurs when homology is taken with
coefficients in Z2 but the plaquettes in the orange surface cannot be compatibly
oriented to yield a null-homology when coefficients are taken in a field of odd
characteristic. The figure on the right was adapted from Figure 1 of [DS25a]
which was in turn inspired by Figure 1 of [ACC+83].

The above coupling can be modified to provide a cellular representation of Potts lattice
Higgs model in general gauge, as explained in Section 3.3 below. In the special case i = 0,
the measure µβ2,β1,q,i,X is the Potts model with external field strength k1. Traditionally, the
random cluster model is extended to a graphical representation of the Potts model with
external field via the introduction of a “ghost vertex” [Gri16]. We describe why this is
equivalent to the i = 1 case of the CPP in Section 3.4.

An importable observable in the Potts lattice Higgs model is the Wilson line observable,
which we now define, together with a topological event which provides an analogue of the
Wilson line observable for the CPP.

Definition 6 (Vγ and Wγ). Fix an i-chain γ =
∑
cjxj ∈ Ci (X;Zq). For f ∼ µβ2,β1,q,i,X , we

let Wγ(f) be the random variable exp
(
2πi
q
f(γ)

)
. If i = 1, cj = 1 for all j, and the edges xj

form a oriented loop, then Wγ is referred to as a Wilson loop variable. Similarly, if i = 1,
cj = 1 for all j, and the edges xj form an oriented path, then Wγ is referred to as a Wilson
line variable.

For the measure ρ, Vγ is the event that there exists an (i + 1)-chain τ supported on P2 so
that γ − ∂τ is supported on P1, or equivalently that [γ] = 0 in Hi(P2, P1;Zq) (see Figure 1),
where the relative homology Hi(P2, P1;Zq) is defined in Section 2 below.
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xn

γ′′n

yn

γ′n

n

n/2

(a) The paths γ′n (solid) and γ′′n (dashed)
appearing in the definition of the Marcu–
Fredenhagen ratio.

n

n/2

(b) The oriented surfaces q′n and q′′n that
would be natural to use in a definition of
the MF ratio for i = 2.

Figure 2. In the figures above, we draw the paths and surfaces used in the
definitions of the Marcu–Fredenhagen ratio for i = 1 and i = 2 respectively.

Note that Vγ is an increasing event; adding more i-cells to P1 increases the number of i-chains
in Ci(P1; Zq), while adding more (i+ 1)-cells to P2 increases the number of i-chains that are
boundaries of (i+ 1)-chains in Ci+1(P2; Zq).

Our next result expresses the expectation of a Wilson line observable Wγ in terms of the
probability of the event Vγ in the CPP. Observe that that taking the limit as β1 →∞ recovers
Theorem 5 of [DS25b].

Theorem 7. Let X be a finite cell complex, q be a prime integer, β2, β1 ≥ 0, and γ ∈
Ci(X; Zq). If µ = µβ2,β1,q,i,X and ρ = ρp2,p1,q,i,X , where p2 = 1− e−β2 and p1 = 1− e−β1, then
Eµ (Wγ) = ρ (Vγ) .

Let µβ2,β1,q,i,Zd be the weak limit of the measures µβ2,β1,q,i,ΛN
where ΛN = [−N,N ]d (by

definition, these measures have free boundary conditions). This infinite volume limit exists
by standard arguments. Our arguments can easily be extended to infinite volume limits
obtained from other boundary conditions, but we restrict attention to the free measure for
simplicity.

We show that for i = 1 the Potts lattice Higgs model exhibits a phase transition marked by
a change in the behavior of a ratio between Wilson line expectations. To be able to state
this theorem, we first define an observable in terms of the decomposition of a loop into two
paths.

Definition 8 (The Marcu–Fredenhagen ratio for i = 1). Let q be a prime integer, i = 1, and

β2, β1 ≥ 0, and let µ = µβ2,β1,q,i,Zd . Further, let n ∈ 2N and set γn = ∂
(
[0, n]2 × {0}d−2 and

let γ′n = γ′n (R, T ) and γ
′′
n = γ′′n be the paths formed by the upper and lower halves of γn (see

Figure 2a). The Marcu–Fredenhagen ratio is defined by
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β2

β1

Confinement
phase

Free phase

Higgs phase

R (β2, β1, n) ≳ 0

R (β2, β1, n) ≳ 0

R (β2, β1, n) ∼ 0

Figure 3. Conjectured limiting behavior of R (β2, β1, n). We will not address
the difference between the Confinement phase and the Higgs phase here. We
propose to rigorously establish the diagram in the blue regions.

R (β2, β1, n) =
Eµ(Wγ′n)Eµ(Wγ′′n)

Eµ(Wγn)
=

Eµ(Wγ′n)
2

Eµ(Wγn)
.

The quantity R (β2, β1, n) is thought to be relevant to the physics of the Euclidean lattice
Higgs model [FM88, BF85], and is predicted to exhibit a phase transition marked by whether
or not its limit is zero (see Figure 3). The asymptotics of similar ratios where γ′n + γ′′n is
taken to be a growing rectangular boundary with a fixed aspect ratio are also of interest,
even in the case when γ′n and γ′′n do not have equal length, and are conjectured to have the
same phase diagram [Gli06, FM88, BF85]. Our arguments can be modified to work in this
context. For simplicity, we assume that γn is a square.

We note that by Theorem 7, we can equivalently define the Marcu–Fredenhagen ratio using
the equivalent topological quantity Vγ.

Definition 9 (The topological Marcu–Fredenhagen ratio). Let q be a prime integer, i = 1,
and p2, p1 ∈ (0, 1], and let ρ = ρp2,p1,q,i,Zd . Further, let (γ′n, γ

′′
n) be as in Definition 8. The

topological Marcu–Fredenhagen ratio is defined by

R̂ (p2, p1, n) =
ρ(Vγ′n)ρ(Vγ′′n)

ρ(γn)
=
ρ(Vγ′n)

2

ρ(Vγn)
.

One of the authors recently proved that the Marcu–Fredenhagen ratio exhibits a non-
trivial phase transition in the Z2 lattice Higgs model [For24a]; we will gain a more detailed
understanding for the Potts lattice Higgs model as illustrated by the shaded regions in
Figure 3.

Theorem 10. Let q be a prime integer, i = 1, and β2, β1 ≥ 0, and let µ = µβ2,β1,q,i,Zd .
Consider the Marcu–Fredenhagen ratio R as defined in Definition 8. Then the following holds.
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(1) If β2 is sufficiently large, then there exists a β′
1 so that if β1 < β′

1, we have

lim
n→∞

R (β2, β1, n) = 0.

(2) If β2 is sufficiently small, then

lim inf
n→∞

R (β2, β1, n) > 0.

(3) If β1 is sufficiently large, then

lim inf
n→∞

R (β2, β1, n) > 0.

In Proposition 30, we show that the natural analogue Marcu–Fredenhagen ratio for i ≥ 2
(see Figure 2a) does not exhibit a phase transition.

The next few results elucidate the basic properties of the CPP.

Theorem 11. ρ is positively associated. That is, if A and B are events that are increasing
with respect to (P2, P1) then

ρ (A ∩B) ≥ ρ (A) ρ (B) .

We can compare the behavior of the CPP to a pair of independent plaquette percolations in
the sense of stochastic domination.

Definition 12 (Stochastic Domination). For a pair of binary assignments ω1, ω2, we say
ω1 ≤ ω2 if for all z, ω1(z) = 1 implies ω2(z) = 1. If there exists a coupling K(ω1, ω2) of two
measures π1(ω1), π2(ω2) so that K(ω1 ≤ ω2) = 1, we say π2 stochastically dominates π1 and
write π1 ≤st π2.

Theorem 13. Let X be a finite cell complex, q ≥ 1, and p2, p1 ∈ [0, 1] . Then ρp2,p1 is
stochastically dominated by independent Bernoulli percolation with probabilities p2 on (i+ 1)-
cells and p1 on i-cells, and stochastically dominates percolation with probabilities p2

q(1−p2)+p2
and p1

q(1−p1)+p1 respectively. Furthermore, when q is fixed, ρ is stochastically increasing in p2
and in p1.

In the text, we prove a stronger version of Theorem 13, which concerns a modified CPP
where the cohomology coefficients are no longer determined by the parameter q.

For the next result, we specialize the the d-dimensional torus; specifically, let T = TNd be the

discrete torus of lengthN obtained by identifying opposite faces of the cube [0, N ]d ⊂ Zd.

Definition 14 (Bullet Dual). If T is the d-dimensional unit cubical lattice on the torus, we
let (T)• denote same lattice, shifted by 1/2 in every coordinate. For every i-cell x ∈ T, there
is a unique (d− i)-cell x′ in (T)•. For a set X, we define X• := {x′ ∈ (T)• | x /∈ X}.

Theorem 15. Let q be a prime integer and let p2, p1 ∈ [0, 1] . Then

ρ(P2, P1) = ρ•(P •
1 , P

•
2 ),

where p•2 =
q(1−p1)

p1+q(1−p1) , p
•
1 =

q(1−p2)
p2+q(1−p2) , ρ = ρp2,P1,q,i,d,Td

N
, and ρ• = ρp•2,p•1,q,d−i−1,(T)•.
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Analogues of Theorem 15 result can be proven with more general boundary conditions. For
example, it is easy to modify the proof to show that the dual of the model with free boundary
conditions has wired boundary conditions, when defined appropriately (see, e.g., [DS26]).

When d−i−1 = i, the Potts lattice Higgs model possesses a self-dual line in the 2-dimensional
parameter space. While we do not do so here, it would be interesting to consider how the
coupling in Theorem 5 behaves under the duality transformation. This would yield a further
generalization of the Loop–Cluster coupling [ZMED20, HJK25].

We outline the paper. Section 2 reviews relevant topological background. Theorems 5 and 7
are proven in Section 3. This section also covers a coupling for the Potts lattice Higgs model in
general gauge and the equivalence of the CPP with the ghost vertex construction. Sections 4.2,
4.3, and 4.4 include proofs of Theorems 11, 13, and 15, respectively. In Section 5, we derive
new and simple proofs of several known properties of the Potts lattice Higgs Model: Griffith’s
Second Inequality as well as a perimeter law and monotonicity for Wilson line observables.
Finally, Theorem 10 is proven in Section 6.

2. Topological Terminology and Techniques

Throughout the paper, we rely heavily on concepts from algebraic topology. Standard
references for these topics are [Hat02, Bre13], while [KMM04, Sav16] provide introductions
specific to cubical complexes.

