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ABSTRACT. The i-dimensional Potts lattice Higgs model is a random assignment of spins
in Z4 to the i-dimensional cells of a cell complex induced by a Hamiltonian with a Potts
interaction on the (i + 1)-cells and an additional term playing the role of an external field.
We develop a representation of this model as a pair of dependent plaquette percolations,
and prove that Wilson line expectations can be expressed in terms of the probability of a
topological event. As an application, we prove the existence of a phase transition for the
Marcu-Fredenhagen ratio in the Potts lattice Higgs model on Z¢ when i = 1.

1. INTRODUCTION

Lattice Higgs models, also called lattice gauge theories with matter, are a class of probability
distributions studied in physics as discretized models of gauge fields in the presence of
particles [FS79]. Models with SU(n)-valued fields are of the greatest interest, but simpler
analogues are obtained by taking spins in the integers modulo ¢; the complexity is further
reduced with a Potts interaction, as defined in |[Bai88]. In the special case with Zy-valued
fields, these models were already introduced in [WegT71], as examples of spin models with
phase transitions and local symmetries, and also appear in quantum information theory as
natural noised version of Kitaevs toric code, see, e.g., [SSN21| TKPS10]. We will throughout
refer to these models as Potts lattice Higgs models.

In this paper, we develop an analogue of the Fortuin-Kasteleyn random cluster representation
(see, e.g., [FKT72] for Potts lattice Higgs models, both generalizing the random cluster
representation of the Potts model with external field [Gril6] and building on recent work
establishing a cellular representation of Potts lattice gauge theory [DS25al [DS25b, [Shk23|
HS16]. More specifically, we define a coupling between the i-dimensional Potts lattice Higgs
model — which assigns spins in Z, to the i-dimensional cells of a cell complex — and a new
construction called coupled plaquette percolation (CPP), consisting of a dependent pair of
plaquette percolations of dimensions (i 4+ 1) and . We prove that Wilson line expectations in
the former can be expressed in terms of the probability of a topological event in the latter.
In addition, the CPP on Z¢ has a duality transformation defined on the level of states; this
gives a concrete, geometric interpretation of the duality of the partition functions of the
Potts lattice Higgs model on Z2. As an application of the CPP, we prove the existence of a
phase transition for the Marcu—Fredenhagen ratio. To simplify the arguments and keep the
required knowledge of algebraic topology to a minimum, we assume that ¢ is prime and take
free or periodic boundary conditions; extensions to more general models can be obtained via
modifications similar to those in [DS26]. Of particular interest is the case where i = 1 and
X is a finite subcomplex of the cubical complex Z? formed by tesselating Euclidean space
with unit cubes. In this context, the Potts lattice Higgs model assigns spins to the edges

with a Potts field on the edges and a Potts interaction on the signed sum of edges around
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every plaquette. The CPP is defined on a pair of percolations: a 2-plaquette percolation
P, and a bond percolation P;, where the probability is weighted by the size of the relative
one-dimensional cohomology with coefficients in Z,, denoted H'(P,, Pi;Z,). This counts the
number of spin assignments to the edges of X that are compatible with the pair (Ps, P;)
in the sense that edges in P, are assigned spin 0 the oriented sum of spins around each
plaquette of P, adds up to 0 modulo q. When d = 3, the model is self-dual: there’s a bijective
measure-preserving mapping between the CPP and itself with different parameters.

Special cases of the Ising lattice Higgs model include the Ising model with external field
(1 = 0 and ¢ = 2) and the Ising lattice Higgs model (i = 1 and ¢ = 2). The latter is
an object of previous study in both the physics [FS79, [HLI1, [SSN21| SPKL26] and in the
mathematics [For24al [For24bl, [For25| literature. In particular, in [For24al, it is shown that
this model has a phase transition, which will be extended to ¢ # 2 in this paper. Alternate
surface representations have been developed for these models: a membrane expansion obtained
via a high temperature expansion [HLI1] and a random current expansion [FV25, [Aiz25].
In addition, we note that the coupling between the Ising lattice Higgs model and the CPP
may be of interest to physicists studying the former model in computational experiments;
it suggests a Swendsen—Wang-type algorithm [SW87, [ES88| [PDS25] whose dynamics may
change along the phase boundaries and which may converge faster than other Monte Carlo
algorithms in practice.

1.1. Definitions and Notation. We start by introducing terminology and notation from
algebraic topology. The cell complex Z? is the tesselation of Euclidean space by unit cubes
with integter points as vertices. Z? is composed of j-dimensional cells (called j-cells or
j-plaquettes) for 0 < j < d where the j-cells are the j-dimensional faces of cubes in the
tesselation. That is, O-cells are vertices, 1-cells are edges, 2-cells are unit squares, and so on.
A j-dimensional subcomplex of Z¢ is a union of cells of Z? so that the dimension of each cell
is at most j. Note that if o is cell of a subcomplex X and 7 is a face of o, then 7 is also a cell
of X. Another cell complex is the discrete torus T% obtained from the subcomplex [0, N]* of
74 by identifying opposite faces. For a cell complex X denote by X! the collection of all
j-cells of X and the i-skeleton X9, the subcomplex of X consisting of all cells of dimensions
less than or equal to j.

Given a cell complex X, we notate by C7(X;Z,) the group of functions f from oriented
j-cells in X to the additive group Z, of integers modulo ¢, with the property that if —z is
considered with the opposite orientation, f(—x) = —f(z). An element of C?(X; Z,) is called
a “j-cochain” or a “discrete j-form”. Dual to cochains are chains which form the group
C;(X; Z,) of formal sums of oriented j-cells with coefficients in Z,, with the relation that
—ux is obtained from z by reversing the orientation. By extending linearly, we can evaluate
cochains on chains.

The chain groups come with linear boundary maps 0;: C?(X; Z,) — CI=1(X; Z,) defined by
0;(x) = _ yk, where yj, are the set of oriented (j —1)-cells incident to z. The linear coboundary
maps 0;: CV(X; Z,) — CIH(X; Z,) are defined by §;(f)(z) = f(9;41(2)). Subscripts on
the maps are generally omitted. The boundary and coboundary maps are used to defined
homology and cohomology, as described at the beginning of Section [2| below.
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Definition 1 (Potts lattice Higgs Model). Fiz i € Z>1,q € Z>2, 52 > 0 and 51 > 0, and let
X be a finite cell complex. The Potts lattice Higgs model is the Gibbs measure p = g, g, q4.i,x
on C(X; Z,) induced by the Hamiltonian

H(f)=—P> Z Iy (of (o 51210
]

ceXlit+l eeXlil

where I, (y) is the indicator that y = x.

If i =1 and ¢ = 2,3 this model is equivalent to the Z, lattice Higgs model with unitary
gauge [FST9, [For24b| with Hamiltonian

27 2mi
—BQZReeqdf BIZReeqf

oexl2] eeX 1

This follows from the fact that for ¢ = 2,3, and z € Z,;, © — Re ') is an affine
transformation of Ip(x).

We note that there is an alternative definition of the Potts lattice Higgs Model [Bai88| which
assigns probabilities to a pair (f,g) with f € C*(X; Z,) and g € C"1(X; Z,). Specifically,
one can consider the Gibbs measure v induced by the Hamiltonian

H(f.9)==8 Y. I(0f(0) =B > Io(f(e)—dg(e)). (1)

oeXli+1] ee x|

We call v the Potts lattice Higgs model with general gauge. For any h € C*~Y(X; Z,), v(f,g) is
invariant under the gauge transformation f — f+dh, g — g+h. The map (f,g) — (f—dg,0)
covers its image evenly, so any function invariant under such a transformation (e.g. a Wilson
line variable) will have the same expectation in both models. While Wilson line variables
are not gauge invariant, the Wilson line expectation for p equals the expectation of its
analogue

W5, = exp (22470 - g(0m) )
for v (see, e.g., [For24b).

Next, we define the CPP as a dependent pair of random percolation subcomplexes.

Definition 2 (Percolation Subcomplex). A j-dimensional percolation subcomplex of X is a
subcomplex P of X satisfying

x(@=1 cCPC x )

That is, P contains all cells of dimension less than j and a subset of the the j-dimensional
cells. When convenient, we treat a j-dimensional percolation subcomplexr P as a binary
assignment to the j-cells, with P(z) = 1 iff x € P for x € XVl We will write |P| for the
number of j-cells of P.

Definition 3. Let (P, Py) be a pair of percolation subcomplezes, where the dimensions of P,
and Py are (i+ 1) and i respectively. An i-cochain f € C;(X; Z,) is compatible with (Ps, P;)
if f(€) =0 for all i-cells € of Py and 0f (o) =0 for all (i + 1)-cells o of Ps.
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The cochains compatible with (P, P;) form an additive group, the relative cocycle group,
denoted Z' (Py, Py; Z,) . As we will explain below, this group coincides with the i-dimensional
relative cohomology H'(Ps, Py;Z,) because P, is a percolation subcomplex. For now, we
only need that the symbol |H* (P, Pr;Z,)| counts the number of compatible i-cochains. Our
cellular representation weights a pair of percolation subcomplexes by this quantity.

Definition 4 (Coupled Plaquette Percolation (CPP)). For a finite cell complex X, a prime
integer q, a non-negative integer i, and 0 < po, py < 1 define the Coupled Plaquette Percolation
MEASUTE P = Ppy pr.q.ix ON percolation subcomplexes Py and Py of dimensions (i + 1) and i
respectively, by

; li+1]]_ ) (i) — ;
p (P, Pr) o phy *l (1 — po) X 1P I (1 p YR Py, Py 2,

We will often use the convenient reparametrization ky = 22 and k; = 2. In these

1—p2 1-p1°
coordinates, the law of the CPP p = p (ks, k1, q,1, X) is
p (P, P1) oc k2 kP HY (P, P13 Z,)|

The CPP has a number of interesting special cases. When p; = 0, then P; is distributed
as the (i + 1)-dimensional plaquette random cluster model with coefficients in Z, [HS16].
Moreover, when X is simply connected and py = 1, then P, is distributed as the i-dimensional
PRCM with parameter p;. On the other hand, when either p; = 1 or p, = 0 the appropriate
marginal distributions are independent plaquette percolations (see Proposition [20| below).
Fixing a states for either complex results in a random complex that can be interpreted as a
weighted plaquette random cluster model.

