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Abstract

A class U of strictly concave and twice continuously differentiable functions ¢ : R — R
with particular properties is used for constraint transformation in the framework of
a Nonlinear Rescaling (NR) method with “dynamic” scaling parameter updates. We
show that the NR method is equivalent to the Interior Quadratic Prox method for the

dual problem in a rescaled dual space.

The equivalence is used to prove convergence and to estimate the rate of convergence
of the NR method and its dual equivalent under very mild assumptions on the input
data for a wide class W of constraint transformations. It is also used to estimate the
rate of convergence under strict complementarity and under the standard second order

optimality condition.

We proved that for any ¢ € W, which corresponds to a well-defined dual kernel
p = —*, the NR method applied to LP generates a quadratically convergent dual

sequence if the dual LP has a unique solution.



1 Introduction

The intimate relationship between multiplier methods based on Quadratic Augmented
Lagrangians [10], [25] and Quadratic Prox methods for the dual problem [14], [16] was
established by R.T. Rockafellar in the 70’s (see [26]-[28]).

In this paper we show that a similar relationship exists between Nonlinear Rescaling
multiplier methods, with “dynamic” scaling parameter updates (see [2], [4], [21], [30]),

and Interior Quadratic Prox methods for the dual problem in the rescaled dual space.

We consider a class ¥ of monotone increasing, concave and sufficiently smooth
functions ¢ : R — R with particular properties. We use the functions to trans-
form constraints of a given constrained optimization problem into an equivalent set of
constraints. The transformation is scaled by a vector of positive scaling parameters,
one for each constraint. The unconstrained minimization of the Lagrangian for the
equivalent problem in the primal space followed by both the Lagrange multipliers and
scaling parameters update forms the general NR multiplier method. We update the
scaling parameter vector by the formula suggested by P. Tseng and D. Bertsekas for

the exponential multiplier method [30].

It is well known that the NR multiplier method with “dynamic” scaling parameters
update leads to the Prox method with second order (p-divergence distance for the dual
problem (see [2], [4], [21], [30]). It is also well known that the convergence analysis
of the NR method with “dynamic” scaling parameter updates and its dual equiva-
lent turned out to be rather difficult, even for a particular exponential transformation
(see [30]). The first convergence result for the NR method with “dynamic” scaling
parameter updates was obtained by A. Ben-Tal and M. Zibulevsky [4]. They proved
that, for a particular class of constraint transformations, the primal and the dual se-
quences generated by NR type methods are bounded and any convergent primal-dual
subsequence converges to the primal-dual solution. The result in [4] was extended
by A. Auslender et al. in [2], establishing that the inexact proximal version of the
multiplier method with “dynamic” scaling parameter updates generates a bounded se-

quence with every limit point being an optimal solution. Moreover, for a particular
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kernel p(t) = 0.5v(t—1)*+u(t—Int—1), which is a regularized logarithmic MBF kernel
(see [23]), the authors in [2] proved the global convergence of the dual sequence and

established under very mild assumptions on the input data that the rate of convergence

is O ((ks)™h).

The regularization, which provides the strong convexity of the dual kernel, was
an important element in the analysis given in [2]. Unfortunately, such a modification
of the dual kernel in some instances leads to substantial difficulties when it comes to
finding the primal transformation, which is a Fenchel conjugate for the dual kernel.
For example, in case of the exponential transformation, it leads to solving a transcen-
dental equation. Therefore, the results of [2] cannot be applied for the exponential
multiplier method [30]. In case of the logarithmic MBF kernel, there is a closed form
solution for the corresponding equation, but the primal transformation (see Section 7
in [2]) is substantially different from the original logarithmic MBF transformation [19],
which is proven to be very efficient numerically (see [3], [6], [17], [22]). In general, the
regularization of the dual kernel changes substantially the properties of the original
transformation, which are critical for convergence and rate of convergence of the NR

methods.