2.1. Absolute Homology and Cohomology. The boundary and coboundary maps defined
in Section 1.1 have certain useful properties. Composing two boundary maps, or two
coboundary maps, always gives the 0 map: ∂j ◦ ∂j+1 = 0, δj ◦ δj−1 = 0. Because im ∂j+1 ⊂
ker ∂j (also notated Bj(X; Zq) ⊂ Zj(X; Zq)) and im ∂j+1 and ker ∂j are both linear subspaces,
we can define the j-dimensional (absolute) homology group,

Hj(X; Zq) = ker ∂j/ im ∂j+1.

The cardinality of Hj(X; Zq) can very roughly be interpreted as the the number of “linearly
independent holes” in the set: the kernel of the boundary map are chains with no boundary,
“cycles”, while the image are boundaries, and the quotient corresponds to cycles that aren’t
boundaries. Quotienting by boundaries not only removes cycles that are boundaries, but also
removes the distinction between cycles whose only difference is a boundary, like two nearby
paths encircling the same lake.

Consider the cell complex X shown in Figure 4. It consists of six vertices, seven oriented
edges, and one face. We may orient the face f1 so that ∂f1 = e1 + e2 + e3 + e4. The matrices
of the boundary maps ∂1 and ∂2 with respect to the ordered bases {v1, . . . , v6} of C0(X; Zq),
{e1, . . . , e7} of C1(X; Zq), and {f1} for C2(X; Zq) are

∂1 =


−1 1 0 0 0 0 0
1 0 0 −1 0 0 0
0 0 −1 1 0 0 −1
0 −1 1 0 1 0 0
0 0 0 0 −1 1 0
0 0 0 0 0 −1 1

 and ∂2 =



1
1
1
1
0
0
0


.
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f1

e4 e7

e6

e5e2

e1 e3

v2 v3 v6

v1 v4 v5

Figure 4. A cell complex with six vertices, seven edges, and one face.

An elementary computation yields that

Z1(X; Zq) = ker ∂1 = Span (e1 + e2 + e3 + e4, e3 − e5 − e6 − e7)

and

B1(X; Zq) = im ∂2 = Span (e1 + e2 + e3 + e4) .

Consequently, a basis for H1(X; Zq) = Z1(X; Zq)/B1(X; Zq) is {e3 − e4 − e6 − e7}, and thus
H1(X; Zq) ∼= Zq.

We now define the cocycles Zj(X; Zq), the coboundaries Bj(X; Zq), and the cohomology
Hj(X; Zq), by

Zj(X; Zq) = ker δj, Bj(X; Zq) = im δj−1, and H
j(X; Zq) = ker δj/ im δj−1.

Then Zj(X; Zq) consists of functions f ∈ Cj(X; Zq) such that f(∂σ) = 0 for all (j+1)-cells σ
in X, Bj(X; Zq) consists of functions which can be written as ∂ϕ for some ϕ ∈ Cj+1(X; Zq),
and the cohomology Hj(X; Zq) consists of cocycles modulo coboundaries. The cohomology
is more difficult to explain intuitively, but can be thought of as the “obstruction to discrete
integrability” for the space X. Specializing to the case where P2 is an (i + 1)-dimensional
percolation subcomplex, Z1 (P2; Zq) is the collection of spin assignments compatible with
the pair (∅, P2) and B

1 (P2; Zq) is the group of gauge symmetries.

We now return to the example in Figure 4. Choosing bases {v∗1, . . . , v∗6} for C0 (X), {e∗1, . . . , e∗7}
for C1(X; Zq), and {f ∗

1} for C2(X; Zq), dual to the bases given above (where, for an i-cell σ
the cochain σ∗ is defined by σ∗ (σ′) = Iσ=σ′), we obtain matrices for the coboundary maps
δ0 = ∂T1 and δ1 = ∂T2 . In particular, it follows that

Z1(X; Zq) = Span (e∗1 − e∗2, e∗1 − e∗3, e∗1 − e∗4, e∗5, e∗6, e∗7)

and

B1(X; Zq) = Span (−e∗1 + e∗2, e
∗
1 − e∗4,−e∗3 + e∗4 − e∗7,−e∗2 + e∗3 + e∗5,−e∗5 + e∗6) ,

and hence H1(X; Zq) ∼= Zq is a vector space of dimension one. There are many choices of
basis for this cohomology group, for example one could choose e∗3 − e∗4 − e∗6 − e∗7. One could
ask whether it is always true that H1(X; Zq) ∼= H1(X; Zq); this fails when q is non-prime
and the simplest examples are embeddable in R4 but not in R3. Here, we fix q to be prime so
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Zq is a field, and the Universal Coefficient Theorem for Cohomology (Theorem 3.2 in [Hat02])
implies that in this case,

Hj(X,A; Zq) ∼= Hj(X,A; Zq)
for all j. One might be tempted to believe that the dimensions of the vector spaces Hj(X; Zq)
and Hj(X; Zq) do not depend on q. However, while this is true for j = 0, it is false for
j > 0. The simplest examples for which this fails are non-orientable surfaces such as the
real projective plane and Klein bottle. When we are not relying on particular properties
of the coefficient field, we usually suppress it for brevity and write, e.g., Cj(X) instead of
Cj(X; Zq), but we will note whenever it is relevant.

2.2. Relative Homology and Cohomology. Homology and cohomology apply to a single
complex X. However, we can perform a similar process for a pair of complexes (X,A),
where A is a subcomplex of X. For so-called “good pairs” (X,A) , the relative homology
Hj (X,A) and relative cohomology Hj (X,A) are respectively isomorphic to the absolute
homology Hj (X/A) and absolute cohomology Hj (X/A) of the quotient space X/A formed
by collapsing A to a single point (where we are suppressing the dependence on the choice of
coefficients). See Theorem 2.13 in [Hat02] for the statement of this result for homology and
the discussion below for the definition of a good pair. The proof for cohomology proceeds
identically. While all pairs considered in this paper are deterministically good, it will be
useful to provide an equivalent definition via relative chain and cochain groups.

The relative chain group is the quotient vector space Cj(X,A) = Cj(X)/Cj(A). As the
boundary of a chain supported on A is also supported on A, the usual boundary map induces
a relative boundary map ∂j : Cj(X,A)→ Cj−1(X,A), and we can define relative homology
Hj(X,A) = ker(∂j)/ im(∂j+1). On the other hand, the relative cochain group Cj(X,A) is
the subspace of Cj(X) consisting of cochains that vanish on all j-cells of A and the relative
coboundary map δj is the restriction of the absolute coboundary map to Cj(X,A). Again,
Hj(X,A) = ker δj/ im δj−1. In our setting, the relative cohomology is much simpler. If P2

and P1 are a pair of percolation subcomplexes of dimensions (i+1) and i, then they share the
same (i− 1)-cells so Ci−1(P2, P1) = 0. Thus H i(P2, P1) = ker (δi (Ci(P2, P1))) := Zi (P2, P1),
which is simply the set of relative co-cycles: cochains compatible with (P2, P1) in the sense of
Definition 3.

Returning to the example X in Figure 4, if we set A to contain all cells of X except e5, e6,
and e7 then C0 (X,A) = {0} , C1(X,A) = Span (e∗5, e

∗
6, e

∗
7) , and C

2(X,A) = {0} . It follows
that H1(X,A) = C1(X,A) ∼= Z3

q. Alternatively, the quotient space X/A consists of three

circles meeting at a point, and it is easily seen that H1(X/A) ∼= H1(X/A) ∼= Z3
q.

Since q is a prime number, Hj (X,A; Zq) and Hj (X,A; Zq) are vector spaces (as quotients
of vector spaces) and are determined by their dimensions.

Definition 16 (Betti numbers). The j-dimensional relative Betti number is

bj(X,A; Zq) := rank
(
Hj(X,A; Zq)

)
= rank

(
Hj(X,A; Zq)

)
.

By applying the rank-nullity theorem to the boundary maps, we obtain the famous Euler–
Poincaré formula.
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Proposition 17. If X is a finite, d-dimensional cell complex and q is a prime number then

χ (X) :=
d∑
j=0

(−1))j|X [j]| = (−1)j bj(X,A; Zq).

2.3. Mayer–Vietoris Sequences. In this section, we describe the Mayer–Vietoris sequence
for cohomology, a key technical tool that relates the relative cohomology of a pair of spaces
with that of their union and their intersection [Hat02, pp 149–153 and 203–204]. We will apply
the Mayer–Vietoris sequence to prove that the CPP is positively associated in Section 4.2
and to demonstrate a technical lemma in Section 6. A reader may wish to skip this section
for now.

While we apply the Mayer–Vietoris sequence for relative cohomology below, we begin by
describing the sequence for absolute cohomology for the purpose of simplicity. To this end,
note first that if P and Q are two cell complexes with P ⊂ Q, then the inclusion map
P ↪→ Q induces a restriction map Hj (Q) → Hj (P ) that sends the homology class [f ]
of a cocycle f supported on Q to the cohomology class [f |P ] of its restriction to P. Now,
suppose that P and Q are subcomplexes of the same cell complex. We obtain four different
restriction maps on cohomology ϕP : Hj (P ) → Hj (P ∩Q) , ϕQ : Hj (Q) → Hj (P ∩Q) ,
ψP : Hj (P ∪Q) → Hj (P ) , and ψQ : Hj (P ∪Q) → Hj (Q) . These maps fit together in a
sequence

Hj(P ∩Q)
ϕP−ϕQ←−−− Hj(P )⊕Hj(Q)

ψP⊕ψQ←−−− Hj(P ∪Q). (2)

with the following properties.

(1) If [f ]⊕ [g] ∈ im(ψP ⊕ ψQ), then ϕP ([f ])− ϕQ ([g]) = 0.

(2) In fact, the converse implication also holds: if ϕP ([f ]) − ϕQ ([g]) = [0], then there
is an h ∈ Cj−1 (P ∩Q) so that δh+ f |P∩Q = g|P∩Q. The map h can be extended by
zero to define a cochain on all of P so we may replace f with f + δh if necessary to
find a representative of the same cohomology class of P so that f |P∩Q = g|P∩Q. Then
we can define F ∈ Ci (P ∪Q) by F (σ) = f (σ) if σ ∈ P and F (σ) = g (σ) otherwise.
Since f and g are cocycles on P and Q, it follows that F is a cocycle supported on
P ∪Q, and hence [f ]⊕ [g] ∈ im(ψx ⊕ ψQ).

Combining the above observations, it follows that the sequence in 2 is exact, i.e., that

ψP ⊕ ψQ(F ) = f ⊕ g and imψP ⊕ ψQ = ker (ϕP − ϕQ) .

This is not quite enough to compute the cohomology groups of P ∪Q in terms of those of P,
Q, and P ∩Q; we also require knowledge of the image of ϕP − ϕQ and the kernel of ψP ⊕ψQ.
It turns out that the coboundary map provides the required information. Specifically, it
induces a map δ∗ : Hj (P ∩Q)→ Hj+1 (P ∩Q) so that the following sequence is exact in the
sense that the image of each map is the kernel of the next:

· · · Hj(P ∩Q) Hj(P )⊕Hj(Q) Hj(P ∪Q)

Hj−1(P ∩Q) · · · · · · H0(P ∪Q) 0.