1.2. Main Results. We begin by establishing the coupling between the Potts lattice Higgs
model and the CPP. Denote by =/ = =7 (X) the collection of j-dimensional percolation
subcomplexes of X.

Theorem 5. Let X be a finite cell complex, q be a prime integer, and [, 31 > 0. If
pp=1—e p=1—eP k= 1{22 =e”2 -1, and k, = 18;1 = e — 1, then there is a
coupling k = Ky gy qix, £: C(X; Zy) X 2 x B8 — [0, 1], defined by

k(f, Po, P) o< T [To(Pi(e) + ka - Pae) - Io(£(e))]

EGX[i]

IT [10(Pe(0) + ks - Pa(o) - 1o(6£(o))]

ceXi+l]

which satisfies the following.
o The the marginal distribution on f is pp, g,.4ix (the Potts lattice Higgs model).
o The marginal distribution on (P, Py) is pp, p,.qix (the CPP).

e The conditional distribution on (P, P) given f is independent percolation with proba-
bility pa on the set of (i + 1)-cells so that 6 f (o) = 0 and probability p; on the set of
i-cells such that f (e) = 0.

e The conditional distribution of f given (Py, Py) is the uniform measure on Z*( Py, Py; Zy).
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FIGURE 1. Two illustrations of the event V,. On the left, P, is depicted by
the collection of light blue squares and P; by the orange bonds. The events
V,, and V., both occur, where v; and 7, are the loop and path shown in dark
gray. On the right, P, is shown by the blue surface and P; by the orange line
segment. 7y is depicted in black. Here, V,, occurs when homology is taken with
coefficients in Zy but the plaquettes in the orange surface cannot be compatibly
oriented to yield a null-homology when coefficients are taken in a field of odd
characteristic. The figure on the right was adapted from Figure 1 of [DS25a]
which was in turn inspired by Figure 1 of [ACCT83].

The above coupling can be modified to provide a cellular representation of Potts lattice
Higgs model in general gauge, as explained in Section below. In the special case ¢ = 0,
the measure pg, g, 4. x is the Potts model with external field strength k;. Traditionally, the
random cluster model is extended to a graphical representation of the Potts model with
external field via the introduction of a “ghost vertex” [Gril6]. We describe why this is
equivalent to the ¢ = 1 case of the CPP in Section

An importable observable in the Potts lattice Higgs model is the Wilson line observable,
which we now define, together with a topological event which provides an analogue of the
Wilson line observable for the CPP.

Definition 6 (V,, and W,). Fiz an i-chain v =) c;x; € C; (X;Z,). For f ~ pig, g,.4.i.x, We
let W, (f) be the random variable exp(%f(’y)). Ifi=1, c¢; =1 forall j, and the edges x;
form a oriented loop, then W.,, is referred to as a Wilson loop variable. Similarly, if i =1,
c; = 1 for all j, and the edges x; form an oriented path, then W, is referred to as a Wilson
line variable.

For the measure p, V., is the event that there exists an (i + 1)-chain T supported on Py so
that ~y — Ot is supported on Py, or equivalently that [y] = 0 in H;(Ps, P1;Z,) (see Figure ,
where the relative homology H;(Py, Py;Z,) is defined in Sectz’on@ below.
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(A) The paths v/, (solid) and 4/ (dashed) (B) The oriented surfaces ¢, and ¢/ that
appearing in the definition of the Marcu— would be natural to use in a definition of
Fredenhagen ratio. the MF ratio for ¢ = 2.

FIGURE 2. In the figures above, we draw the paths and surfaces used in the
definitions of the Marcu—Fredenhagen ratio for ¢ = 1 and ¢ = 2 respectively.

Note that V, is an increasing event; adding more ¢-cells to P; increases the number of i-chains
in C;(Py; Z,), while adding more (i 4+ 1)-cells to P, increases the number of i-chains that are
boundaries of (i + 1)-chains in C;11(Ps; Zg).

Our next result expresses the expectation of a Wilson line observable W, in terms of the
probability of the event V,, in the CPP. Observe that that taking the limit as 8; — oo recovers
Theorem 5 of [DS25D)].

Theorem 7. Let X be a finite cell complex, q be a prime integer, B, 51 > 0, and v €
Ci(X; Zy). If 1= 118y.8,.qi5.x ANd p = Ppypr.aix, Where po =1 —e P2 and py =1 —e P then
E,(W,) =p(V;).

Let jig, g, 4ize be the weak limit of the measures jig, g, 44, Where Ay = [—N, NI* (by
definition, these measures have free boundary conditions). This infinite volume limit exists
by standard arguments. Our arguments can easily be extended to infinite volume limits
obtained from other boundary conditions, but we restrict attention to the free measure for
simplicity.

We show that for ¢ = 1 the Potts lattice Higgs model exhibits a phase transition marked by
a change in the behavior of a ratio between Wilson line expectations. To be able to state
this theorem, we first define an observable in terms of the decomposition of a loop into two
paths.

Definition 8 (The Marcu-Fredenhagen ratio for i = 1). Let g be a prime integer, i =1, and
B2, 81 >0, and let o = pig, g, giza. Further, let n € 2N and set vy, = 8([0, n]2 X {O}d*2 and
let v, =~ (R, T) and ~) =~ be the paths formed by the upper and lower halves of v, (see
Figure @) The Marcu—Fredenhagen ratio is defined by
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. R(Bz2,B1,m) 20

Confinement
phase

R(ﬁQMBl?n) 2 0

Free phase

R (B2,B1,m) ~0  f,

FIGURE 3. Conjectured limiting behavior of R (Ss, £1,n). We will not address
the difference between the Confinement phase and the Higgs phase here. We
propose to rigorously establish the diagram in the blue regions.

_ EM(W%)EM(W%) . EM(W’ﬂL)Q
B0 =g ) " BT

The quantity R (2, 81,n) is thought to be relevant to the physics of the Euclidean lattice
Higgs model [FM88|, [BES5|, and is predicted to exhibit a phase transition marked by whether
or not its limit is zero (see Figure [3). The asymptotics of similar ratios where 7/ + ~/ is
taken to be a growing rectangular boundary with a fixed aspect ratio are also of interest,
even in the case when ~/ and ~,/ do not have equal length, and are conjectured to have the
same phase diagram [Gli06, [FMS88| [BEF85]. Our arguments can be modified to work in this
context. For simplicity, we assume that ~, is a square.

We note that by Theorem [7], we can equivalently define the Marcu-Fredenhagen ratio using
the equivalent topological quantity V.

Definition 9 (The topological Marcu-Fredenhagen ratio). Let g be a prime integer, i = 1,
and pa,p1 € (0,1], and let p = py, ,, gizd- Further, let (v),,~n) be as in Definition @ The
topological Marcu—Fredenhagen ratio is defined by

2 o p(Var )p(Vay) _ p(V%,)Q
B P2 prm) = p(vn)  p(Va)

One of the authors recently proved that the Marcu—Fredenhagen ratio exhibits a non-
trivial phase transition in the Z, lattice Higgs model [For24al; we will gain a more detailed
understanding for the Potts lattice Higgs model as illustrated by the shaded regions in

Figure

Theorem 10. Let q be a prime integer, © = 1, and (2,51 > 0, and let p = g, g, qiz4-
Consider the Marcu—Fredenhagen ratio R as defined in Definition[§. Then the following holds.
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(1) If By is sufficiently large, then there exists a By so that if 51 < B, we have
lim R (Bs, f1,n) = 0.
n—oo

(2) If By is sufficiently small, then
liminf R (52, 61, n) > 0.
n—oo

(8) If By is sufficiently large, then
lln’_l)ll’lf R (ﬁz, b, Tl) > 0.

In Proposition [30], we show that the natural analogue Marcu—Fredenhagen ratio for i > 2
(see Figure does not exhibit a phase transition.

The next few results elucidate the basic properties of the CPP.

Theorem 11. p is positively associated. That is, if A and B are events that are increasing
with respect to (Py, Py) then
p(ANDB)>p(A)p(B).

We can compare the behavior of the CPP to a pair of independent plaquette percolations in
the sense of stochastic domination.

Definition 12 (Stochastic Domination). For a pair of binary assignments wy,ws, we say
w1 < wy if for all z, wi(z) = 1 implies wo(2) = 1. If there exists a coupling K(wy,ws) of two
measures T (wy), m2(wa) so that K(w; < wy) = 1, we say my stochastically dominates m and
write m <g 9.

Theorem 13. Let X be a finite cell complex, ¢ > 1, and pa,p1 € [0,1]. Then p,,,, is
stochastically dominated by independent Bernoulli percolation with probabilities ps on (i + 1)-
cells and p1 on i-cells, and stochastically dominates percolation with probabilities q(l—iﬁ

and m respectively. Furthermore, when q is fized, p is stochastically increasing in po

and in py.

In the text, we prove a stronger version of Theorem [I3] which concerns a modified CPP
where the cohomology coefficients are no longer determined by the parameter q.

For the next result, we specialize the the d-dimensional torus; specifically, let T = T4 be the
discrete torus of length N obtained by identifying opposite faces of the cube [0, N ]d /S

Definition 14 (Bullet Dual). If T is the d-dimensional unit cubical lattice on the torus, we
let (T)* denote same lattice, shifted by 1/2 in every coordinate. For every i-cell x € T, there
is a unique (d — 1)-cell ' in (T)*. For a set X, we define X® :={z' € (T)* |z ¢ X}.

Theorem 15. Let ¢ be a prime integer and let pa,p1 € [0,1]. Then
p(P27P1> = P.<P1.7P2.)>

o _ _q(1-p1) o _ _q(1—p2) _ o _ ,
where by = pitq(1—p1)’ b= p2t+q(1—p2)’ p = ppg,Pl,q,i,d,T}‘Va and P = Pps.ptqd—i—1,(T)*-
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Analogues of Theorem [15] result can be proven with more general boundary conditions. For
example, it is easy to modify the proof to show that the dual of the model with free boundary
conditions has wired boundary conditions, when defined appropriately (see, e.g., [DS20]).