Therefore, in this paper we consider an alternative approach. We guarantee the
strong convexity of the dual kernels on IR, by a slight modification of the wide class
of well known primal transformations ¢» € W, using the “gluing” idea (see for example
[5]). Such a modification makes the primal transformation well defined on IR, pro-
vides the original transformations with important properties and allows us to show
that eventually only original transformations are responsible for convergence, rate of

convergence and numerical efficiency of the NR method.

Our first contribution is the new convergence proof and the rate of convergence
estimate of the general NR method for a wide class of transformations ¢ € ¥, under
very mild assumptions on the input data. The key component of the convergence proof
is the equivalence of the NR method to an Interior Quadratic Prox method for the dual

problem.
We prove that under strict complementarity conditions, the NR method converges
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with rate o((ks)™'). Such an estimate is typical for the Classical Quadratic Prox
method (see [9] and references therein), where k is the penalty parameter and s is the
number of steps. This is our second contribution. We show also that under the stan-
dard second order optimality condition, the NR method converges with ()-linear rate
without unbounded increase of the scaling parameters, which correspond to the active
constraints. This means that a ()-linear rate can be achieved without compromising
the condition number of the Hessian of the Lagrangian for the equivalent problem. We
introduced a stopping criterion that allows us to replace the primal minimizer by an

approximation and to retain the Q-linear rate of convergence.

Our third contribution is the quadratic rate of convergence of the NR method with
“dynamic” scaling parameter updates for Linear Programming (LP) problems. We
proved that for any 1) € W, that corresponds to the well defined dual kernel, the NR
method converges with quadratic rate, under the assumption that one of the dual LPs

has a unique solution.
We also provide numerical results, which are consistent with the theory.

The paper is organized as follows. In the second section, we state the problem and
describe the basic assumptions on the input data. In the third section, we introduce a
class ¥ of smooth, strictly concave transformations ¢) : R — R with special properties.
We consider their Fenchel conjugate ¢*(s) = irgf {st —1(t)} and establish properties of
the dual kernels ¢ = —1* that play the key role in our analysis. We also describe the
NR method and prove its equivalence to the Interior Quadratic Prox method for the
dual problem in the rescaled dual space. In Section 4, we establish convergence and
estimate the rate of convergence for the NR method under very mild assumptions on the
input data. In Section 5, we establish the rate of convergence of the NR method under
the strict complementarity condition and under the standard second order optimality
condition. In Section 6, we establish quadratic convergence of the NR method for
LP problems for a wide class of transformations ¢ € W, which correspond to the well
defined kernels ¢ € (70 In Section 7, we provide numerical results, which support the
theory for both the NLP and LP calculations. We conclude the paper by discussing

issues related to future research.



2 Statement of the Problem and Basic Assump-

tions

Let f:IR™ — IR' be convex and all ¢; : R™ — IR', i =1, ..., ¢ be concave and smooth
functions. We consider a convex set Q = {z € RY : ¢;(x) > 0,7 =1,...,¢} and the

following convex optimization problem
(P) r* € X* = Argmin{ f(z)|x € Q}

We assume that:

A: The optimal set X™ is not empty and bounded.

B: The Slater’s condition holds, i.e., there exists & : ¢;(Z) > 0,i=1,...,q.
We consider the Lagrangian L(x, \) = f(x)—>7%_, \jci(2), the dual function d(\) =
inf__r~ L(z, A) and the dual problem
(D) A€ L* = Argmax{d(\)|A € R1}

It follows from B that the Karush-Kuhn-Tucker’s (K-K-T's) conditions hold true and

the dual optimal set
q
L = {)\ eRT :Vf(z*) =Y A\Ve(z*) =0, 2* € X*} (2.1)
i=1
is bounded.

3 Nonlinear Rescaling - Interior Quadratic Prox

We consider a class ¥ of twice continuously differentiable functions ¢ : (—oo,00) — R

with the following properties

1° 4(0) =0



29 a) '(t) >0, b) ' (0)=1, ¢) ' (t) <at™' Vte (0,00),a>0
30 —m~t <"(t) < 0, Vt € (—o0,0)
4o "(t) < =M1Vt e (—oo0,0) and 0 < m < M < .