δ∗ ϕP−ϕQ ψP⊕ψQ δ∗

δ∗ ϕP−ϕQ ψP⊕ψQ
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We will not use the precise construction of δ∗ here, only that the sequence is exact.

This construction extends to relative cohomology. Assume that A and B are subcomplexes
of P and Q, respectively. Then, the Mayer–Vietoris sequence for relative cohomology is as
follows.

· · · Hj(P ∩ Y,A ∩B) Hj(P,A)⊕Hj(Y,B) Hj(P ∪ Y,A ∪B)

Hj−1(P ∩ Y,A ∩B) · · · · · · H0(P ∪ Y,A ∪B) 0.

2.4. Alexander Duality. Alexander duality relates the homology of a subset of Euclidean
space with the cohomology of its complement. It generalizes the topological fact that the
number of linearly independent loops of a bounded subset X of R2 equals the number of
bounded components of the complement R2 ∖X. If A ⊂ X is contained in an orientable
compact d-dimensional manifold S, where A is closed and X is compact, this can be further
generalized to relate the relative homology of the pair (X,A) with the relative cohomology of
(S ∖ A, S ∖X) [Spa66, Theorem 6.2.17]:

Hj(S ∖ A, S ∖X; Zq) ∼= Hd−j(X,A; Zq).

For example, ifX is a compact subset of R2, and A ⊂ X contains a single non-contractible loop
then the rank of H1(X,A) will be one less than the rank of H1 (X), and H1(R2 ∖A,R2 ∖X)
will also have rank one less than H1(R2 ∖ A,R2 ∖X).

3. The coupling between the CPP and the Potts lattice Higgs model

In this section, we prove Theorem 5 and discuss some of its consequences.

3.1. Derivation of the Coupling. For clarity of notation: σ always refers to an (i+ 1)-
cell, ϵ always refers to an i-cell, j-cells contained within a given j-dimensional percolation
subcomplex are called “open”, and are otherwise called “closed.”

Proof of Theorem 5. We first compute the marginals of κ (f, P2, P1) . To this end, note
first that

κ1(f) :=
∑
P1

∑
P2

κ (f, P2, P1)

∝
∑
P1

∑
P2

[ ∏
ϵ∈X[i]

[
I0
(
P1(ϵ)

)
+ k1P1(ϵ)I0

(
f(ϵ)

)] ∏
σ∈X[i+1]

[
I0
(
P2(σ)

)
+ k2P2(σ)I0

(
δf(σ)

)]]
.

Changing the order of the sums and products, it follows that the previous expression is equal
to ∏

ϵ∈X[i]

[
1 + k1I0

(
f(ϵ)

)] ∏
σ∈X[i+1]

[
1 + k2I0

(
δf(σ)

)]
=
∏
ϵ∈X[i]

[
1 + (eβ1 − 1)I0

(
f(ϵ)

)] ∏
σ∈X[i+1]

[
1 + (eβ2 − 1)I0

(
δf(σ)

)]
=
∏
ϵ∈X[i]

eβ1I0(f(σ))
∏

σ∈X[i+1]

eβ2I0(δf(σ)).
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Next, for the second marginal, we have

κ2(P2, P1) :=
∑
f

κ (f, P2, P1)

∝
∑
f

[ ∏
ϵ∈X[i]

[
I0
(
P1(ϵ)

)
+ k1P1(ϵ)I0

(
f(ϵ)

)] ∏
σ∈X[i+1]

[
I0
(
P2(σ)

)
+ k2P2(σ)I0

(
δf(σ)

)]]
= k1

|P1|k2
|P2|
∑
f

∏
ϵ : P1(ϵ)=1

I0
(
f(σ)

) ∏
σ : P2(σ)=1

I0
(
δf(σ)

)
= k1

|P1|k2
|P2|
∣∣{f : ∀ϵ ∈ P1, f(ϵ) = 0, ∀σ ∈ P2, δf(σ) = 0

}∣∣
∝ (1− p1)|X

[i]|−|P1|p
|P1|
1 (1− p2)|X

[i+1]|−|P2|p
|P2|
2

·
∣∣{f : ∀ϵ ∈ P1, f(ϵ) = 0, ∀σ ∈ P2, δf(σ) = 0

}∣∣.
(3)

Since

Zi(P2, P1) = {f : ∀ϵ, f(ϵ) = 0, ∀σ, δf(σ) = 0},
and, as we mentioned in Section 2, we have H i(P2, P2) = Zi(P2, P1), it follows that

κ2(P2, P1) ∝ (1− p1)|X
[i]|−|P1|p

|P1|
1 (1− p2)|X

[i+1]|−|P2|p
|P2|
2 |H i(P2, P1; Zq)|.

Now we derive the conditional distributions of κ(f, P2, P1). To this end, note first that

κ(f | P2, P1) ∝
∏
ϵ∈X[i]

[
I0
(
P1(ϵ)

)
+ k1P1(ϵ)I0

(
f(ϵ)

)] ∏
σ∈X[i+1]

[
I0
(
P2(σ)

)
+ k2P2(σ)I0

(
δf(σ)

)]
=

∏
ϵ : P1(ϵ)=1

hI0(f(ϵ))
∏

σP2(σ)=1

KI0(δf(σ)).

In other words, given P1 and P2, if either δf(σ) ̸= 0 for some σ ∈ P2 or f(ϵ) ̸= 0 for some
ϵ ∈ P1, then κ(f | P2, P1) = 0, and otherwise, the distribution of κ(· | P2, P1) is uniform. For
the other conditional marginal distribution, we have

κ(P2, P1 | f) ∝
∏
ϵ∈X[i]

[
I0
(
P1(ϵ)

)
+ k1P1(ϵ)I0

(
f(ϵ)

)]
·
∏

σ∈X[i+1]

[
I0
(
P2(σ)

)
+ k2P2(σ)I0

(
δf(σ)

)]
=

∏
ϵ : f(ϵ)=0

[
I0
(
P1(ϵ)

)
+ k1P1(ϵ)

] ∏
ϵ : f(ϵ) ̸=0

I0
(
P1(ϵ)

)
·

∏
σ : δf(σ)=0

[
I0
(
P2(σ)

)
+ k2P2(σ)

] ∏
σ : δf(σ) ̸=0

I0
(
P2(σ)

)
∝

∏
ϵ : f(ϵ)=0

[
(1− p1)I0

(
P1(ϵ)

)
+ p1P1(ϵ)

] ∏
ϵ : f(ϵ)̸=0

I0
(
P1(ϵ)

)
·

∏
σ : δf(σ)=0

[
(1− p2)I0

(
P2(σ)

)
+ p2P2(σ)

] ∏
σ : δf(σ)̸=0

I0
(
P2(σ)

)
.
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In words, the i-cells on which f vanishes and the (i+1) cells on which δf is zero are included
independently. This concludes the proof.

□

3.2. Topological Interpretation of Wilson Line Observables. In this section, we apply
the coupling from Theorem 5 to express Wilson line expectations to be expressed in terms of
the probability of a topological event in the CPP.

Proof of Theorem 7. It suffices to show that Eκ(Wγ | Vγ) = 1 and Eκ(Wγ | V c
γ ) = 0. To

this end, fix γ, P2, and P1, and let f ∼ κ(· | P2, P1).

If [γ] = 0, then γ = σ + ∂τ for some σ ∈ Ci(P1) and τ ∈ Ci+1(P2). Since f is sampled
uniformly from Zi(P2, P1; Zq), we have

f(γ) = f(σ) + f(∂τ) = f(σ) + δf(τ) = 0 + 0 = 0,

where we used that f vanishes on P1 and δf vanishes on P2. Thus

Wγ = exp
(2πi
q
f(γ)

)
= 1.

The conditional distribution of f given (P2, P1) can be sampled by fixing a basis {f1, . . . , fk} of
the vector space H i(P2, P1; Zq), letting a1, . . . , ak be distributed independently and uniformly
on Zq, and setting

f = a1f1 + . . . akfk.

Now assume [γ] ̸= 0. By the Universal Coefficient Theorem there exists a dual [γ]∗ ∈
H i(P2, P1; Zq) so that [γ]∗([γ]) = 1. In particular, fj ([γ]) ̸= 0 for at least one index j. By
multiplying each basis element by a non-zero element of Zq we may assume, without loss of
generality, that fj(γ) = 1 for 1 ≤ j ≤ m and fj(γ) = 0 otherwise. Then

f(γ) = a1 + . . .+ am

is a sum of i.i.d. uniform elements of Zq, and is itself uniformly distributed on Zq. This
implies in particular that Eκ(Wγ | V c

γ ) = 0, which is the desired conclusion.

□

3.3. Potts Lattice Higgs in General Gauge. The proof of Theorem 5 can be modified in
a straightforward fashion to produce a coupling between the CPP and the Potts lattice Higgs
model in general gauge. Recall that ν = νβ2,β1,q,i is the measure induced by the Hamiltonain
in (1).

Corollary 18. Under the assumptions of Theorem 5, there is a coupling κ̂ = κ̂k2,k1,i,q, with
κ̂ : (Ci(X; Zq)× Ci−1(X; Zq))× (Ξi+1 × Ξi)→ [0, 1] , defined by

κ̂((f, g), (P2, P1)) ∝
∏
ϵ∈X[i]

[
I0
(
P1(ϵ)

)
+ k1 · P1(ϵ) · Iδg(ϵ)

(
f(ϵ)

)]
·
∏

σ∈X[i+1]

[
I0
(
P2(σ)

)
+ k2 · P2(σ) · I0

(
δf(σ)

)]
which satisfies the following.
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• The marginal distribution on (f, g) is νβ2,β1,q,i,X (the Potts lattice Higgs model in
general gauge).

• The marginal distribution on (P2, P1) is ρp2,p1,q,i,X (the CPP).

• The conditional distribution on (P2, P1) given (f, g) is, respectively, independent
percolation with probability p2 on the set of (i + 1)-cells so that δf (σ) = 0 and
probability p1 on the set of i-cells so that f (ϵ) = δg(ϵ).

• The conditional distribution of f given (P2, P1) and g is the uniform distribution
on the set δg + Zi (P2, P1; Zq) and the conditional distribution of g given (P2, P1) is
uniform on Ci−1(X; Zq)).

Note that while δg is necessarily an element of Zi (P2; Zq) , it may not be a member of of
Zi (P2, P1; Zq) .