When d—1—1 = 4, the Potts lattice Higgs model possesses a self-dual line in the 2-dimensional
parameter space. While we do not do so here, it would be interesting to consider how the
coupling in Theorem [5| behaves under the duality transformation. This would yield a further
generalization of the Loop—Cluster coupling [ZMED20, [HJK25].

We outline the paper. Section |2 reviews relevant topological background. Theorems [5[ and
are proven in Section[3] This section also covers a coupling for the Potts lattice Higgs model in
general gauge and the equivalence of the CPP with the ghost vertex construction. Sections [4.2]
4.3 and include proofs of Theorems [I1] [13] and [15] respectively. In Section [5] we derive
new and simple proofs of several known properties of the Potts lattice Higgs Model: Griffith’s
Second Inequality as well as a perimeter law and monotonicity for Wilson line observables.
Finally, Theorem [10]is proven in Section [6]

2. ToPOLOGICAL TERMINOLOGY AND TECHNIQUES

Throughout the paper, we rely heavily on concepts from algebraic topology. Standard
references for these topics are [Hat02, Brel3|, while [KMMO04, [Sav16] provide introductions
specific to cubical complexes.

2.1. Absolute Homology and Cohomology. The boundary and coboundary maps defined
in Section have certain useful properties. Composing two boundary maps, or two
coboundary maps, always gives the 0 map: 0; 0041 =0, d; 09,1 = 0. Because imd;;; C
ker 0; (also notated B;(X; Z,) C Z;(X; Z,)) and im 0,4, and ker 0; are both linear subspaces,
we can define the j-dimensional (absolute) homology group,

The cardinality of H;(X; Z,) can very roughly be interpreted as the the number of “linearly
independent holes” in the set: the kernel of the boundary map are chains with no boundary,
“cycles”, while the image are boundaries, and the quotient corresponds to cycles that aren’t
boundaries. Quotienting by boundaries not only removes cycles that are boundaries, but also
removes the distinction between cycles whose only difference is a boundary, like two nearby
paths encircling the same lake.

Consider the cell complex X shown in Figure 4 It consists of six vertices, seven oriented
edges, and one face. We may orient the face f; so that 0f; = e; + es + e3 + e4. The matrices
of the boundary maps 0y and 0y with respect to the ordered bases {v1,...,vs} of Co(X; Z,),
{e1,...,er} of C1(X; Z,), and {f1} for Co(X; Z,) are

1 1 0 0 0 0 07 }
1 0 0 -1 0 0 0 .

0 0 -1 1 0 0 -1
=10 11 0 1 0 o0 and 0 = (1)
0 0 0 0 -1 1 0 0
(0 0 0 0 0 -1 1| 0
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(%1 €9 V4 €5 Vs
® < 4 < ®
e]. Y fl 63 N AN 66
® > @ > ®
V2 €4 Vs €7 Vg

FIGURE 4. A cell complex with six vertices, seven edges, and one face.

An elementary computation yields that
Z1(X; Z;) = ker 0y = Span (e; + ex + €3+ e4,e3 — e5 — g — €7)

and
Bi(X; Z;) =im 0y = Span (€1 +ex + €3 + eq) .

Consequently, a basis for H(X; Z,) = Z1(X; Z,)/ B1(X; Z,) is {e3 — es — e — €7}, and thus
f]1<)(7 Zq> = Zq.

We now define the cocycles Z7(X; Z,), the coboundaries B?(X; Z,), and the cohomology
Hj (Xa ZQ)7 by

ZJ(X, Zq) = keréj, B]<X, Zq) = im(Sj_l, and HJ(X, Zq) = ker(Sj/im(Sj_l.

Then Z;(X; Z,) consists of functions f € CY(X; Z,) such that f(dc) = 0 for all (j+1)-cells o
in X, B/(X; Z,) consists of functions which can be written as d¢ for some ¢ € CV(X; Z,),
and the cohomology H’(X; Z,) consists of cocycles modulo coboundaries. The cohomology
is more difficult to explain intuitively, but can be thought of as the “obstruction to discrete
integrability” for the space X. Specializing to the case where P, is an (i + 1)-dimensional
percolation subcomplex, Z! (Py; Z,) is the collection of spin assignments compatible with
the pair (&, P») and B! (Py; Z,) is the group of gauge symmetries.

We now return to the example in Figure[dl Choosing bases {v}, ..., v} for C° (X), {e7,... e}
for C1(X; Z,), and {f} for C*(X; Z,), dual to the bases given above (where, for an i-cell o
the cochain o* is defined by o* (¢’) = I,—,/), we obtain matrices for the coboundary maps
So = 0T and &, = OF. In particular, it follows that

1 . _ * * % * ok * k% %
Z(X; Z,) = Span (e] — €5, e} — €5, €] — €y, €5, €5, €7)
and
1 . _ * * * * * * * * * * * *
BY(X; Z,) = Span (—e] +€5,e] — e}, —e; + e, —er, —es + e +er, —er +¢€5),

and hence H'(X; Z,) = Z, is a vector space of dimension one. There are many choices of
basis for this cohomology group, for example one could choose €3 — e} — eg — e5. One could
ask whether it is always true that H'(X; Z,) = H1(X; Z,); this fails when ¢ is non-prime
and the simplest examples are embeddable in R* but not in R3. Here, we fix ¢ to be prime so
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Z, is a field, and the Universal Coefficient Theorem for Cohomology (Theorem 3.2 in [Hat02])
implies that in this case,

Hj(X,A; Zg) = H;(X, A; Zy)

for all j. One might be tempted to believe that the dimensions of the vector spaces H? (X; Z,)
and H;(X; Z,) do not depend on ¢g. However, while this is true for j = 0, it is false for
j > 0. The simplest examples for which this fails are non-orientable surfaces such as the
real projective plane and Klein bottle. When we are not relying on particular properties
of the coefficient field, we usually suppress it for brevity and write, e.g., C7(X) instead of
CY(X; Z,), but we will note whenever it is relevant.

2.2. Relative Homology and Cohomology. Homology and cohomology apply to a single
complex X. However, we can perform a similar process for a pair of complexes (X, A),
where A is a subcomplex of X. For so-called “good pairs” (X, A), the relative homology
H; (X, A) and relative cohomology H’ (X, A) are respectively isomorphic to the absolute
homology H; (X/A) and absolute cohomology H? (X/A) of the quotient space X/A formed
by collapsing A to a single point (where we are suppressing the dependence on the choice of
coefficients). See Theorem 2.13 in [Hat02] for the statement of this result for homology and
the discussion below for the definition of a good pair. The proof for cohomology proceeds
identically. While all pairs considered in this paper are deterministically good, it will be
useful to provide an equivalent definition via relative chain and cochain groups.

The relative chain group is the quotient vector space C;(X, A) = C;(X)/C;(A). As the
boundary of a chain supported on A is also supported on A, the usual boundary map induces
a relative boundary map 0, : C;(X, A) — C;_1(X, A), and we can define relative homology
H;(X,A) = ker(9;)/im(d;41). On the other hand, the relative cochain group C?(X, A) is
the subspace of CV(X) consisting of cochains that vanish on all j-cells of A and the relative
coboundary map d; is the restriction of the absolute coboundary map to C7(X, A). Again,
Hi(X,A) = kerd;/imd;_;. In our setting, the relative cohomology is much simpler. If P;
and P; are a pair of percolation subcomplexes of dimensions (i + 1) and i, then they share the
same (i — 1)-cells so C*"1(Py, P;) = 0. Thus H'(Py, P) = ker (6" (C'(P, P1))) = Z' (P, P1),
which is simply the set of relative co-cycles: cochains compatible with (P, P;) in the sense of
Definition 3

Returning to the example X in Figure [d] if we set A to contain all cells of X except ej, e,
and e7 then CY (X, A) = {0}, C'(X, A) = Span (e, €;, e%), and C*(X, A) = {0} . It follows
that H'(X,A) = C'(X, A) = Z3. Alternatively, the quotient space X/A consists of three
circles meeting at a point, and it is easily seen that H'(X/A) = H,(X/A) = Z3.

Since ¢ is a prime number, H? (X, A; Z,) and H; (X, A; Z,) are vector spaces (as quotients
of vector spaces) and are determined by their dimensions.

Definition 16 (Betti numbers). The j-dimensional relative Betti number is

bi(X, A; Zy) = rank(H’ (X, A; Zg)) = rank(H;(X, A; Zy)).

By applying the rank-nullity theorem to the boundary maps, we obtain the famous Fuler—
Poincaré formula.
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Proposition 17. If X is a finite, d-dimensional cell complex and q is a prime number then

d

X(X) = (1) XV = (=1) by(X, 4; Z,).

=0

2.3. Mayer—Vietoris Sequences. In this section, we describe the Mayer—Vietoris sequence
for cohomology, a key technical tool that relates the relative cohomology of a pair of spaces
with that of their union and their intersection [Hat02, pp 149-153 and 203-204]. We will apply
the Mayer—Vietoris sequence to prove that the CPP is positively associated in Section
and to demonstrate a technical lemma in Section [6 A reader may wish to skip this section
for now.

While we apply the Mayer—Vietoris sequence for relative cohomology below, we begin by
describing the sequence for absolute cohomology for the purpose of simplicity. To this end,
note first that if P and @) are two cell complexes with P C (), then the inclusion map
P — @ induces a restriction map H’ (Q) — H’ (P) that sends the homology class [f]
of a cocycle f supported on @ to the cohomology class [f|p] of its restriction to P. Now,
suppose that P and () are subcomplexes of the same cell complex. We obtain four different
restriction maps on cohomology ¢p : H (P) — H? (PNQ), ¢g : H (Q) — H (PNQ),
Yp: H (PUQ) — H? (P), and ¢g : H (PUQ) — H’ (Q). These maps fit together in a
sequence

H]<P A Q) PP—0Q H](P) @ H](Q) YpdYPg

with the following properties.

(1) It [f] @ [g] € im(¢p @ 1), then ¢p ([f]) — ¢q ([9]) = 0.

(2) In fact, the converse implication also holds: if ¢p ([f]) — ¢ ([g]) = [0], then there
isan h € C771 (PN Q) so that 6h + f|prg = glpng- The map h can be extended by
zero to define a cochain on all of P so we may replace f with f + dh if necessary to
find a representative of the same cohomology class of P so that f|png = ¢|png. Then
we can define F € C*"(PUQ) by F (o) = f(0) if o € P and F (0) = g (o) otherwise.
Since f and g are cocycles on P and @), it follows that F'is a cocycle supported on
P UQ, and hence [f] ® [g] € im(¢, & 1¥g).