59 —"(t) > 0.5t (), Vit € [1, 00).

Several examples of 1) € ¥ are given at the end of this section.

For any given vector k = (ky, ..., k) € RL, due to 1° and 2° (a) we have
ci(r) >0 k' (kici(x)) >0, i=1...,q. (3.1)
Therefore, the problem
2* € X* = Argmin{f(z)/k; " (kici(z)) >0, i=1,...,q} (3.2)

is equivalent to the primal problem (P). The Lagrangian £:IR" x IRY xRY, — R

for the equivalent problem, which is given by formula

Lo\ k) = f(z) - éxik;w(mm))

1s our main tool.

We are ready to describe the NR method. Let (\°, k%) € IR? | xIR%_, for example,
we can take k > 0, A’ € R% | and k” = (k),...,k0) : k) = k/N), i=1,...,q. The
NR method generates three sequences {z°} C R", {\*} € R%,, {k°} C RZ, by

formulas
2 = argmin{L(z, \*,k*)/z € R"} (3.3)
AT = AN (R ei(a) (3.4)
BT o= k(YT i=1,...q. (3.5)

The minimizer z°** in (3.3) exists for any A* € IR?, and k° € IR?, due to the

boundedness of X*, convexity f, concavity ¢; and property 4% of ¢» € W. It can be
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proven using consideration similar to those in [1]. So the NR method (3.3)-(3.5) is well
defined.

Our main motivation is to understand from a general view point what kind of
properties of the original transformation 1; € W are responsible for convergence and

the rate of convergence of the NR method (3.3)-(3.5).

First, we show that properties of 3° and 4° are critical for both theoretical analysis
and numerical performance. On the other hand, for all well known transformations
including exponential, logarithmic, hyperbolic and parabolic MBF as well as for those
related to the smoothing technique [21], at least one of these properties is not satisfied.
This is, in our opinion, the main source of difficulties for both theoretical analysis and

numerical performance of the NR methods.

Second, we show that a slight modification of the classical transformations guaran-
tees properties 3 and 4°. Moreover, it became clear from the convergence proof that
such modification does not affect the original transformations, because practically only

the original transformations govern the NR method (3.3)-(3.5).

Third, the critical part of our analysis is based on the properties of the dual kernel

©; = —F, induced by 3" and 4°.

Fourth, the main ingredient of the convergence proof is the equivalence of the NR

method (3.3)-(3.5) to the Interior Quadratic Prox (IQP) for the dual problem.

Fifth, the equivalence is also important for establishing the rate of convergence of
the NR method for both convex and linear optimization under some extra assumptions

on the input date.

Along with 1) € ¥, we consider the Fenchel conjugate ¥*(s) = irtlf{st — ()} It
follows from 4° that lim;_,_, ¢'(t) = co. Therefore, for any 0 < s < oo due to 3° there

exist /=1, Thus, the equation

(st =p(t)y=s—¢'(t) =0



has a unique solution for ¢, i.e., t(s) = ¢'~!(s). Using the well known formula ¢/'~! = ¢*

and s = 9'(t) we obtain the following identity

s=¢'(¥7(s)). (3.6)

With each 1 € ¥ we associate a smooth, strongly convex and nonnegative function
@(s) = —1*(s) which is defined together with its derivatives on (0, 00). So, with the
class U of constraints transformations we associate the class QO of barrier type kernels

QO:R+—>R+.

It is well known (see [2],[4],]21],[30]) that the NR method (3.3)-(3.5) is equivalent
to the following prox method for the dual problem

A = argmax {d(\) — k' D(A, %) /A € R} (3.7)
where the second order ¢-divergence distance function D : IR x IRY, — R, is given
by formula D(u,v) = Y v2p(u;/v;). The function ¢ : Ry, — R, is the kernel of the
p-divergence distance function D(u,v). Also, in view of lim, ¢ ¢'(s) — —oco we have
Mt e RY, . So, the Prox method (3.7) is an Interior Prox method with second order

p-divergence distance function D(u,v). Now we will prove that the NR (3.3)-(3.5)
method is equivalent to IQP for the dual problem.