Proof. The proof structure is very similar to that of Theorem 5. We note only the changes.
To compute the marginal on (f, g) it suffices to simply replace I0(f(ϵ)) with Iδg(ϵ)(f(ϵ)) in
the computation of the marginal of κ on f.
For the marginal

κ̂2(P2, P1) :=
∑
f,g

κ
(
(f, g), (P2, P1)

)
on (P2, P1), the proof proceeds identically as in (3) except that the factor{

f | ∀ϵ, f(ϵ) = 0, ∀σ, δf(σ) = 0
}
=
∣∣Zi (P2, P1; Zq)

∣∣
in the final line is replaced with∑

g∈Ci−1(X)

∣∣{f | ∀ϵ, f(ϵ) = δg(ϵ), ∀σ, δf(σ) = 0}
∣∣,

which in turn equals |Ci−1(X)| × |Zi(P2, P1; Zq)| since the summand does not depend on g.
Thus

κ̂2(P2, P1) = |Ci−1(X)|κ2(P2, P1) ∝ κ2(P2, P1) ∝ ρ(P2, P1).

For the conditional distribution of (f, g) given (P2, P1), we again plug in Iδg(ϵ)(f(ϵ)), to get
that the probability is 0 if for any σ ∈ P2, δf(σ) ̸= 0 or any ϵ ∈ P1, f(ϵ) ̸= δg(ϵ), and
otherwise uniform. Because the number of such f is not dependent on g, we can select g first
by independent choices from Zq on each (i− 1)-cell, uniformly choose a cocycle h, and then
define f as h+ δg.
For the conditional of (P2, P1) given (f, g), we continue to substitute Iδg(ϵ)(f(ϵ)), which results
in probability 0 if P1(ϵ) = 1 for any ϵ so that f(ϵ) ̸= δg(ϵ) or P2(σ) = 1 for any σ so that
df(σ) = 0, and is, as above, otherwise independent percolation. □

3.4. Equivalence with the Ghost Vertex Construction. In this section, we explain why
the i = 0 case of the CPP is equivalent to the graphical representation of the Potts model
with external field obtained by introducing a “ghost vertex” to the random cluster model.
To this end, let G be a graph and denote by G′ the graph obtained by adding one additional
“ghost” vertex g to the vertex set of G and an edge ev = (v, g) for each vertex v of G. Also,
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for f ∈ C0 (G; Zq), let f ′ ∈ C0 (G′; Zq) be the “extension by 0” of f ; that is f ′ (v) = f (v)
for any vertex v of G and f ′ (g) = 0. Moreover, for an edge e, let

p (e) =

{
p2 :=

k2
1+k2

if e ∈ E(G), and
p1 :=

k1
1+k1

if e /∈ E(G).

Define a coupling κ′ = κ′k2,k1,q,G, κ
′ : C0 (G; Zq)× Ξ1 (G′)→ [0, 1] by

κ′ (f, P ) ∝
∏

e=(g,v)

[
(1− p1) I0(P (e)) + p1P (e)I0

(
δf ′(e)

)]
·
∏

e∈E(G)

[
(1− p2) I0

(
P (e)

)
+ p2P (e)I0

(
δf ′ (e)

)]
.

That is, κ′ is obtained from the usual coupling between the random cluster model on G′

(with two different types of edges) and the Potts model on G′ conditioned on f ′(g)) = 0.

Proposition 19. Assume the hypotheses of Theorem 5 with X = G. Let P1 ∈ Ξ0(G) and
P2 ∈ Ξ1(G) and let P ∈ Ξ1(G′) be obtained from P2 by adding all edges of the form (v, g)
where v ∈ P1. Then

κ(f, P2, P1) = κ′(f ′, P )

where κ′ = κ′(k2, k1, q, G). In particular, µ(f) = µ′(f ′) where µ′ is the usual Potts measure on
G′ conditioned on f(g) = 0, and ρ(P2, P1) = ρ′(P ′), where ρ′ is the random cluster measure
with probability p2 assigned to edges in G and p1 assigned to edges in G′ \G.

Proof. First, note that f is in bijective correspondence with f ′, and (P2, P1) is in bijective
correspondence with P ′. Thus, the statement is immediate if the associated weights are
proportional. We have that

κ(f, P2, P1) ∝
∏
v∈X[0]

[
I0
(
P1(v)

)
+ k1 · P1(v) · I0

(
f(ϵ)

)]
·
∏
e∈X[1]

[
I0(P2(e)) + k2 · P2(e) · I0(δf(e))

]
.

If e = (g, v), then P1(v) = P ′(e), and I0(f(e)) = I0(δf
′(e)). Similarly, if e ∈ E(G),

P ′(e) = P2(e) and δf
′(e) = δf(e). Dividing each term by (1− p1)|X

[0]|(1− p2)|X
[1]| yields

κ′ (f ′, P ′) ∝
∏

e=(g,v)

[
I0
(
P ′(e)

)
+

p1
1− p1

P ′(e)I0
(
δf ′(e)

)]
·
∏

e∈E(G)

[
I0
(
P ′(e)

)
+

p2
1− p2

P ′(e)I0
(
δf ′ (e)

)]
.

Since k2 =
p2

1−p2 and k1 =
p1

1−p1 , this concludes the proof. □

4. Properties of the CPP

We establish a number of basic properties of Coupled Plaquette Percolation.
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4.1. Special Cases of the CPP. LetX be a finite cell complex. The i-dimensional plaquette
random cluster model [HS16, DS25a, Shk23] with parameters p ∈ [0, 1] and q ∈ N≥2 is the
random i-dimensional percolation subcomplex of X whose probability is weighted by the
absolute (i− 1)-homology with coefficients in Zq. Specifically, define ρ̂ = ρ̂p,q,i,X by

ρ̂ (P ) ∝ p|P | (1− p)|X
[i]|−|P | ∣∣H i−1(P ;Zq)

∣∣ .
The definition of ρ̂ is extended to q = 1 by setting ρ̂p,1,i,X ∝ p|P | (1− p)|X

[i]|−|P | . That is,
the q = 1 case of the plaquette random cluster model is Bernoulli plaquette percolation.
This naturally occurs as the q → 1 limit of a related model where the choice of cohomology
coefficients is in some sense decoupled from the choice of q in exactly the same fashion as the
auxiliary model defined in Section 4.3 below.

Let π2
p2,p1,q,i,X

and π1
p2,p1,q,i,X

be the marginal distributions of P2 and P1 when (P2, P1) ∼
ρp2,p1,q,i,X . By definition, π2

p2,0,q,i,X
has the distribution of the plaquette random cluster model,

and π2
p2,0,1,i,X

d
= ρ̂p,i+1,X . Our next result, Proposition 20, collects two other special cases.

Proposition 20. If X is a finite cell complex then

π2
p2,0,q,i,X

d
= ρ̂p2,q,i+1,X , π

2
p2,1,q,i,X

d
= ρ̂p2,1,i+1,X ,

and

π1
0,p1,q,i,X

d
= ρ̂p∗(p,q),1,i,X ,

where

p∗ (p, q) =
p

q − pq + p
.

In addition, if X satisfies H i−1(X; Zq) = H i(X; Zq) = 0 then

π1
1,p1,q,i,X

d
= ρ̂p1,q,i,X .

Proof. Since the presence or absence of j-cells in X for j > i + 1 does not influence the
distribution of ρ, we may assume that X = X(i+1).

The first claim follows from the observation that H i(P2, X
(i−1)) = Zi(P2) so∣∣H i(P2, X

(i−1))
∣∣ = ∣∣Zi(P2)

∣∣ = ∣∣H i(P2)
∣∣∣∣Bi(P2)

∣∣ ∝ ∣∣H i(P2)
∣∣

since Bi(P2) = Bi (X) does not depend on P2. To obtain the second claim, note that the
only cochain compatible with

(
P2, X

(i)
)
is identically zero so H i(P2, X

(i)) = 0.

For the third claim, note that when P2 contains no (i + 1)-cells, the only constraint on
compatible i-cochains is that they vanish on the i-cells of P1. Thus∣∣H i(X(i), P1)

∣∣ = ∣∣Ci(X,P1)
∣∣ = q|X

[i]|−|P1|,

and hence

ρ0,p1,q,i,X(X
(i), P1) ∝

(
p1

1− p1

)|P1|

q|X
(i)|−|P1| ∝

(
p∗ (p, q)

1− p∗ (p, q)

)|P1|

= ρp∗(p,q),0,1,i−1,X .
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To prove the fourth claim, we will demonstrate that H i−1(P1) ∼= H i(X,P1). Readers familiar
with algebraic topology will recognize that the following argument is an application of the
long exact sequence of a pair.

Let f ∈ Zi−1 (P1) and consider the coboundary δf. δf vanishes on each i-cell of P1 by
definition and δ (δf) = 0 so δf ∈ Zi (X,P1) = H i (X,P1) . Since δ ◦ δ = 0, δ sends each
element of the homology class of f to the same homology class in H i (X,P1) . That is, the
coboundary map induces a well-defined map

δ∗ : H i−1 (P1)→ H i (X,P1) .

We will show that δ∗ is an isomorphism under the assumption that H i−1(X) = H i(X) = 0.
First, if δf = 0 as an element of H i (X,P1) = Zi (X,P1) then δf is the zero cochain. It
follows that f ∈ Zi−1 (X) . Since H i−1 (X) = 0, we must have that f ∈ Bi−1 (X) . As
Bi−1(X) = Bi−1(P1) [f ] = 0 ∈ H i−1 (P1) and so δ∗ is injective. On the other hand, let
g ∈ H i(X,P1) = Zi (X,P1) ⊂ Zi (X) . Since H i (X) = 0, there is a f ∈ Ci−1 (X) satisfying
δf = g. By construction, δf vanishes on each i-cell of P1 so f ∈ Z1 (P1) and δ

∗ [f ] = g. It
follows that δ∗ is surjective and and thus an isomorphism.

□

4.2. Positive Association. In this section we prove Theorem 11, which states that the
CPP is positively associated. We begin with a topological lemma.

Lemma 21. Let Z be a finite cell complex. If X, Y are (i + 1)-dimensional percolation
subcomplexes of Z and A,B are i-dimensional percolation subcomplexes of Z then

|H i(X ∪ Y,A ∪B)||H i(X ∩ Y,A ∩B)| ≥ |H i(X,A)||H i(Y,B)|

Proof. As we are assuming that q is prime, that H i(S, T ; Zq) is a Zq-vector space, and that
|H i(S, T ; Zq)| = qbi(S,T ;Zq)), it suffices to show that

bi(X ∪ Y,A ∪B) + bi(X ∩ Y,A ∩B) ≥ bi(X,A) + bi(Y,B).

We prove this by means of the following Mayer–Vietoris sequence on relative cohomology
(see Section 2.3).