Combining the above observations, it follows that the sequence in [2|is exact, i.e., that

Vp®(F) = f@g and  imip® g = ker (6p — o).

This is not quite enough to compute the cohomology groups of P U () in terms of those of P,
@, and PN Q; we also require knowledge of the image of ¢p — ¢ and the kernel of ¥p ® 1)q.
It turns out that the coboundary map provides the required information. Specifically, it
induces a map ¢* : H/ (PN Q) — H'™ (PN Q) so that the following sequence is exact in the
sense that the image of each map is the kernel of the next:

H/(PUQ). (2)

PP—0Q
(_

e {I(PNOQ) HI(P)& HI(Q) &2 Hi(PuQ) «&—

Yp®YQ
. <—

i (pnQ) L H(PUQ) +— 0.
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We will not use the precise construction of 6* here, only that the sequence is exact.

This construction extends to relative cohomology. Assume that A and B are subcomplexes
of P and (), respectively. Then, the Mayer—Vietoris sequence for relative cohomology is as
follows.

< «—HI(PNY,ANB)«— HI(P,A)® H/(Y,B) +— H/(PUY,AU B) «+—

— HIY(PNY,ANB) - <+ +— H(PUY,AUB) <+ 0.

2.4. Alexander Duality. Alexander duality relates the homology of a subset of Euclidean
space with the cohomology of its complement. It generalizes the topological fact that the
number of linearly independent loops of a bounded subset X of R? equals the number of
bounded components of the complement R? \ X. If A C X is contained in an orientable
compact d-dimensional manifold S, where A is closed and X is compact, this can be further
generalized to relate the relative homology of the pair (X, A) with the relative cohomology of
(SN A, S~ X) [Spa66l, Theorem 6.2.17]:

HI(SNASNX;Z,) 2 Hy j(X,A; Z,).

For example, if X is a compact subset of R?, and A C X contains a single non-contractible loop
then the rank of H;(X, A) will be one less than the rank of H; (X), and H'(R?* \ A,R* \ X))
will also have rank one less than H'(R? \ A, R? \ X).

3. THE COUPLING BETWEEN THE CPP AND THE POTTS LATTICE HIGGS MODEL

In this section, we prove Theorem [5| and discuss some of its consequences.

3.1. Derivation of the Coupling. For clarity of notation: o always refers to an (i + 1)-
cell, e always refers to an i-cell, j-cells contained within a given j-dimensional percolation
subcomplex are called “open”, and are otherwise called “closed.”

Proof of Theorem [5 We first compute the marginals of « (f, P», P1). To this end, note
first that

"il(f) ::ZZR(.ﬂPZaPl)

o 33 T [a(Put0) + i Pi@n (7)) TT [0o(Po(o)) + haPa(o) Do (57(0) |
Py P cexli oceX[it+1]

Changing the order of the sums and products, it follows that the previous expression is equal
to

IT [1+m(f©)] TI [1+klo(6f(e))]

ee X i oceXli+1]

= [+ @ =0nr@)] TT [1+ e = Di(5£(0)]

eexll ceXxit+1]

— H ePilo(f(o)) H eB2lo(3f(0))

eeXlil ceXlit+1]
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Next, for the second marginal, we have

H2(P2,P1) :Z (f PQ;PI)

x Z{ 1 [5(Pie) + P (£0)] T [Ho(Pa(o) +k2P2(a)IO(5f(a))H

ecXx i sexli+1]
_ kllPl\kQ\le Z H [O(f(g)) H ]0<5f(g))
f e Pi(e)=1 o: Py(o)=1
= k" {f: Ve € P, f(e) =0, Vo € Py, 6f(c) = 0}

oc (1 — py) XIIPIPIP (1 — ) Xl
|{f:Vee P, fle) =0,Vo € P,,éf(0) =0}|.

Since
Z'(Py, Pr) = {f: Ve, f(e) = 0, V0,5 f(0) = 0},
and, as we mentioned in Section [2, we have H'(Py, P2) = Z'(P,, Py), it follows that

(i) — ) [i+1)| |y i .
Ka(Pa, Py) o (1 — py)XIEIRIpIP (WXl i Py Py 7)),

Now we derive the conditional distributions of x(f, Py, P1). To this end, note first that

(| P P) o [T [To(Pu(e) + kiPi(e)o(F(0)] TT [Ho(Pa(o)) + k2Pa(0) (3 ()]

5€XH UEX[i+1]
= ]I hfo ) 11 KL (0£(a))-
e: Pi(e)= O'PQ(O')

In other words, given P, and P, if either 6 f(o) # 0 for some o € P, or f(e) # 0 for some
€ € Py, then k(f | P», P1) =0, and otherwise, the distribution of k(- | P, P;) is uniform. For
the other conditional marginal distribution, we have

K,(Pg,Pl | f) X H [[0<P1(6>) + klpl(e)lo(f(e))}

ecXxli]

[T [10(P(0)) + koPa(o)10(57())]

ceXi+l]

H o(P(@) +kiA©)] TT ho(R©)

f(e)=0 e: f(e)#0

I1 [IO(PQ(O—))H@PQ(U)} I (Pl

o:0f(c)=0 o:0f(0)#0

~ [] [(1—p1)10(P1<e))+p1P1(e)} I %(Pi(e)

e: f(e)=0 e: f(e)#0

[T [1-ph(Po) +pPa()] [ Do(Pao)).

o:0f(0)=0 o:0f(0)#0
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In words, the i-cells on which f vanishes and the (i 4 1) cells on which 0 f is zero are included
independently. This concludes the proof.

O

3.2. Topological Interpretation of Wilson Line Observables. In this section, we apply
the coupling from Theorem [5| to express Wilson line expectations to be expressed in terms of
the probability of a topological event in the CPP.

Proof of Theorem [7. It suffices to show that E.(W, | V,) = 1 and E.(W, | V) = 0. To
this end, fix 7, P, and Py, and let f ~ k(- | Py, Py).

If [y] = 0, then v = o + 07 for some ¢ € C;(P) and 7 € C;41(P2). Since f is sampled
uniformly from Z*(Py, Py; Z,), we have

f() = flo)+ f(0r) = f(o) +6f(r) =0+ 0=0,
where we used that f vanishes on P, and ¢ f vanishes on P,. Thus

W, = eXp(?f(’Y)) =1

The conditional distribution of f given (P,, Py) can be sampled by fixing a basis { fi, ..., fi} of
the vector space H'(Py, Py; Z,), letting aq, . . ., a; be distributed independently and uniformly
on Zg,, and setting
f=afi+.. . afi

Now assume [y] # 0. By the Universal Coefficient Theorem there exists a dual [y]* €
H'(Py, Py; Z,) so that [7]*([y]) = 1. In particular, f; ([y]) # 0 for at least one index j. By
multiplying each basis element by a non-zero element of Z, we may assume, without loss of
generality, that f;(y) =1 for 1 <j <m and f;(7) = 0 otherwise. Then

f(y)=a1+...+an
is a sum of i.i.d. uniform elements of Z,, and is itself uniformly distributed on Z,. This

implies in particular that E.(W,, [ V) = 0, which is the desired conclusion.

O

3.3. Potts Lattice Higgs in General Gauge. The proof of Theorem [5| can be modified in
a straightforward fashion to produce a coupling between the CPP and the Potts lattice Higgs
model in general gauge. Recall that v = vg, g, 4, is the measure induced by the Hamiltonain

in (1.

Corollary 18. Under the assumptions of Theorem [, there is a coupling k = Ry, i,q, with
ki (CUX; Zy) x C7HX;5 Zy)) x (27 x B — [0,1], defined by

#(f.9). (P, 1)) o [ [[O(Pl(e)) + k1 Pule) - Iigo (f(e))}

ee X
T [6(P0)) + ks Po(o) - 1o (67 ()]
oeXli+1]

which satisfies the following.
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e The marginal distribution on (f,g) is v, p, 4ix (the Potts lattice Higgs model in
general gauge).

o The marginal distribution on (P, Py) is pp, p,.qix (the CPP).

e The conditional distribution on (Py, Py) given (f,q) is, respectively, independent
percolation with probability ps on the set of (i + 1)-cells so that §f (¢) = 0 and
probability p1 on the set of i-cells so that f (€) = dg(e).

e The conditional distribution of f given (Py, Py) and g is the uniform distribution
on the set 6g + Z' (Py, P1; Z,) and the conditional distribution of g given (P, Py) is
uniform on C*~YX; Z,)).

Note that while dg is necessarily an element of 7' (Py; Z,) , it may not be a member of of
ZZ (PQ,Pl; Zq> .

Proof. The proof structure is very similar to that of Theorem [5. We note only the changes.
To compute the marginal on (f, g) it suffices to simply replace Iy(f(€)) with Isye(f(€)) in
the computation of the marginal of x on f.

For the marginal

Ro(Pa, Pr) =Y k((f.9), (P, P1))
f.g
on (P, Py), the proof proceeds identically as in except that the factor

{f | Ve, f(e) =0, Vo,0f(0) = O} = |Zi (Ps, Pp; Zq)‘

in the final line is replaced with

> |{f I Ve, fle) = dgle), Yo,0f (o) =0},

geC 1 (X)

which in turn equals |C*™H(X)| x |Z*( Py, Pr; Z,)| since the summand does not depend on g.
Thus

%2<P2, Pl) = |Ci71(X)|I<L2(P27P1> [0 RQ(PQ,Pl) X p(Pg,Pl).

For the conditional distribution of (f, g) given (P», P;), we again plug in Isy(f(€)), to get
that the probability is 0 if for any o € P, 6f(0) # 0 or any € € Py, f(e) # dg(e), and
otherwise uniform. Because the number of such f is not dependent on g, we can select ¢ first
by independent choices from Z, on each (i — 1)-cell, uniformly choose a cocycle h, and then
define f as h+ dg.