Theorem 3.1 If (P) is a convex programming problem and the assumptions A and
B are satisfied, then for any given k > 0 and any given pair (\°,k°) € R%, x IRL,
the NR method (3.3)-(5.5) is equivalent to the Interior Quadratic Prox method for the

dual problem.

Proof. From (3.4), 2°b) and the mean value formula we obtain

NP A = N (ka(a) - ()
= AR O () es(a )

= Nk Oa@@ ™), i=1....4

[s,1]

where 0 < 07 < 1. Using (3.5) we can rewrite the multiplicative formula (3.4) in an
additive form

A= N B ()e(z*) (3.8)
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where W{[ (-) = diag (¥, ;(-))i=;- The equation (3.8) can be rewritten as follows
—c(@™) = kTN (= T()) T = A = 0. (3.9)

Keeping in mind —c(2*t') € dd(A\**1) we can view the equation (3.9) as optimality

criteria for the vector A*™! in the following problem:

1
DN argmax{ — 51{; IZ Plag( N = AP/ X e ]Rq}
1
— argmax {d()\) K= X /A e ]Rq} , (3.10)

where R, = (—¥;(-))~". In other words, the NR method is equivalent to the Quadratic
Prox method in the rescaled from step to step dual space. At the same time, the
Quadratic Prox (3.10) produces a positive dual sequence {A\°} C IR1,. Therefore,
(3.10) is, in fact, an Interior Quadratic Prox for the dual problem in the rescaled dual
space. The properties of the kernel ¢ € (O are playing the key role in our further

analysis. Therefore we start by characterizing the class (70 .

Theorem 3.2 The kernels ¢ € QO are conver, twice continuously differentiable and

possess the following properties

1. ¢(s) > 0,Vs € (0,00) and mingsg p(s) = (1) =0
2. (a) 1i%1+ Y'(s) = —o0, (b) ¢'(s) is monotone increasing, and (c) ¢'(1) = 0.

3. (a) "(s) >m>0,Vse (0,00), (b) ¢"(s) <M < o0, Vs el o0).
Proof.

1) Due to concavity v (t), ¥(0) = 0 and ¢'(0) = 1 for any 0 < s < 1 there is
t > 0:(t) > st. Therefore, ¥*(s) = iItlf{st — ()} <0, Vs e (0,1). For the
same reasons, for any given 1 < s < oo, there is ¢t < 0 : ¥(t) > st. Therefore,
P*(s) < 0,Vs € (1,00). For s = 1 due to 2° b), we have )*(1) = 0. Thus,
o(s) = —1*(s) > 0,Vs e (0,00) and ¢(1) =0.



2) From the definition of ¢(s) and 2° ¢) follows 1ir(r)1 ¢'(s) = —oo. The monotonicity
s—U4
¢'(s) follows directly from the strong convexity of ¢(s), which we will prove later.

From 2° b) we have ¢'(1) = 0. So, min{p(s)/0 < s < oo} = (1) =0.
3) By differentiating the identity (3.6) we obtain
L= W) (s).
Using again t = 1)'~1(s) = ¢*(s) we have

VM (s) = W) (3.11)

From 3° we have [—¢"(¢)]™* > m. Therefore, using (3.11) we obtain
p"(s) = —v"(s) = [=¢" ()] = m, Vs € (0,00).

From 4° we have [—¢"(t)]7' < M. Using again (3.11) we obtain ¢"(s) < M, Vs €

[1,00). The proof is complete.

As we pointed out earlier, several well known transformations (see [13], [19]-[21],

[23]) do not satisfy 3° or 4°.
Let us consider some of them.
Exponential [13]: ¢y (t) =1 — e~
Logarithmic MBF [19]: ¢y (¢) = In(t + 1)
Hyperbolic MBF [19]: ¢)5(t) = t(t 4+ 1)~}
Log-sigmoid [21]: ¢4(t) = 2(In2 4+t — In(1 + ¢'))
Modified CHKS [21]: ¢5(t) =t — VB + 4 +2/7 1> 0.