H i+1(X ∪ Y,A ∪B)
δ←− H i(X ∩ Y,A ∩B)

χ←− H i(X,A)⊕H i(Y,B)
ϕ←− H i(X ∪ Y,A ∪B)

By exactness and the first isomorphism theorem we obtain the three equations
bi(X ∪ Y,A ∪B) = rank ϕ+ nullity ϕ

bi(X,A) + bi(Y,B) = rank χ+ nullity χ = rank χ+ rank ϕ

bi(X ∩ Y,A ∩B) = rank δ + nullity δ = rank δ + rank χ.
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Thus

bi(X ∪ Y,A ∪B) + bi(X ∩ Y,A ∩B) = rank ϕ+ nullity ϕ+ rank δ + rank χ

≥ rank χ+ rank ϕ

= rank χ+ nullity χ

= dimH i(X,A)⊕H i(Y,B)

= bi(X,A) + bi(Y,B).

□

Proof of Theorem 11. Let Z be a finite cell complex, let q be a prime integer, let i be a
non-negative integer, and let p2, p1 ∈ [0, 1] . Set ρ = ρp2,p1,q,i,d,Z . To show that ρ is positively
associated, it suffices to show that the lattice condition holds [FKG71]. To this end, let
X, Y be (i+ 1)-dimensional percolation subcomplexes of Z and let A,B are i-dimensional
percolation subcomplexes of Z. Let

rX,YA,B =
ρ(X ∪ Y,A ∪B)ρ(X ∩ Y,A ∩B)

ρ(X,A)ρ(Y,B)
.

We again work in k2, k1 coordinates for brevity and clarity. Using this notation and applying
Lemma 21, we have

rX,YA,B =
k
|A∪B|
1 k

|X∪Y |
2 |H i(X ∪ Y,A ∪B)|k|A∩B|

1 k
|X∩Y |
2 |H i(X ∩ Y,A ∩B)|

k
|A|
1 k

|X|
1 |H i(X,A)|k|B|

1 k
|Y |
2 |H i(Y,B)|

=
k
|A∪B|+|A∩B|
1

k
|A|+|B|
1

k
|X∪Y |+|X∩Y |
2

k
|X|+|Y |
2

|H i(X ∪ Y,A ∪B)||H i(X ∩ Y,A ∩B)|
|H i(X,A)||H i(Y,B)|

=
|H i(X ∪ Y,A ∪B)||H i(X ∩ Y,A ∩B)|

|H i(X,A)||H i(Y,B)|
≥ 1

by Lemma 21. This concludes the proof. □

4.3. Stochastic Domination. Theorem 13 is a special case of a more general statement for
an auxiliary model where the parameter q is allowed to vary independently of the coefficient
field for cohomology.

Definition 22 (Auxiliary Model). Let X be a finite cell complex, let q be a prime integer,
let i be a non-negative integer, let 0 ≤ p2, p1 ≤ 1 and r be a non-negative real number. Define
ρ̂ = ρ̂p2,p1,r,i,q,X by

ρ̂(P2, P1) ∝ p
|P1|
1 (1− p1)|X

(i)|−|P1|p
|P2|
2 (1− p2)|X

(i+1)|−|P2|rbi(P2,P1;Zq).

Note that ρ̂p2,p1,q,i,q,X = ρp2,p1,q,i,X , and when r = 1, ρ̂ is independent percolation on i and
(i + 1)-cells with probabilities p2, p1 respectively. The proof of positive association for ρ
extends immediately to ρ̂ when r ≥ 1.

For the subsequent proof, we require Holley’s theorem, as stated in [Gri06]. Let Z be a finite

set. For a probability measure π on Ω := {0, 1}Z, z ∈ Z, and ξ ∈ Ω define the one-point
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conditional probability by

πξ (z) := π
(
ω (z) = 1 | ω|Z∖z = ξ|Z∖z

)
.

Theorem 23 (Holley’s theorem). Let Z be a finite set, and let π1, π2 be strictly positive
measures on Ω = {0, 1}Z. Then π1 ≤st π2 if and only if

πξ1(z) ≤ πζ2(z)

for all z ∈ Z and all pairs ξ, ζ ∈ ω with ξ ≤ ζ.

Proposition 24. ρ̂ is stochastically decreasing in r for fixed p2, p1. If r is allowed to vary
while p1

r(1−p1)+p1 and p2
r(1−p2)+p2 are fixed then ρ̂ is stochastically increasing in r. When r is

fixed, ρ̂ is stochastically increasing in p2 and p1.

Proof. If π1, π2 are both distributed as ρ̂ for some choice of parameters, z ∈ X [i+1] ∪X [i], and
ζ, ξ ∈ {0, 1}X[i+1] × {0}X[i+1]

with ξ ≤ ζ then

πξ2(z) ≤ πζ2(z)

by positive association. Consequently, the hypothesis for Holley’s theorem simplifies to the
claim that

πξ1(z) ≤ πξ2(z)

for all z and ξ.

To establish this, there are two cases, depending on whether z is an i-cell or (i + 1)-cell.

For clarity, we denote the one point conditional for an i-cell ϵ by ρ̂ξi (ϵ) and the one point

conditional for an (i+ 1)-cell σ by ρ̂ξi+1 (σ) .

We can calculate these probabilities explicitly from the definition. To this end, let S and T be
i-dimensional and (i+ 1)-dimensional percolation subcomplexes, let ξ be the corresponding

element of {0, 1}X[i+1] × {0, 1}X[i]
, let ϵ be an i-cell, and let σ be an (i+ 1)-cell. Then

ρ̂ξi (ϵ) =
1

1 + ρ̂(S∖ϵ,T )
ρ̂(S∪ϵ,T )

and ρ̂ξi+1 (σ) =
1

1 + ρ̂(S,T∖σ)
ρ̂(S,T∪σ)

.

Since

ρ̂(S ∪ ϵ, T )
ρ̂(S ∖ ϵ, T )

=
p1

1− p1
rbi(T,S∪ϵ)−bi(T,S∖ϵ)

and

ρ̂(S, T ∪ σ)
ρ̂(S, T ∖ σ)

=
p2

1− p2
rbi(T∪σ,S)−bi(T∪σ,S),

the one-point conditionals are determined by bi(T, S ∪ ϵ; Zq)− bi(T, S ∖ ϵ; Zq) and bi(T ∪
σ, S; Zq))− bi(T ∖ σ, S; Zq).

Next, let P and Q be (i+ 1)- and i-dimensional percolation subcomplexes of X, respectively.
An element of Zi(P,Q; Zq) = H i(P,Q; Zq) is an i-cochain f ∈ Ci(X; Zq) so that δf(σ) = 0
for all σ ∈ P (i+1) and f (ϵ) = 0 for all ϵ ∈ Q. That is, the collection of cochains compatible
with (P,Q) is a linear subspace of Ci(X; Zq) determined by these equations. Adding
a single i-cell to Q or a single (i + 1)-cell to P adds a single linear equation and can
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thus either leave the dimension bi(P,Q; Zq) unchanged or decrease it by one. Therefore,
bi(T, S ∪ ϵ; Zq)− bi(T, S; Zq) and bi(T ∪ σ, S; Zq)− bi(T, S; Zq) are each either equal to 0 or
−1.

From this, it follows that

ρ̂ξi (ϵ) =

{
p1

r(1−p1)+p1 if bi(T, S ∪ ϵ; Zq) = bi(T, S; Zq)− 1

p1 if bi(T, S ∪ ϵ; Zq) = bi(T, S; Zq)

and

ρ̂ξi+1 (σ) =

{
p2

r(1−p2)+p2 if bi(T ∪ σ, S; Zq) = bi(T, S; Zq)− 1

p2 if bi(T ∪ σ, S; Zq) = bi(T, S; Zq).

Both ρ̂ξi (ϵ) and ρ̂
ξ
i+1 (σ) are monotone increasing in p2, p1 respectively, so if p

′
2 ≤ p2 and p

′
1 ≤ p1

then ρp′2,p′1 ≤st ρp2,p1 . Similarly, they are decreasing in r, so if r > r′, then ρp2,p1,r ≤st ρp2,p1,r′ .
If we fix c1(p1, r) =

p1
r(1−p1)+p1 and c2(p2, r) =

p2
r(1−p2)+p2 while allowing r to vary, p2 and p1

are both increasing in r, so if r > r′, then ρp2,p1,r ≥st ρp2,p1,r′ .

□

Proof of Theorem 13. The desired conclusion follows immediately from Proposition 24,

as ρp2,p1,q,i,X
d
= ρ̂p2,p1,q,i,q,X and ρ̂p2,p1,q,i,1 is distributed as a pair of independent Bernoulli

plaquette percolations.

□

4.4. Duality. For the proof of Theorem 15, we will need the following results from algebraic
topology. We recall some notation from the introduction. T = TdN is the discrete torus of
width N. For a j-dimensional percolation subcomplex P of T, P • is the (d− j)-dimensional
dual complex which contains a dual l-cell for each (d− l)-cell not contained in P.

Proposition 25. Let P1 and P2 be percolation subcomplexes of T of dimension i and (i+ 1)
respectively. Then

Hj(P •
1 , P

•
2 )
∼= Hd−j(P2, P1).

Proof. By Lemma 7 of [DKS25], the complements T ∖ P2 and T ∖ P1 deformation retract to
P •
2 and P •

1 respectively. From this, it follows that

Hj(P •
1 , P

•
2 )
∼= Hj(T ∖ P1,T ∖ P2).

From relative Alexander duality (Equation 2.4), we have

Hj(T ∖ P1,T ∖ P2) ∼= Hd−j(P2, P1).

Combining the above observations, the desired conclusion follows. □

Lemma 26. Let P1 and P2 be percolation subcomplexes of T of dimension i and (i + 1)
respectively. Then

bi+1(P2, P1) = bi(P2, P1) + |P2|+ |P1| − |T(i+1)|.
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Proof. Note first that since P2 and P1 coincide on the (i − 1)-skeleton of T , we have
Hj(P2, P1) ∼= 0 for all j ≤ i− 1. By Proposition 17, we have

χ(Y ) =
d∑
j=0

(−1)jbj(Y ).

Since P2 and P1 form a good pair, it follows from [Hat02, Proposition 2.22] that

Hj(P2, P1) ∼= H̃j(P2/P1),

where X/A denotes the quotient space and the reduced homology H̃j(P2/P1) agrees with

Hj (P2/P1) except for j = 0 when Hj (P2/P1; G) ∼= H̃j(P2/P1)⊕G. Combining these facts,
we obtain

χ(P2/P1) = 1 +
d∑
j=0

(−1)jbj(P2, P1) = (−1)i
(
bi(P2, P1)− bi+1(P2, P1)

)
+ 1.