For the conditional of (P, P;) given (f, g), we continue to substitute Isy)(f(€)), which results
in probability 0 if P(e) = 1 for any € so that f(e) # dg(e) or Py(c) = 1 for any o so that
df (o) = 0, and is, as above, otherwise independent percolation. 0

3.4. Equivalence with the Ghost Vertex Construction. In this section, we explain why
the ¢ = 0 case of the CPP is equivalent to the graphical representation of the Potts model
with external field obtained by introducing a “ghost vertex” to the random cluster model.
To this end, let G be a graph and denote by G’ the graph obtained by adding one additional
“ghost” vertex g to the vertex set of G and an edge e, = (v, g) for each vertex v of G. Also,
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for f € CY(G; Z,), let f' € C°(G'; Z,) be the “extension by 07 of f; that is f’'(v) = f (v)
for any vertex v of G and f’(g) = 0. Moreover, for an edge e, let

p(e) = P = 142—21@ %f e € E(G), and
po= g ife ¢ E(G).

Define a coupling &' = #j, ;. . ¢, &2 C°(G; Zg) x Z' (G") — [0,1] by

W (5P o TT [0 p) I(P() + maP() Ty (5F'(e)) |

e=(g,v)

H [(1 —p2) Ip (P(e)) + paP(e) 1y (5f’ (e))} ]

e€E(Q)

That is, " is obtained from the usual coupling between the random cluster model on G’
(with two different types of edges) and the Potts model on G’ conditioned on f’(g)) = 0.

Proposition 19. Assume the hypotheses of Theorem@ with X = G. Let P, € Z°(G) and
P, € ZY(G) and let P € ZY(G') be obtained from Py by adding all edges of the form (v, g)
where v € P;. Then

/{(f7P27P1) = "{/(flvp)
where k' = K'(ka, k1, q,G). In particular, pu(f) = p'(f") where 1’ is the usual Potts measure on
G’ conditioned on f(g) =0, and p(Py, Py) = p'(P’), where p' is the random cluster measure
with probability py assigned to edges in G and py assigned to edges in G’ \ G.

Proof. First, note that f is in bijective correspondence with f’, and (P, P;) is in bijective
correspondence with P’. Thus, the statement is immediate if the associated weights are
proportional. We have that

k(f, P2, P1) H [fo(Pl(U)) + k- Pi(v) - ]o(f(€))]

veX|o]

' H []0(P2(€)) + ko - Pa(e) - ]0(510(6))]

ec X1

If e = (g,v), then Pi(v) = P'(e), and [y(f(e)) = Io(6f'(e)). Similarly, if e € E(G),
P'(e) = Py(e) and 6f'(e) = 6 f(e). Dividing each term by (1 — py)X" (1 — py) X1 yields

W (P o T [B(P@) + T2 PR(0£()]

P'(e)I(5f' <e))] .

Since kg = 1221;2 and k; =

4. PROPERTIES OF THE CPP

We establish a number of basic properties of Coupled Plaquette Percolation.
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4.1. Special Cases of the CPP. Let X be a finite cell complex. The i-dimensional plaquette
random cluster model [HS16, [DS25a, [Shk23] with parameters p € [0,1] and ¢ € N>, is the
random i-dimensional percolation subcomplex of X whose probability is weighted by the
absolute (i — 1)-homology with coefficients in Z,. Specifically, define p = p, .. x by

o 2| — i—
p(P) o pPt (1= p) X H (P 7))

The definition of p is extended to ¢ = 1 by setting p,1;x o p/fl (1 _p)lxhlr\P‘ . That is,
the ¢ = 1 case of the plaquette random cluster model is Bernoulli plaquette percolation.
This naturally occurs as the ¢ — 1 limit of a related model where the choice of cohomology
coefficients is in some sense decoupled from the choice of ¢ in exactly the same fashion as the
auxiliary model defined in Section [4.3] below.

Let 2, ,ix and mp .+ be the marginal distributions of P, and P, when (P, P;) ~

Ppopr,qix - By definition, 72 . + has the distribution of the plaquette random cluster model,

d . . .
and w2 15 x = Ppi+1,x. Our next result, Proposition 20} collects two other special cases.

Proposition 20. If X is a finite cell complex then

2 d 4 2 d .
Tp2,0,a,i,X — Pp2,ai+1,X5 Tpy 1,g,i, X = Ppa,1i+1,X5
and
1 a

ﬂ-O:pl:qﬂ'aX - pp* (pVQ)717i7X7

where
p
pe(pq) = ————.
q—pq+p

In addition, if X satisfies H"1(X; Z,) = H(X; Z,) = 0 then
1 d .
T,p1,g,i,X = Pp1,g,i,X -

Proof. Since the presence or absence of j-cells in X for j > i + 1 does not influence the
distribution of p, we may assume that X = X0+1.

The first claim follows from the observation that H'(P,, X~Y) = Z(P,) so
|H! (P, XU"D)| = |Z!(P)| = |H (P)|| B (P2)| o |H (P)|

since B (P,) = B*(X) does not depend on P,. To obtain the second claim, note that the
only cochain compatible with (P, X)) is identically zero so H'(P, XV) = 0.

For the third claim, note that when P, contains no (i 4+ 1)-cells, the only constraint on
compatible i-cochains is that they vanish on the i-cells of P;. Thus

|HI(XO, P)| = |CU(X, Py)| = X111

Y

and hence

(i) b1 . |XO|—| Py P« (p,q) .
Po.pr.q.ix (X, Pr) oc ( ) g7 T (—> = Ppe(pg)0,1i—1,X -
D1,q 1—p 1—p. (p,q) P+ (P,q)
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To prove the fourth claim, we will demonstrate that H*~'(P;) & H'(X, P;). Readers familiar
with algebraic topology will recognize that the following argument is an application of the
long exact sequence of a pair.

Let f € Z"'(P)) and consider the coboundary §f. §f vanishes on each i-cell of P, by
definition and ¢ (6f) = 0so 0f € Z'(X,P;) = H' (X, P,). Since d 0§ = 0, ¢ sends each
element of the homology class of f to the same homology class in H (X, P;). That is, the
coboundary map induces a well-defined map

0" : Hiil (Pl) — HZ (X,Pl)

We will show that §* is an isomorphism under the assumption that H~'(X) = H*(X) = 0.
First, if §f = 0 as an element of H' (X, P;) = Z' (X, P;) then 0f is the zero cochain. Tt
follows that f € Z"'(X). Since H~'(X) = 0, we must have that f € B! (X). As
B7Y(X) = B7YP) [f] = 0 € H™'(P)) and so ¢* is injective. On the other hand, let
g€ H(X,P) =27 (X,P) C Z"(X). Since H (X) = 0, there is a f € C""! (X) satisfying
§f = g. By construction, ¢ f vanishes on each i-cell of P, so f € Z'(P}) and 6*[f] = ¢. It
follows that 0* is surjective and and thus an isomorphism.

O

4.2. Positive Association. In this section we prove Theorem [11], which states that the
CPP is positively associated. We begin with a topological lemma.

Lemma 21. Let Z be a finite cell complex. If X,Y are (i + 1)-dimensional percolation
subcomplezes of Z and A, B are i-dimensional percolation subcomplexes of Z then

[HI(X UY, AU B)|[H'(X 1Y, AN B)| > |H'(X, A)||H'(Y, B)|
Proof. As we are assuming that ¢ is prime, that H(S,T; Z,) is a Z,-vector space, and that
|HY(S,T; Z,)| = ¢"5T:24) it suffices to show that
bi(XUY, AUB)+b;(XNY, AN B) > b;(X,A) +b;,(Y, B).
We prove this by means of the following Mayer—Vietoris sequence on relative cohomology

(see Section [2.3).

H™(XUY,AUB) & H(XNY,ANB) & H(X,A) & H'(Y,B) & H(X UY,AUB)

By exactness and the first isomorphism theorem we obtain the three equations

b;(X UY, AU B) = rank ¢ + nullity ¢
bi(X, A) + b;(Y, B) = rank x + nullity xy = rank x + rank ¢
b;(X NY, AN B) = rank § + nullity 6 = rank ¢ 4 rank Y.
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Thus
bi(XUY , AUB)+b(XNY,AN B) = rank ¢ + nullity ¢ + rank § + rank x
> rank y + rank ¢
= rank y + nullity y
=dim H'(X,A) ® H'(Y, B)
=bi(X,A)+b(Y,B).

O

Proof of Theorem [11] Let Z be a finite cell complex, let ¢ be a prime integer, let i be a
non-negative integer, and let pa, p1 € [0,1]. Set p = pp, p1.q.i.a.z- Lo show that p is positively
associated, it suffices to show that the lattice condition holds [FKGTI]. To this end, let
X,Y be (i 4+ 1)-dimensional percolation subcomplexes of Z and let A, B are i-dimensional
percolation subcomplexes of Z. Let

xy pPXUY, AUB)p(XNY,ANB)

T ’ =

A8 p(X, A)p(Y, B)
We again work in ks, k; coordinates for brevity and clarity. Using this notation and applying
Lemma 21| we have

xy KPS E (X UY, AuB) KA H (X Ny, AN B))|

e RN AP Hi(Y, B)
k|1AUB|+|AﬂB| k|2XuY|+\XmY| ]Hi(X UY, AU B)HH%X NY, AN B)]
- FHAIB XY |Hi(X, A)||Hi(Y, B)|
_ |H(XUY,AUB)||H(X NY,AN B)| -
| H'(X, A)|[H'(Y, B)] -
by Lemma [21] This concludes the proof. U

4.3. Stochastic Domination. Theorem [13|is a special case of a more general statement for
an auxiliary model where the parameter ¢ is allowed to vary independently of the coefficient
field for cohomology.

Definition 22 (Auxiliary Model). Let X be a finite cell complex, let q be a prime integer,
let © be a non-negative integer, let 0 < po,p1 < 1 and r be a non-negative real number. Define

P = Ppaprria X bY

. () (i+1) _ , .
p(Pa, P) P|1P1|(1 —P1)|X | lPllp‘QPﬂ(l - p2)‘X TPl b (P Prilg),

Note that pp, p1.gig.X = Ppapr.aix, and when r = 1, p is independent percolation on 7 and
(i + 1)-cells with probabilities pq, p; respectively. The proof of positive association for p
extends immediately to p when r > 1.