However, the Euler characteristic of the quotient also satisfies the identity

χ (P2/P1) = χ(P2)− χ(P1) + 1

since a cell complex structure for P2/P1 can be found by replacing all cells of P1 with a single
vertex. It thus follows that

χ(P2/P1) = 1 +
d∑
j=0

(−1)j
(
P

(j)
2 − P

(j)
1

)
= (−1)i

(
|T(i)| − |P2| − |P1|

)
+ 1,

where the numbers of cells in dimensions less than i cancel. Hence

(−1)i(bi(P2, P1)− bi+1(P2, P1)) + 1 = (−1)i
(
|T(i)| − |P2| − |P1|

)
+ 1.

This concludes the proof. □

Proof of Theorem 15. We will use the parameters k2, k1 rather than p2, p1 to simplify
notation. To relate ρ(P2, P1) and ρ

•(P •
1 , P

•
2 ), we will find a formula comparing the sizes of

the relative cohomology groups H i(P2, P1; Zq) and Hd−i−1(P •
1 , P

•
2 ; Zq).

Recall that we are assuming that q is prime, and thus Zq is a field and

|Hj(X,A; Zq)| =
∣∣Hj(X,A; Zq)

∣∣ = qbj(X,A;Zq)

for all j. Thus, by Proposition 25 and Lemma 26, when d− i− 1 > 0, we have

|Hd−i−1(A•, X•)| = |H̃d−i−1(A•, X•)| = |Hi+1(X,A)| = |H i+1(X,A)|

= |H i(X,A)|q|X|+|A|−|T|(i+1)+(−1)i .

Now we seek to find a choice of k′2, k
′
1 so that

ρk2,k1,d(P2, P1) = ρk′2,k′1,d−i+1(P
•
1 , P

•
2 ).
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Towards that end, we compute

k
|P1|
1 k

|P2|
2 |H i(P2, P1)| = k

′|P •
2 |

1 k
′|P •

1 |
2 |Hd−i−1(P •

1 , P
•
2 )|

= k
′|T(i+1)|−|P2|
1 k

′|T(i)|−|P1|
2 |H i(P2, P1)|q|P2|+|P1|−|T(i+1)|

∝ k
′−|P2|
1 k

′−|P1|
2 |H i(P2, P1)|q|P2|+|P1|.

To maintain proportionality, we have k
|P1|
1 = k

′−|P1|
2 q|P1|, so k′2 = q/k1, and symmetrically

k′1 = q/k2 gives us an exact duality between ρk2,k1(P2, P1) and ρk′2,k′1(P
•
1 , P

•
2 ). If d− i− 1 = 0

we get an extra constant factor of q, which doesn’t affect the proportionality. This concludes
the proof. □

5. Applications

The coupling with the CPP leads to relatively simple, geometrically intuitive proofs of several
standard results for the Potts lattice Higgs model, including the Z2 lattice Higgs model.
Throughout this section, let X be a finite cell complex, q be a prime integer, β2, β1 ≥ 0, and
µ = µβ2,β1,q,i,X .

Proposition 27 (Griffith’s Second Inequality). Let γ1, γ2 ∈ Ci(X; Zq). Then

Eµ(Wγ1Wγ2) ≥ Eµ(Wγ1)Eµ(Wγ2).

Proof. By Theorem 7 and Theorem 11, we have

Eµ(Wγ1)Eµ(Wγ2) = ρ(Vγ1)ρ(Vγ2) ≤ ρ(Vγ1 ∩ Vγ2).
Next, since Vγ1 ∩ Vγ2 ⊂ Vγ1+γ2 and Wγ1Wγ2 = Wγ1+γ2 it follows that

ρ(Vγ1 ∩ Vγ2) ≤ ρ(Vγ1+γ2) = Eµ(Wγ1Wγ2),

which implies the desired conclusion. □

Proposition 28. Let X be a subcomplex of Zd or TdN and let γ ∈ Ci (X) . Denote the number
of i-cells in the support of γ by |γ|. For any β2, β1 > 0, there exist c1, c2 > 0 depending on
β2, β1, i and d but not on q,N, or X so that

e−c1|γ| ≤ Eµ(Wγ) ≤ e−c2|γ|.

Proof. Suppose that γ is supported on e1, . . . , en and let Let Aj be the event that ej ∈ P1.
Then ∩Nj=1Aj ⊂ Vγ so

Eµ(Wγ) = ρ (Vγ) ≥ ρ (∩ni=1Ai) >

(
p1
q

)n
= e− log(q/p1)|γ|,

where the final inequality follows by positive association.

On the other hand, for Vγ to occur each i-cell ej must be either in P1, or adjacent to an
(i+ 1)-cell in P2. This is less probable than the same requirement being satisfied on a subset
of γ. The adjacency graph on i-cells which are connected by an edge if they are incident
to an (i+ 1)-cell is 2(i+ 1)-colorable, by alternating the colors assigned to parallel cells on
adjacent (i+ 1)-cells, so we can always choose a set γ′ of size at least N

2(i+1)
so that no two
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i-cells in γ′ are adjacent to the same (i+ 1)-cell. Next, denote by Bj the event that at least
one of the 2(d− i) (i+ 1)-cells incident to ej is contained in P2 and let

c2 = −
log(1− (1− p2)2(d−i) (1− p1)

2(i+ 1)
.

Then

ρ (Vγ) ≤ ρ (∩ni=1Bi ∪ Ai) ≤
n/(2i+2)∏
i=1

(
1− (1− p2)2(d−i) (1− p1)

)
= e−c2|γ|,

where we used Theorem 13 to compare ρ to independent plaquette percolation. □

Proposition 29. Let γ ∈ Ci(X; Zq). Then Eµβ2,β1,q,i,X (Wγ) is increasing in β2 and β1.

Proof. By Theorem 13, ρp2,p1 is stochastically increasing in p2 and p1. The event Vγ is
increasing, so ρp2,p1(Vγ) is increasing in p1 and p2. By Theorem 7 and the fact that p2 and p1
are increasing in β2 and β1 respectively, it follows tat Eµ(β2,β1)(Wγ) is increasing in β2 and
β1. □

Before showing that the Marcu-Fredenhagen Ratio exhibits a phase transition for i = 1, we
prove that its natural analogue for i ≥ 2 has trivial behavior.

Proposition 30. Let i ≥ 2 be fixed, let n ∈ 2N, let qn = ∂
(
[0, n]i+1 × {0}d−i−1) and let q′n

and γ′′n be the chains formed by the upper and lower halves of qn (see Figure 2a).

R (β2, β1, n) =
Eµ(Wq′n)Eµ(Wq′′n)

Eµ(Wqn)
=

Eµ(Wq′n)
2

Eµ(Wqn)
.

Then

lim
n→∞

R̂(p2, p1, n) = 0.

Proof. By Theorem 11, we have

R(p2, p1, n) =
ρ(Vq′n)ρ(Vq′′n)

ρ(Vq′n+q′′n)
=
ρ2(P ∈ Vq′n , Q ∈ Vq′′n)

ρ2(P ∈ Vq′n+q′′n)
≤
ρ(P ∈ Vq′n ∩ Vq′′n)
ρ(P ∈ Vq′n+q′′n)

= ρ(P ∈ Vq′n | P ∈ Vq′n+q′′n).

Let γn = ∂q′n the boundary between q′n and q′′n. On the event P ∈ Vq′n∩Vq′′n , for each (i−1)-cell
σ ∈ support γn, there must exist at least one i-cell τ ∈ P incident to σ. We now sample
P ∼ ρ(· | P ∈ Vqn) as follows. First, let P0 ∼ ρ(· | P0 ∈ Vqn). For σ ∈ support γn let Tσ,i+1 be
the collection of (i+1)-cells in the star of σ (that is, the collection of (i+1)-cells containing σ
as a face of co-dimension two) and let Tσ,i be the collection of i-cells incident to an (i+1)-cell
in Tσ,i+1. We abuse notation and denote by ∂Tσ,i+1 ⊂ Tσ,i the i-cells incident to exactly one
(i+ 1)-cell of Tσ,i+1.

Let En ⊆ support γn be a collection of i-cells such that for any {σ, σ′} ⊆ En, the sets Tσ,j and
Tσ,j are disjoint for all j ∈ {i, i+ 1}. Now obtain P from P0 by resampling from ρ(· | Vq′n+q′′n)
on the sets Tσ,i and Tσ,i+1 for all σ ∈ En. Then, for each σ ∈ En, with strictly positive
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probability p (not depending on n), we have Tσ,i+1 ⊆ P2 and P1 ∩ Tσ,i = ∂Rσ,i+1 However, on
this event, we cannot have P ∈ Vq′n . Hence

R(p2, p1, n) ≤ (1− p)|E|.

Now note that since i ≥ 2, we have limn→∞ |γn| =∞, and we can thus choose En such that
limn→∞ |E| =∞. This concludes the proof. □

6. Phase Transition of the Marcu–Fredenhagen Ratio

For an i-chain γ denote by |γ| the number of i-cells in the support of γ. This is sometimes

called the perimeter of γ. Recall that we let n ∈ 2N, γn = ∂([0, n]2 × {0}d−2, and let γ′n
and γ′′n be the paths formed by the upper and lower halves of γn (see Figure 2a). Recall
also the definitions of the Marcu–Fredenhagen ratio R(β2, β1, n) and the topological Marcu–

Fredenhagen ratio R̂(p2, p1, n) from Definition 8 and Definition 9 respectively, and note that
by Theorem 7, they are equal.

Fix i = 1, d, and q, let ΛN = [−N,N ]d, and let ρ = ρp2,p1 = ρp2,p1,q = ρp2,p1,q,1,Zd be the weak
limit of the measures ρp2,p1,q,1,Λd

N
, which exists by a standard stochastic domination argument.

Recall that the area of a cycle γ ∈ Bi(A; Zq) is the minimum number of plaquettes in the
support of a (i + 1)-chain τ so that ∂τ = γ. An central result which will be useful in this
section is the following theorem, which states that pure Potts lattice gauge theory has a
phase transition between a region with perimeter law and area law. We note that there was
a typo in the original statement of the theorem.

Theorem 31 (Theorem 7 of [DS25b]). Let q be a prime integer and i < d. Consider the
plaquette random cluster model ρ̂ := ρ̂p,q,i,Zd = ρp2,0,q,i,Zd . There exist positive, finite constants
c1 = c1(p2, q, i, d), c2 = c2(p2, q, i, d) and 0 < p′ = p′ (q, i, d) ≤ p′′ = p′′ (q, i, d) < 1 so that, for
hyperrectangular (i− 1)-boundaries γ in Zd,

exp(−c1Area(γ)) ≤ ρ̂(Vγ) ≤ exp(−c2|γ|) (4)

for all p ∈ (0, 1), and such that{
− log(ρ̂(Vγ))

|γ|) = Θ(1) if p > p′′

− log(ρ(Vγ))

Area(γ)
→ c1 if p < p′.

Proposition 32. Assume the same notation as in the previous theorem. If i = 1 then

lim
p→0

c1(p, q, 1, d) =∞.

Proof. By Theorem 13, it suffices to consider the case q = 1. For two edges e1, e2, write
e1 ↔ e2 if they are connected by a path of open plaquettes each meeting at an edge. By
standard arguments, when p2 is sufficiently small, then ρ (e1 ↔ e2) ≤ e−c(p)d(e1,e2), where
d (e1, e2) is the distance between the two closest pairs of incident vertices of the two edges
and limp→0 c(p) =∞.

We temporarily reset γn to be ∂ [0, n]2×{0}d−2 . Let ej be the edge between (j − 1, 0, 0, . . . , 0)
and (j, 0, 0, . . . , 0) for j = 1, . . . , n and let e′j be the edge between (j − 1, n, 0, . . . , 0) and
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(j, n, 0, . . . , 0) . It suffices to show that if Vγn occurs then the events ej ↔ e′j occur with
disjoint witnesses. From that claim, it follows from the BK inequality that

ρ(Vγn) ≤ ρ
(
□n
j=1ej ↔ e′j

)
≤ (e−c(p)n)n = e−c(p)Area(γ),

where we denote the event that the events A1, . . . , An occur with disjoint witnesses by □n
j=1Aj.

We now prove the claim. To this end, let Sj = (V,E) be the graph where the vertices V
are the edges of Zd that intersect the hyperplane x = j − 1/2, and the edges E are the
plaquettes that intersect that hyperplane. We will show that if Vγn occurs, then so does

ej
Sj←→ e′j. To see why, suppose that Vγn occurs and is witnessed by a 2-chain τ =

∑
ai
σj

where ai ∈ {1, . . . , q − 1}. Let σ′
1, . . . , σ

′
k be the plaquettes of Sj in the support of τ, and

denote their coefficients by a′1, . . . a
′
n. Each plaquette σ′

k is incident to 2a′k edges of Sj, half
with orientation 1 and half with orientation −1. On the other hand, since ∂τ = γn, every
edge e ∈ V \ {ej, e′j} is incident to 0 mod q plaquettes when counted with multiplicity and
orientation, whereas ej is incident to ±1 and e′j is incident to ∓1 plaquettes. This defines
a mod q flow on Sj with source and sink ej and e

′
j respectively. It follows from standard

arguments that ej is connected to e′j via plaquettes entirely contained in Sj. □

To show the existence of a region where the Marcu–Fredenhagen ratio limits to zero, we
compare the coefficients of exponential decay for the random cluster model with the coefficient
of area law decay for the plaquette random cluster model.

Proposition 33. Assume the same hypotheses as in Theorem 10. Let p′′ = p′′ (q, 1, d) , where
p′′ (q, 1, d) is given in Theorem 31. Then, if p2 > p′′ and p1 is sufficiently small (see Figure 5a),
we have

lim
n→∞

R(p2, p1, n) = 0.

Proof. Let p2, p1 ∈ (0, 1). Then, by Theorem 13, we have

R̂(p2, p1, n) =
ρp2,p1(Vγ′n)ρp2,p1(Vγ′′n)

ρp2,p1(Vγn)
=

ρp2,p1(Vγ′n)
2

ρp2,p1(η ∈ Vγn)
≤
ρ1,p1(Vγ′n)

2

ρp2,0(Vγn)
.

By combining Theorem 7 and [DS25b, Theorem 7], it follows that if p2 > pc(q), then there is
c(p2) > 0 such that

ρp2,0(Vγn) ≥ e−c(p2)|γn| = e−2c(p2)|γ′n|.

Observe that
(
Zd, P1

)
∈ Vγ′n if and only if xn is connected to yn in P1, where xn =

(0, Rn, 0, . . . , 0) and yn = (Tn,Rn, 0, . . . , 0). By Proposition 20 and the sharpness of the
phase transition for the random cluster model [DCRT19], there exists a c′(P1) so that

ρ1,p1(Vγ′n) ≤ e−c
′(P1)n.

Then, by Proposition 32, we have that for p1 sufficiently small,

c′(P1) ≥ 4 (1 + ε) c(p2).

From this, it follows that

ρ1,p1(Vγ′n) ≤ e−4(1+ε)c(p2)n = e−(1+ε)c(p2)|γ′n|,
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where we used that
|γ′n| = 4n.

The desired conclusion immediately follows. □

1

1

p2

p1

(a) The region in Proposi-
tion 33.

1

1

p2

p1

(b) The region in Proposi-
tion 36.

1

1

p2

p1

(c) The region in Proposi-
tion 38.

To provide proofs for regions where the Marcu–Fredenhagen Ratio is asymptotically bounded
away from zero, we require a technical result that allows us to compare the value of ρ2 (P,Q)
after “switching” maximal strongly connected components of P2 and Q2. This will follow
quickly from the next lemma. While we require this for i = 1 only, we include a more general
statement in case it will be useful in other contexts.

Lemma 34. Let Z be a simply connected, finite cell complex. For a subcomplex C of Z,
denote by C [j] the j-dimensional percolation subcomplex containing all j-cells incident to an
(j + 1)-cell of C. If (X,A) and (Y,B) is a pair of subcomplexes of Z of dimensions (i+ 1, i)
satisfying that

X ∩ Y = Z(i) and (X(i) ∩B) ∪ (Y (i) ∩ A) ∪ (A ∩B) = Z(i−1),

then
dimH i (X ∪ Y,A ∪B) = dimH i (X,A) + dimH i (Y,B)− dimCi (Z) .

Proof. Consider the following part of the Mayer–Vietoris sequence for cohomology

Ci(Z)
ξ←− H i(X,A)⊕H i(Y,B)← H i(X ∪ Y,A ∪B)← 0← . . . (5)

(see Section 2.3), where we substituted

H i−1(X ∩ Y,A ∩B) = H i−1(Z(i), Z(i−1)) = 0

and
H i(X ∩ Y,A ∩B) = H i(Z(i), Z(i−1)) = Ci (Z)

and ξ = ϕX − ϕY . The claim will follow if we show that the map ξ in (5) is surjective. To
this end, recall that

ξ ([f1]⊕ [f2]) = f1 |X∩Y −f2 |X∩Y .

Let X̂ i = B ∪ Y [i] and let Ỹ i be the i-dimensional percolation subcomplex of Z containing
the remaining i-cells. For f ∈ Ci (Z) let gX , gY ∈ Ci (Z) be obtained from f |X̂i and f |Ỹ i

by extending by zero, so f = gX + gY . Since X̂
i contains no i-cell of A, it follows that
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gX ∈ Ci (X,A) . Also, by construction, gX vanishes on all i-cells incident to an (i+ 1)-cell of
X so gX ∈ Zi (X,A) . For similar reasons, gY ∈ Zi (Y,B) . Then

ξ (gX ,−gY ) = gX |X∩Y +gY |X∩Y= α

so ξ is surjective. □

Corollary 35. Let (X1, A1) , (Y1, B1) , (X2, A2) , and (Y2, B2) be four pairs of percolation
subcomplexes which are such that that the hypotheses of the previous lemma are satisfied when
taking

((X,A) , (Y,B)) = ((Xi, Ai) , (Yj, Bj))

for any (i, j) ∈ {1, 2} × {1, 2} . Then

ρ (X1 ∪ Y1, A1 ∪B1) ρ (X2 ∪ Y2, A2 ∪B2)

= ρ (X1 ∪ Y2, A1 ∪B2) ρ (X2 ∪ Y1, A2 ∪B1) .

Proof. The desired conclusion immediately follows by noting that

dimHi (X1 ∪ Y1, A1 ∪B1; Zq) + dimHi (X2 ∪ Y2, A2 ∪B2; Zq)
= dimHi (X1 ∪ Y2, A1 ∪B2; Zq) + dimHi (X2 ∪ Y1, A2 ∪B1; Zq) .

□

Proposition 36. Assume the same hypotheses as in Theorem 10. If p1 is sufficiently large
(see Figure 5b), then

lim inf
n→∞

R(p2, p1, n) > 0.

Proof. Say that two i-cells σ1 and σ2 of a cell complex Y are strongly connected if there is a
path τ0 = σ1, τ2, . . . , τk = σ2 of i-cells of Y between them so that τj and τj+1 intersect in an

(i− 1)-cell for j = 0, . . . , k − 1. Call the resulting graph G̃ [Y ] . Given a pair of percolation
sub-complexes P = (P2, P1) where P2 has dimension 2 and P1 has dimension 1 respectively,
let G = G[P ] be the induced subgraph of G̃ [P2] on the collection of 2-cells σ of P2 so that
∂σ ⊈ P1.

For path γ, let Gγ [P ] be the restriction of G[P ] to its connected components that contain at
least one 2-cell incident to an edge of γ. Denote the vertex set of Gγ [P ] by V (Gγ [P ]) and let
V1(Gγ [P ]) be the collection of edges of P1 that are either contained in γ or are incident to at
least one 2-cell in Gγ [P ]. Finally, to simplify notation, we introduce the following conventions.
If P = (P2, P1) and Q = (Q2, Q1) are percolation subcomplexes of a cell complex X, denote
by P ∪Q the pair (P2 ∪Q2, P1 ∪Q1) , P ∩Q the pair (P2 ∩Q2, P1 ∩Q1) , and P \Q the pair
(P2 \Q2, P1 \Q1) .

Let P γ = (P γ
2 , P

γ
1 ), where P

γ
2 is the is the 2-dimensional percolation subcomplex containing

the 2-cells V (Gγ[P ]) and P γ
1 is the 1-dimensional percolation subcomplex containing the

1-cells V1(Gγ [P ]). For two disjoint paths γ′ and γ′′ and two pairs of percolation subcomplexes
P = (P2, P1) and Q = (Q2, Q1) of the appropriate dimensions set

E = Eγ′,γ′′ =
{
P,Q : V (Gγ′ [P ∪Q]) ∩ V (Gγ′′ [P ∪Q]) = ∅

}
.
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Note that if A = Ξi+1 × Ξi denotes the trivial event then(
(Vγ′ ∩ Vγ′′)× A

)
∩ E =

(
Vγ′+γ′′ × A

)
∩ E .

We now show that

R̂(p2, p1, n) ≥ ρ2
(
(P,Q) ∈ E | P ∈ Vγn

)
. (6)

To this end, for (P,Q) ∈ E , let{
φ1(P,Q) =

(
Q ∩ (P ∪Q)γ′′n

)
∪
(
P ∖ (P ∪Q)γ′′n

)
φ2(P,Q) =

(
P ∩ (P ∪Q)γ′′n

)
∪
(
Q∖ (P ∪Q)γ′′n

)
.