For the subsequent proof, we require Holley’s theorem, as stated in [Gri06]. Let Z be a finite
set. For a probability measure 7 on € = {0, 1}Z, z € Z, and £ € Q) define the one-point
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conditional probability by
m*(2) = 7w (2) = 1wz = €lz)-

Theorem 23 (Holley’s theorem). Let Z be a finite set, and let 7y, m be strictly positive
measures on Q = {0,1}2. Then m <y 7 if and only if

mi(2) < m5(2)
for all z € Z and all pairs £, € w with £ < (.

Proposition 24. p is stochastically decreasing in r for fived ps,pr. If v is allowed to vary

while m and Tﬂjﬁ are fixed then p is stochastically increasing in r. When r is

fixed, p is stochastically increasing in ps and p;.

Proof. If my, my are both distributed as p for some choice of parameters, z € X U Xl and
¢, €€ {0, 11X % {0} with € < ¢ then
m3(2) < m5(2)

by positive association. Consequently, the hypothesis for Holley’s theorem simplifies to the
claim that

mi(2) < m5(2)
for all z and &.

To establish this, there are two cases, depending on whether z is an i-cell or (i + 1)-cell.
For clarity, we denote the one point conditional for an i-cell € by ﬁf (€) and the one point
conditional for an (i + 1)-cell o by pt,, (o).

We can calculate these probabilities explicitly from the definition. To this end, let S and T be
i-dimensional and (7 + 1)-dimensional percolation subcomplexes, let £ be the corresponding

element of {0, 13X x {0,1}*"  let € be an i-cell, and let o be an (i + 1)-cell. Then
1 A 1

A~ _ 3 _
p; (€) = ) and  pi4 (0) = 1 4 6BIa)
p(SUe,T) (S, TUc)
Since
p(SueT)  pi bi(T,500)—bi(T,5e)
pS~eT) 1—p
and

p(S, TUo) P2 bi(TU0,5)=bi(TUo,S)

the one-point conditionals are determined by b;(7, S Ue¢; Z,) — b;(T, S \ €; Z,) and b;(T' U
0,5;Zy)) —bi(T \0,S; Z,).

Next, let P and @ be (i 4+ 1)- and i-dimensional percolation subcomplexes of X, respectively.
An element of Z'(P,Q; Z,) = H'(P,Q; Z,) is an i-cochain f € C*(X; Z,) so that 6 f(o) =0
for all o € Pt and f (e) = 0 for all € € Q. That is, the collection of cochains compatible
with (P,Q) is a linear subspace of C*(X; Z,) determined by these equations. Adding
a single i-cell to @ or a single (i + 1)-cell to P adds a single linear equation and can
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thus either leave the dimension b;(P, Q; Z,) unchanged or decrease it by one. Therefore,
bi(T,SUe Zy) — bi(T, S; Zy) and b;(T' Uo, S; Z,) — b;(T, S; Z,) are each either equal to 0 or
—1.

From this, it follows that

P (€) = {p— (T, 5 V€ Zy) = ZxT, S Zg) — 1

r(1—p1)+p1
D1 if b,(T, S Ue; Z,) (T,S; Z,)

and
L2 ifb,(T'Vo,S;Z,) =bi(T,S; Zy) — 1

€ —  m(1—p2)+p2
pH_l (0) {pz if bz‘(TUO', S; Zq) :b,(T, S; Zq)

Both /¢ (¢) and ¢ .1 (0) are monotone increasing in p, p1 respectively, so if pi, < p, and p| < py
then pyy st Ppyp,- Similarly, they are decreasing in 7, so if 7 > 1/, then pp, ,, » <st Ppy.py -

If we fix ¢1(p1,r) = T(liﬁ and cy(pg, 1) = Mﬁ while allowing r to vary, p, and p;

. oo . /
are both increasing in r, so if r > r', then pp, . r =5t Ppopr -

O

Proof of Theorem [13, The desired conclusion follows immediately from Proposition

d . . e . . :
aS Ppypr.gisX = Ppapraig,X and Pp, n 041 1s distributed as a pair of independent Bernoulli
plaquette percolations.

O

4.4. Duality. For the proof of Theorem [I5] we will need the following results from algebraic
topology. We recall some notation from the introduction. T = T% is the discrete torus of
width N. For a j-dimensional percolation subcomplex P of T, P* is the (d — j)-dimensional
dual complex which contains a dual I-cell for each (d — [)-cell not contained in P.

Proposition 25. Let P, and P, be percolation subcomplexes of T of dimension i and (i + 1)
respectively. Then

H(P?, Py) = Hy j(P, P1).
Proof. By Lemma 7 of [DKS25], the complements T . P, and T ~. P; deformation retract to
Py and Py respectively. From this, it follows that
H) (P!, P5) = H(T\ P,T\ PR).
From relative Alexander duality (Equation , we have
H/(TN P, T~ P) 2 Hy j(P, P).

Combining the above observations, the desired conclusion follows. 0

Lemma 26. Let P, and P, be percolation subcomplezes of T of dimension i and (i + 1)
respectively. Then

biv1( Py, P) = bj(Py, Py) + | Py| + | Py| — |TCHD).
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Proof. Note first that since P, and P; coincide on the (i — 1)-skeleton of T , we have
H;(P,, Py) =0 for all j <i— 1. By Proposition we have

d

X(Y) =D (=1)b,(Y).

=0
Since P, and P, form a good pair, it follows from [Hat02, Proposition 2.22] that
H;(Py, P1) = H;(Py/Py),

where X/A denotes the quotient space and the reduced homology H;(P;/P;) agrees with
H; (P,/Py) except for j =0 when H; (P/Py; G) = H;(P,/P;) @ G. Combining these facts,
we obtain

d
X(Po/Pr) = 14> (=1)b;(Pa, Pr) = (=1)"(bi(Pa, P1) = biga (Po, 1)) + 1.
§=0
However, the Euler characteristic of the quotient also satisfies the identity
X (P2/Pr) = x(P2) —x(P1) +1

since a cell complex structure for P,/P; can be found by replacing all cells of P; with a single
vertex. It thus follows that

X(Po/P) =1+ (1) (P = PY) = (=1)/(|]TD| — |Po| — |P]) +1,

where the numbers of cells in dimensions less than ¢ cancel. Hence

(=1 (0:(Pa, P1) = b (Po, P)) + 1= (=1)'(ITY| = [Po| = | Pu[) + 1.
This concludes the proof. 0
Proof of Theorem [15. We will use the parameters ks, k1 rather than ps, p; to simplify

notation. To relate p(Py, Py) and p*(Py, Py), we will find a formula comparing the sizes of
the relative cohomology groups H'(P,, Pr; Z,) and H™""1(P?, Py; Z,).

Recall that we are assuming that ¢ is prime, and thus Z, is a field and
(X, A Zg)| = |H (X, A; Zy)| = g5
for all 5. Thus, by Proposition [25| and Lemma |26, when d —¢ — 1 > 0, we have
[HTH A XO)| = [HTH AT X0 = [Hin (X, A)| = [HH(X, A)]
— [HI(X, A)|g¥amime s+

Now we seek to find a choice of kb, k] so that

Pha e, d(Pos P1) = pry i a—iv1 (P, Py).
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Towards that end, we compute
kRS H (P, P = KR N Py, )|
TR O P i gl PP TCH)
o Ky TP HI(Py, Py) g PP,
To maintain proportionality, we have k:|1P1| = k;_‘P”q'P il so k) = q/k1, and symmetrically
K} = q/ky gives us an exact duality between p, x, (P2, P1) and pgy p (PF, P5). If d —i—1=0

we get an extra constant factor of ¢, which doesn’t affect the proportionality. This concludes
the proof. 0

5. APPLICATIONS

The coupling with the CPP leads to relatively simple, geometrically intuitive proofs of several
standard results for the Potts lattice Higgs model, including the Z, lattice Higgs model.
Throughout this section, let X be a finite cell complex, ¢ be a prime integer, 35, 51 > 0, and

W= HBs,B1,q,,X -

Proposition 27 (Griffith’s Second Inequality). Let v1,v2 € Ci(X; Z,). Then
EH(W%W’YQ) > EH(W%)EH(W’D)'

Proof. By Theorem [7] and Theorem [T} we have
E Wy )Eu(Ws,) = p(Vay)p(Vay) < p(Vay N V).
Next, since V,, N V,, C V,, 4,, and W, W,, = W, 1., it follows that
pP(Voy N Vo) < p(Vayn,) = Eu(Wo, Woy),

which implies the desired conclusion. 0

Proposition 28. Let X be a subcomplex of Z¢ or T and let v € C; (X). Denote the number
of i-cells in the support of v by |y|. For any Bs, 51 > 0, there exist c1,co > 0 depending on
Ba, B1,1 and d but not on q, N, or X so that

e—ahl < E,(W,) < ezl

Proof. Suppose that v is supported on ey, ..., e, and let Let A; be the event that e; € P;.
Then N, A; C V, so

q
where the final inequality follows by positive association.

E,(W,) =p(Vy) > p(NiL 4i) > (ﬂ> — ¢~ log(a/p)N|

On the other hand, for V, to occur each i-cell e; must be either in P, or adjacent to an

(i + 1)-cell in P,. This is less probable than the same requirement being satisfied on a subset

of . The adjacency graph on i-cells which are connected by an edge if they are incident

to an (i + 1)-cell is 2(i + 1)-colorable, by alternating the colors assigned to parallel cells on
N

adjacent (i 4 1)-cells, so we can always choose a set 4 of size at least 3641 SO that no two
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i-cells in 7/ are adjacent to the same (i 4+ 1)-cell. Next, denote by B; the event that at least
one of the 2(d — 1) (i 4 1)-cells incident to e; is contained in P, and let

Clog(1— (1—po)"“ (1 py)

Then
n/(2i+2) |
p(V) <p(MiBiud) < ] (1 — (1= po)X (1 p1)> _ gehl
i=1
where we used Theorem [13|to compare p to independent plaquette percolation. O

Proposition 29. Let v € Ci(X; Z,). Then E (W,,) is increasing in By and By.

HBo,B1,9,i,X

Proof. By Theorem [I3] p,,,, is stochastically increasing in p, and p;. The event V, is
increasing, so pp, », (V) is increasing in p; and p,. By Theorem m and the fact that p, and p;
are increasing in 3, and 3, respectively, it follows tat E, s, s,)(WW;) is increasing in 8 and

. U

Before showing that the Marcu-Fredenhagen Ratio exhibits a phase transition for i = 1, we
prove that its natural analogue for ¢ > 2 has trivial behavior.