Let ρN = ρp2,p1,q,1,Λd
N
. By applying Corollary 35 with (X1, A1) = P ∖ (P ∪Q)γ

′′
n , (Y1, B1) =

P ∩ (P ∪Q)γ
′′
n , (X2, A2) = Q ∖ (P ∪Q)γ

′′
n , and (Y2, B2) = Q ∩ (P ∪Q)γ

′′
n , we find that if

(P,Q) ∼ ρ2N |E , then (
φ1(P,Q), φ2(P,Q)

)
∼ ρ2N |E .

By taking N →∞, we obtain the same statement for the infinite volume measure ρ.Moreover,
since for (P,Q) ∈ E we have

(P,Q) ∈ (Vγ′n × Vγ′′n)⇔
(
φ1(P,Q), φ2(P,Q)

)
∈
(
(Vγn ∩ Vγ′n)× A

)
,

it follows that

R(p2, p1, n) =
ρ(Vγ′n)ρ(Vγ′′n)

ρ(Vγn)
=
ρ2(P ∈ Vγ′n , Q ∈ Vγ′′n)

ρ2(P ∈ Vγn)

≥
ρ2(P ∈ Vγ′n , Q ∈ Vγ′′n , (P,Q) ∈ E)

ρ2(P ∈ Vγn)
=
ρ2(P ∈ Vγ′n ∩ Vγ′′n , (P,Q) ∈ E)

ρ2(P ∈ Vγn)

=
ρ2(P ∈ Vγ′n+γ′′n , (P,Q) ∈ E)

ρ2(P ∈ Vγn)
= ρ2((P,Q) ∈ E | P ∈ Vγn , Q ∈ A).

This concludes the proof of (6).

We now give a lower bound of the right-hand side of (6) by showing that if p1 is sufficiently
large, then

lim inf
n→∞

ρ2((P,Q) ∈ E | P ∈ Vγn) > 0. (7)

To this end, given a pair P = (P2, P1) of percolation sub-complexes, let E ′ be the event that
the set P̃ := {σ ∈ X [2] : ∂σ ⊆ P1} separates γ′n and γ′′n, in the sense that any connected set of
2-cells adjacent to both γ′n and γ′′n must intersect P̃ . Then E ⊇ E ′, and hence

ρ2((P,Q) ∈ Eγ′n,γ′′n | P ∈ Vγn)
≥ ρ2(P ∩Q ∈ E ′ | P ∈ Vγn+γ′n).

Since P ∈ Vγ′′n+γ′′n and P ∩Q ∈ E ′ are both increasing events and ρ2 is positively associated,
we can bound the right-hand side of the previous equation from below by

ρ2(P ∩Q ∈ E ′ | P ∈ Vγn+γ′n) ≥ ρ20,p1,1(P ∩Q ∈ E
′) = ρ0,p21,1(P ∈ E

′).

where the second inequality follows from Theorem 13. From this, we obtain (7). Combining (6)
and (7), the desired conclusion immediately follows. □
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We note that the point where the preceding proof fails for i ≥ 2 is in establishing that
ρ0,p21,1(P ∈ E

′) is bounded away from zero.

Before establishing the behaviour of the Marcu-Fredenhagen ratio in the region in 5c, we
state and prove a discrete isoperimetric inequality.

Lemma 37. For any 1-cycle γ ∈ Z1

(
Zd;Zq

)
Area(γ) ≤ d− 1

8d
|γ|2

where |γ| denotes the number of edges in the support of γ.

Proof. We will prove the statement using induction on the dimension d.We abuse notation and
use the symbol γ refer to both the loop itself and the corresponding element of Z1

(
Zd; Zq

)
.

Suppose that |γ| = T and that S of the T edges in its support are in the direction of the xd
axis. By translating γ if necessary, we may assume that it intersects the hyperplane xd = 0
and is contained in the slab Zd−1×

[
−⌊S

4
⌋, ⌊S

4
⌋
]
. Let Y be the projection of the support of γ

onto the hyperplane xd = 0, let C be the cylinder Y ×
[
−⌊V

4
⌋, ⌊V

4
⌋
]
, and let C ′ be the union

of the bounded components of the complement C \ (γ ∪ Y ) . Since the inclusion Y ↪→ C
induces an isomorphism on homology, there is τ ∈ C2 (C;Zq) and a γ′ ∈ Z1 (Y ; Zq) so that
γ = γ′ + ∂τ. In fact, we may find a such a τ that is supported on C ′.

We now bound the area of C ′ from above and below. Towards that end, we write C ′ as
the union of contributions from the edges of γ. Let e be an edge of γ that is parallel to the
hyperplane xd = 0. We say that a cell σ of C is in between γ and Y if the projections of
e and σ onto the hyperplane xd = 0 coincide and the xd-coordinates of the points of σ are
between those of γ and e. If there is no other edge e′ of γ so that e is between e′ and Y, we set
Ce to consist of all 2-cells between e and γ. Otherwise, we set Ce = ∅. Then C ′ ⊂

⋃
e∈γ Ce,

and hence

Area (τ) ≤ Area (C ′) ≤
∑
e∈γ

|Ce| ≤
T (T − S)

4
.

From this, it follows that

Area(γ) ≤ T (T − S)
4

+ Aread−1 (γ
′) ,

where Aread−1 (γ
′) is the area of γ′ as an element of Z1

(
Zd−1; Zq

)
. Therefore, if we set

fd(T ) = max
γ:|γ|≤T

Area(γ),

then, by induction, we have

fd (T ) ≤
T (T − S)

4
+ fd−1 (T − S) ≤

T (T − S)
4

+
d− 2

8 (d− 1)
(T − S)2 .

The function on the right-hand side of the previous equation is maximized when S = T/d;
plugging that in yields the desired formula. □

Proposition 38. Assume the same hypotheses as in Theorem 10. If i = 1 and p2 is
sufficiently small (see Figure 5c), then

lim inf
n→∞

R(p2, p1, n) > 0.
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Proof. We reuse notation from the previous proof except that we redefine P γ below. We now
argue that the right-hand side of (6), i.e.,

ρ2
(
(P,Q) ∈ E | P ∈ Vγn

)
can be bounded from below when p2 is sufficiently small, uniformly in p1 and |γn|, where
we recall that γn = γ′n + γ′′n. To this end, we show that when P is sampled from the CPP
conditional on the event Vγn and p2 is small, the strongly connected components of P2 exhibit
exponential decay uniformly in p1 and |γn|. The desired conclusion then follows from standard
arguments. Since ρ is stochastically decreasing in p1, we may assume that p1 < 1/2.

For an edge ϵ and a pair of percolation subcomplexes P = (P2, P1), let P
ϵ
2 be the 2-dimensional

percolation subcomplex whose 2-cells are the strongly connected component of ϵ in P2 and set

P ϵ = (P ϵ
2 , (P

ϵ))[1]∩P1

2 .

Also, let Γn =
(
X(1), support γn ∪X1

)
. Fix ϵ ∈ support γn, let R = (R2, R1) satisfy R = Rϵ,

and let

Q = Q(R) = R ∪
(
Γn \ (P ϵ

2)
[1]
)
.

Also, set

P ′ = (P ∖ P ϵ) ∪
(
(P ϵ

2)
[1] ∩ Γn

)
.

By construction, if P ∈ Vγn , then Q (P ϵ) , P ′ ∈ Vγn . Moreover, by applying Corollary 35

with (X1, A1) = P ∖ P ϵ, (Y1, B1) = (P ϵ
2)

[1] ∩ Γn, (X2, A2) = Γn \ (P ϵ
2)

[1] , and (Y2, B2) = P ϵ,
we obtain

ρN(P
′)ρN(Q) = ρN(p)ρN(Γn).

This implies in particular that

ρN(P
ϵ = R | P ∈ Vγn) =

∑
P∈Vγn

ρN(P )1(P
ϵ = R)∑

P∈Vγn
ρN(P )

≤
∑

P∈Vγn
ρN(P )1(P

ϵ = R)∑
P∈Vγn

ρN(P ′)1(P ϵ = R)

= ρN(Q)/ρN ≤
(

p2
1− p2

)|R2|( p1
1− p1

)|R1|−|γn| |H1(Λ
(1)
N ; Zq)|

|H1(Λ
(1)
N ; Zq)| − 1

and

ρ(P ϵ = R | P ∈ Vγn) ≤
(

p2
1− p2

)|R2|( p1
1− p1

)|R1|−|γn|

.

We now consider two cases. If |R1| ≥ |γn| then

ρ(P ϵ = R | P ∈ Vγn) ≤
(

p2
1− p2

)|R2|

where we used that p1 < 1/2. If instead |R1| < |γn|, we argue that any witness of Vγn must
have many two-cells in R2. Since (R2, R1) ∈ Vγn there there is a 1-cycle τ ∈ Z1 (R1; Zq) and
a 2-chain σ ∈ C2 (R2;Zq) so that ∂σ = γn− τ. Recall that the area of a 1-cycle is the number
of 2-cells in the support of a minimal null-homology. Applying Lemma 37 to τ yields that

|R2| ≥ Area(Γn)− Area (τ) ≥ ĉ
(
n2 − |R1|2

)
,
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where ĉ = d−1
8d
. Then

|γn| − |R1|
|R2|

≤ 4n− |R1|
n2 − ĉ |R1|2

=
1

n/4 + ĉ |R1|
so

ρ(P ϵ = R | P ∈ Vγn) ≤
(

p2
1− p2

)|R2|( p1
1− p1

)|R1|−|γn|
((

p2
1− p2

)(
1− p1
p1

) 1
n/4+ĉ|R1|

)|R2|

≤
(

p2 + on(1)

1− p2 + on(1)

)|R2|

.

Let Ξ2
ϵ,N denote the collection of strongly connected subsets of Ξ2 that are incident to ϵ and

contain N 2-cells. By standard arguments, there is a λ > 0 so that |Ξ2
ϵ,N | < eλN . Thus

ρ (|P ϵ
2 | = N | P ∈ Vγn) =

∑
R2∈Ξ2

ϵ,N

∑
R1⊂R[1]

2

ρ(p)1 (P ϵ = (R2, R1) , P ∈ Vγ)

< eλN24N
(

p2 + on(1)

1− p2 + on(1)

)|R2|

which decays exponentially in N when p2 is sufficiently small and n is sufficiently large. □
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[ZMED20] Lei Zhang, Manon Michel, Eren M Elçi, and Youjin Deng. Loop-cluster coupling and algorithm
for classical statistical models. Physical Review Letters, 125(20):200603, 2020.

Email address: seldridge@gradcenter.cuny.edu

Department of Mathematics, Graduate Center, City University of New York, 365 5th Ave,
New York, NY 10016, USA

Email address: palo@chalmers.se

Mathematical Sciences, Chalmers University of Technology and University of Gothenburg,
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