Proposition 30. Let i > 2 be fized, let n € 2N, let ¢, = 8([0,n]i+1 x {0} and let ¢,
and v be the chains formed by the upper and lower halves of q, (see Figure @)
Eu(Wq;)E#(qu _ Eu(WqQQ

R (B2, B1,n) = E.(W,,) B E.(W,,) '

Then
lim Z:E(pg,pl,n) =0.

n—o0

Proof. By Theorem [11], we have

V/ V// 2 P 6 V/7 6 V/,
R(p27p1>n) - p( qn)p( qn) = P ( 5 n Q qn) S
PV ) P2(P € Vg iqr)

=p(PeVy | PeVyig)

p(P € Vo, N Va)
p(P € Vo vqy)

Let v, = Oq;, the boundary between ¢;, and ¢/,. On the event P € V; NV, for each (i —1)-cell
o € support 7y,, there must exist at least one i-cell 7 € P incident to 0. We now sample
P~p(-| PeV,) as follows. First, let Py ~ p(- | By € V,,). For o € support~, let T, ;11 be
the collection of (i + 1)-cells in the star of o (that is, the collection of (i + 1)-cells containing o
as a face of co-dimension two) and let T, ; be the collection of i-cells incident to an (i + 1)-cell
in T, ;+1. We abuse notation and denote by 07,11 C T, ; the i-cells incident to exactly one

(i + 1)-cell of T, ;1.

Let E,, C support , be a collection of i-cells such that for any {0, 0’} C E,,, the sets T, ; and
T, ; are disjoint for all j € {i,7+4 1}. Now obtain P from Py by resampling from p(- | Vg 4qr)
on the sets T,; and T, ;1 for all ¢ € E,. Then, for each 0 € E,, with strictly positive
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probability p (not depending on n), we have T, ;11 C P> and P, N T,; = OR,;+1 However, on
this event, we cannot have P € Vi, . Hence

R(pa2,p1,n) < (1 —p)El.

Now note that since ¢ > 2, we have lim,, o, |[7,| = 00, and we can thus choose E,, such that
lim,, o |E| = co. This concludes the proof. O

6. PHASE TRANSITION OF THE MARCU-FREDENHAGEN RATIO

For an i-chain « denote by || the number of i-cells in the support of . This is sometimes
called the perimeter of . Recall that we let n € 2N, v, = ([0,n])° x {0}*2, and let ~/
and v be the paths formed by the upper and lower halves of v, (see Figure . Recall
also the definitions of the Marcu—Fredenhagen ratio R(fs, £1,n) and the topological Marcu—
Fredenhagen ratio R(p2, p1,n) from Definition [§] and Definition @ respectively, and note that
by Theorem [7], they are equal.

Fix i =1, d, and ¢, let Ay = [=N, N|% and let p = pp, p1 = Ppoprig = Ppapra1,zd De the weak
limit of the measures p,, , .1, AL which exists by a standard stochastic domination argument.
Recall that the area of a cycle v € B;(A; Z,) is the minimum number of plaquettes in the
support of a (i + 1)-chain 7 so that 97 = . An central result which will be useful in this
section is the following theorem, which states that pure Potts lattice gauge theory has a
phase transition between a region with perimeter law and area law. We note that there was
a typo in the original statement of the theorem.

Theorem 31 (Theorem 7 of [DS25b]). Let g be a prime integer and i < d. Consider the
plaquette random cluster model p == py, . ;i 7a = Ppy0.q4z4- There exist positive, finite constants
1 = Cl<p27 q, i? d)a Co = C2(p27 q, iv d) and 0 < p/ = p/ (Q7 7;7 d) < P” = p” (Q7 7;7 d) <1 so that; fOT'
hyperrectangular (i — 1)-boundaries vy in 72,

exp(—ciArea(7)) < p(V;) < exp(—cay]) (4)
for allp € (0,1), and such that
{_log(ﬁ(\/l,)) - 0 (1) ifp > p//

s o1 e
" Area(y) — G pr <p.

Proposition 32. Assume the same notation as in the previous theorem. If 1 =1 then

]121_{% Cl<p7 q, 17 d) = 0.

Proof. By Theorem [13], it suffices to consider the case ¢ = 1. For two edges ey, e, write
e1 <> eg if they are connected by a path of open plaquettes each meeting at an edge. By
standard arguments, when ps is sufficiently small, then p(e; <+ ey) < e~cPdlere2) wwhere
d (e1,e2) is the distance between the two closest pairs of incident vertices of the two edges
and lim, , ¢(p) = oo.

We temporarily reset 7, to be @ [0,7)> x {0} Let e; be the edge between (j — 1,0,0,...,0)
and (4,0,0,...,0) for j = 1,...,n and let €} be the edge between (j —1,n,0,...,0) and
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(j;n,0,...,0). Tt suffices to show that if V., occurs then the events e; <> €} occur with
disjoint witnesses. From that claim, it follows from the BK inequality that

p(V,,) < p(Oses 5 €)) < ()7 = e,
where we denote the event that the events Ay, ..., A, occur with disjoint witnesses by [J7_; A;.

We now prove the claim. To this end, let S; = (V. E) be the graph where the vertices V'
are the edges of Z? that intersect the hyperplane x = j — 1/2, and the edges E are the
plaquettes that intersect that hyperplane. We will show that if V. occurs, then so does

€; &) e;-. To see why, suppose that V, occurs and is witnessed by a 2-chain 7 = Zai of
where a; € {1,...,¢ — 1}. Let o,..., 0}, be the plaquettes of S; in the support of 7, and
denote their coefficients by af, ... a,. Each plaquette o}, is incident to 2aj, edges of S;, half
with orientation 1 and half with orientation —1. On the other hand, since 07 = 7, every
edge e € V' \ {e;, €’} is incident to 0 mod ¢ plaquettes when counted with multiplicity and
orientation, whereas e; is incident to &1 and e;- is incident to F1 plaquettes. This defines
a mod ¢ flow on S; with source and sink e; and € respectively. It follows from standard

arguments that e; is connected to ¢ via plaquettes entirely contained in ;. U

To show the existence of a region where the Marcu-Fredenhagen ratio limits to zero, we
compare the coefficients of exponential decay for the random cluster model with the coefficient
of area law decay for the plaquette random cluster model.

Proposition 33. Assume the same hypotheses as in Theorem . Let p" = p" (q,1,d), where
p" (g,1,d) is given in Theorem[31, Then, if ps > p” and py is sufficiently small (see Figure[5d),
we have

lim R(ps, p1,n) = 0.
n—oo

Proof. Let ps, p1 € (0,1). Then, by Theorem [13] we have
s Pr2,p1 (V’Y;L)ppz,pl (V’ﬂ{) o Pra,p1 (V’YQ)Q < P1,p1 (V’YL)Q

R(p2,p1,n) = = < .
(P2, p1,1) ppZ:pl(V'Yn) pm,pl(n eV,) PPQ,O(V%)

By combining Theorem [7| and [DS25b, Theorem 7], it follows that if ps > p.(q), then there is
¢(p2) > 0 such that

Pps O(Vy ) > eic(m)wn‘ = ef2c(p2)"%|.

Observe that (Zd, Pl) € V,, if and only if xz, is connected to y, in P, where z, =
(0, Rn,0,...,0) and y, = (Tn, R,,0,...,0). By Proposition and the sharpness of the
phase transition for the random cluster model [DCRT19], there exists a ¢(P;) so that

pl,’m(‘/;/;b) < ¢ (P)n
Then, by Proposition we have that for p; sufficiently small,
d(P1) 2 4(1+¢)c(p2).
From this, it follows that

p1py (Vo) < em41e)elpn — o=(+e)elp2)lnl

— 9
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where we used that
7] = 4n.

The desired conclusion immediately follows. 0

p2 P2 p2

1 1 1

(A) The region in Proposi- (B) The region in Proposi- (¢) The region in Proposi-

tion @ tion @ tion @

To provide proofs for regions where the Marcu-Fredenhagen Ratio is asymptotically bounded
away from zero, we require a technical result that allows us to compare the value of p* (P, Q)
after “switching” maximal strongly connected components of P, and ()5. This will follow
quickly from the next lemma. While we require this for ¢ = 1 only, we include a more general
statement in case it will be useful in other contexts.

Lemma 34. Let Z be a simply connected, finite cell complex. For a subcomplex C of Z,
denote by CV! the j-dimensional percolation subcomplex containing all j-cells incident to an
(7 + D)-cell of C. If (X, A) and (Y, B) is a pair of subcomplexes of Z of dimensions (i + 1,1)
satisfying that
XNnY =29 and (XONBYUYINnAUANB) =20,
then . A ‘ A
dm A" (XUY,AUB) =dim H' (X,A) +dim H' (Y, B) —dim C" (Z).

Proof. Consider the following part of the Mayer—Vietoris sequence for cohomology
Ci(Z) & H(X,A) @ H'(Y,B) « H(X UY,AUB) < 0+ ... (5)
(see Section [2.3)), where we substituted
H"YXNY,AnB)=H"'(z9, 7)) =0
and
H{(XNY,ANB)=H(zY, 2=V =" (2)

and £ = ¢x — ¢y. The claim will follow if we show that the map & in is surjective. To
this end, recall that

S D [f]) = filxmy —f2 |xny -

Let X? = BUY! and let Y be the i-dimensional percolation subcomplex of Z containing
the remaining i-cells. For f € C"(Z) let gx, gy € C"(Z) be obtained from f |, and f |y
by extending by zero, so f = gx + gy. Since X’ contains no i-cell of A, it follows that
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gx € C* (X, A). Also, by construction, gx vanishes on all i-cells incident to an (i + 1)-cell of
X so gx € Z' (X, A). For similar reasons, gy € Z' (Y, B). Then

€(9x,—9y) = 9x |xny +9v |xnv=«

so £ is surjective. O

Corollary 35. Let (X1, A1), (Y1,B1), (X2, As), and (Ya, By) be four pairs of percolation
subcomplexes which are such that that the hypotheses of the previous lemma are satisfied when
taking
(X, 4), (Y, B)) = (X5, 4), (Y}, B;))
for any (i,7) € {1,2} x {1,2}. Then
p(Xl UY&,Al UBl)p(XQ UYQ,AQ U B2>
= P(Xl U}/Q,Al UBg)p(XQUY'l,AQ UBl) .

Proof. The desired conclusion immediately follows by noting that

dlmH, (Xl U YhAl U B17 Zq) + dlITl]’]Z (XQ U }/Q,AQ U BQ, Zq)
U

Proposition 36. Assume the same hypotheses as in Theorem[10. If p1 is sufficiently large
(see Figure[5), then

lim inf R(py, p1,n) > 0.
n—o0

Proof. Say that two i-cells o1 and o9 of a cell complex Y are strongly connected if there is a
path 79 = 01,72, ..., 7, = 09 of i-cells of ¥ between them so that 7; and 7;4; intersect in an
(i — 1)-cell for j =0,...,k — 1. Call the resulting graph G [Y]. Given a pair of percolation
sub-complexes P = (P,, P;) where P, has dimension 2 and P, has dimension 1 respectively,
let G = G[P] be the induced subgraph of G [P,] on the collection of 2-cells o of P, so that
do ¢ P.

For path ~, let G,[P] be the restriction of G[P] to its connected components that contain at
least one 2-cell incident to an edge of 7. Denote the vertex set of G.,[P] by V(G,[P]) and let
Vi(G,[P]) be the collection of edges of P, that are either contained in y or are incident to at
least one 2-cell in G, [P]. Finally, to simplify notation, we introduce the following conventions.
If P= (P, P)and Q = (Q2,Q1) are percolation subcomplexes of a cell complex X, denote
by PUQ the pair (P, UQ2, P, UQ1), PNQ the pair (P,NQ2, PLNEQ1), and P\ Q the pair
(P2\ Q2, L\ Q1)

Let P = (PJ, P]'), where P) is the is the 2-dimensional percolation subcomplex containing
the 2-cells V(G,[P]) and P, is the 1-dimensional percolation subcomplex containing the

1-cells V4 (G, [P]). For two disjoint paths 4" and 4" and two pairs of percolation subcomplexes
P = (P, P;) and QQ = (@2, Q1) of the appropriate dimensions set

£=Erw={P,Q: V(G,[PUQ) NV (G[PUQ]) = 0}.
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Note that if A = =1 x =¢ denotes the trivial event then
(VynVy) x AYNE = (Vo x AYNE
We now show that
R(p2,p1,n) > p*(P,Q) € E|PeV,,). (6)
To this end, for (P, Q) € &, let
e1(P,Q) = (QN(PUQ))U (P~ (PUQ)™)
©2(P,Q) = (PN(PUQ)™)U(Q~ (PUQ)™).
Let pn = ppy p1.q.1,04 - By applying Corollary 35 with (X1,A1) =P~ (PU Q)'y’/”‘/ , (Y1,By) =

PN(PUQ, (X, A2) = Q~ (PUQ)™ , and (Y2, By) = QN (PUQ)™ , we find that if
(P.Q) ~ p}le, then

(£1(P,Q), 02(P,Q)) ~ pile.

By taking N — oo, we obtain the same statement for the infinite volume measure p. Moreover,
since for (P, Q) € £ we have

(P7 Q) S (V’Yh X ‘/’ﬂ{) <~ (901<P7 Q)7902(P7 Q)) S ((VVn N V’Y%) X A),
it follows that
p(Var ) p(Vayr) — p*(P € Vi, Q € Vi)

R pu— n =
(pZaplan) ,O(Vyn) p2(P c V )
>/)2<P€V%7QEV%’{7( Q) € )_P(PGV%HV%{? (P,Q) &)
B p*(PeV,) p*(PeV,,)
PPV (PQEE)

2(PeEV,) PP(PQeE|PeV,, QcA).

This concludes the proof of @

We now give a lower bound of the right-hand side of @ by showing that if p; is sufficiently
large, then

lini)infp2((P, Q) e&|PeV,)>0. (7)

To this end, given a pair P = (P,, P;) of percolation sub-complexes, let £ be the event that
the set P := {0 € XI%: 9o C P} separates 7/ and Y, in the sense that any connected set of
2-cells adjacent to both 4/ and 4/ must intersect P. Then £ D &', and hence

p ((RQ) € &y | PeV,,)
>pH(PNQEE | PEV,y ).

Since P € Viyyyy and PN Q € & are both increasing events and p? is positively associated,
we can bound the right-hand side of the previous equation from below by

pPP(PNQEE | PeV, 1) >p§p11(PﬂQeé”) = poa(P€E).

Where the second inequality follows from Theorem 13| From this, we obtain (|7 . ). Combining @
and ([7)), the desired conclusion immediately follows
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We note that the point where the preceding proof fails for ¢ > 2 is in establishing that
o2 (P € E') is bounded away from zero.

Before establishing the behaviour of the Marcu-Fredenhagen ratio in the region in [5c|, we
state and prove a discrete isoperimetric inequality.

Lemma 37. For any 1-cycle v € Z (2% Zy,)

d—1
A <72
rea(y) < ¥ 17|

where |y| denotes the number of edges in the support of 7.

Proof. We will prove the statement using induction on the dimension d. We abuse notation and
use the symbol 7 refer to both the loop itself and the corresponding element of Z* (Zd; Zq) .
Suppose that |y| = T and that S of the T" edges in its support are in the direction of the x4
axis. By translating v if necessary, we may assume that it intersects the hyperplane z;, = 0
and is contained in the slab Z%~ x [—|2],[£]] . Let Y be the projection of the support of
onto the hyperplane 24 = 0, let C' be the cylinder Y x [— L%J, L%H , and let C’ be the union
of the bounded components of the complement C'\ (yUY'). Since the inclusion ¥ — C
induces an isomorphism on homology, there is 7 € Cy (C;Z,) and a ' € Z, (Y; Z,) so that
v =~"4 0r. In fact, we may find a such a 7 that is supported on C’.

We now bound the area of C’ from above and below. Towards that end, we write C’ as
the union of contributions from the edges of ~. Let e be an edge of « that is parallel to the
hyperplane x4 = 0. We say that a cell o of C' is in between v and Y if the projections of
e and ¢ onto the hyperplane z;, = 0 coincide and the x4-coordinates of the points of o are
between those of v and e. If there is no other edge €’ of v so that e is between €’ and Y, we set
C. to consist of all 2-cells between e and 7. Otherwise, we set C, = &. Then C" C |, C.,
and hence

ecy

T
Area (1) < Area (C') < Z |C,| < S)
ecy
From this, it follows that

T(T - S)
4
where Areag_; (7') is the area of 4/ as an element of 7 (Zd_l; Zq) . Therefore, if we set

T) = max Area(vy),
FuT) = max; Avea(?)

Area(y) < + Areag 1 (7'),

then, by induction, we have
T(T-S) T(T-S5) d—2
T < ———~
Ja(T) = —— T T’ad-
The function on the right-hand side of the previous equation is maximized when S = T'/d;
plugging that in yields the desired formula. 0

+ faer (T =5) < (T —8)°.

Proposition 38. Assume the same hypotheses as in Theorem [I0. If i = 1 and ps is
sufficiently small (see Figure @), then

lim inf R(py, p1,n) > 0.
n—o0
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Proof. We reuse notation from the previous proof except that we redefine P below. We now
argue that the right-hand side of @, ie.,

PP(P,Qe&|PeV,)

can be bounded from below when p, is sufficiently small, uniformly in p; and |v,|, where
we recall that v, = 7/, + 7. To this end, we show that when P is sampled from the CPP
conditional on the event V., and p, is small, the strongly connected components of P» exhibit
exponential decay uniformly in p; and |y,|. The desired conclusion then follows from standard
arguments. Since p is stochastically decreasing in p;, we may assume that p; < 1/2.

For an edge € and a pair of percolation subcomplexes P = (P, P;), let P§ be the 2-dimensional
percolation subcomplex whose 2-cells are the strongly connected component of € in P, and set
P = (g, (B

Also, let '), = (X(l), support 7y, U Xl) . Fix € € support,, let R = (R, R;) satisfy R = R*,
and let

Q=Q(R)=RU L\ (P)").
Also, set

P'={P~Pyu((PHMnT,).
By construction, if P € V,, , then Q (P), P’ € V,, . Moreover, by applying Corollary
with (X1, A;) = P~ P¢, (Y1, By) = (P NT,, (X2, Ay) =T, \ (PHY | and (Ya, By) = P,
we obtain

pn(P)pn(Q) = p (p)pn (T'n).
This implies in particular that

6 Spev (PP =R)  pey (PP = B)
PP = RIEC V) = P Sper., on (PP = R)

| Ra| [R1|=Iynl H! A(l). 7
1 —ps L —=p |[HY (AN Zy)| — 1

and

|R2| [R1|=|Vnl
r-ripev s ((2) ()
1—m

We now consider two cases. If |Ry| > |v,| then

Do | Rz |
P°=R|PeV,)<
= riPev,) < ({2
where we used that p; < 1/2. If instead |R;| < |7,|, we argue that any witness of V., must
have many two-cells in Ry. Since (Rs, Ry) € V,, there there is a 1-cycle 7 € Z; (Ry; Z,) and
a 2-chain o € Cy (R2;Z,) so that do = ~,, — 7. Recall that the area of a 1-cycle is the number
of 2-cells in the support of a minimal null-homology. Applying Lemma [37 to 7 yields that

|Ro| > Area(I'),) — Area (1) > ¢ (77/2 - |R1‘2) ]
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where ¢ = %. Then

pl = IR _ dn— IR _ 1
| Ry T n? —é\RﬂQ nfa+ ¢| Ry

SO

- 1\ |Re]
e\l \Ionm )

R
< P2+ On(l) R
T\l —po+ On(1> .
Let Ef ~ denote the collection of strongly connected subsets of Z2 that are incident to e and
contain N 2-cells. By standard arguments, there is a A > 0 so that |22 y| < e*V. Thus

p(IPs|=N|PeV,)= > > pp)1(P = (RyRi),PEV)
R2€E?,N Ry CRQJ
R
< NN ( P2+ on(1) )' ?
1- D2 + On(l)
which decays exponentially in N when p, is sufficiently small and n is sufficiently large. [
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