The transformations ’lZJl*'l/AJg do not satisfy 3° (m = 0), while the transformations 154

and 95 do not satisfy 4° (M = oo). However, a slight modification of ¢;(t), i = 1,...,5
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leads to transformations which satisfy 1°-5°. We consider —1 < 7 < 0 and define the
modified transformations ¢; : R — R as follows

hit) = { w27 (3.12)
@), t<rt

where ¢;(t) = a;t? + bit + ¢; and a; = 0.5¢!(7), by = V(1) — T!(7), ¢ = (1) —
T@@;(T) + 0.57’21@2’ (7). The coefficients a;, b;, ¢; we found by solving the following system
for a;, b;, ¢;

di(r) = ai(7), Gi(7) = ¢i(7), P (r) = (7).
So, the transformations given by (3.12) are twice continuously differentiable, strictly

concave on R and satisfy 1°-5°, i.e. ¢; € V.

The truncated logarithmic MBF () given by formula (3.12) was successfully used
(see [3], [5], [6], [17]) for solving large-scale real world NLP problems, including the
COPS set (see [22]).

For transformations ¢ € W given by (3.12), we consider their Fenchel conjugate

functions

Ji(s), s < di(r)
¥i(s) = A (3.13)
G:() = (da) (s = b) — e, s =)

The class © = {¢ = —¢* : Ry — Ry}, where ¢* is defined by (3.13) consists of
kernels ¢ with properties established in Theorem 3.2.

On the other hand, the following kernels
(s) = slns+1—s
(s) = —Ins+s—1
Pa(s) = —2vs+s+1
(s) = (2—8)In(2—3s)+slns
() = —2vi(E=s)s-1)
that correspond to original transformations ¢;—5 do not satisfy 3(a) and 3(b) because

either m = 0 or M = oo. We consider ¢;(s) = —f(s), i = 1,...,5. The following

statement can be verified directly.
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Proposition 3.3 Transformations 15 defined by (3.12) satisfy properties 1°-5° and

correspondent kernels ¢1—p5 possess all properties established in Theorem 3.2.

We will call the kernel ¢ € (O well defined if 0 < p(0) < oo. Assuming tInt¢ = 0 for
t = 0, we can see that the kernels ¢, and p3—p5 are well defined, while the logarithmic

MBEF kernel @5 is not well defined.

4 Convergence of the NR Method

In this section, we present a new convergence proof and estimate the rate of convergence
for a wide class of constraint transformation 1) € W under very mild assumption on the
input data. The important ingredients of the convergence proof are the equivalence of
the NR method (3.3)—(3.5) to Interior Quadratic Prox (3.10) and to the Prox method
(3.7). The critical factors in the convergence proof are properties 3(a) and 3(b) (see
Theorem 3.2) of the dual kernel. The proof extends one given in [21] for the special

case of Log-Sigmoid transformation.

Let d = d(X*) — d(X\°), the dual level set Ag = {A € RL : d(\) > d(\°)} is
bounded due to concavity of d(\) and boundedness of L* (see Corollary 20 in [§]),
Ly = max{maxj<;<, \i : X € Ao}, I} = {i : ¢;(2) < 0}, [[ = {i : ¢;(z)) > 0}. We

consider the maximum constraints violation
vi = max{—¢(2')/i € I}
and the upper bound for the duality gap

q q
dr =" Alei(2h)] >3 Ney(2h)
i=1 i=1

at the step [. Let Vs = min;<;<,v;, ds = minj<j<s d;. For a bounded closed set Y € IR"

and yo€Y we consider distance p(yo,Y) = min{||yo — y||/y € Y}

Remark 4.1. By adding one extra constraint ¢y(z) = N — f(x) > 0 from Assump-
tion A and Corollary 20 in [8] follows the boundedness of Q. For N > 0 large enough

the extra constraint does not affect the solution.
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Theorem 4.1 If the standard assumption A and B are satisfied, then

1) the dual sequence {\*} is monotone increasing in value, bounded and the following

estimation

d()\s-l-l) . d(}\s) Z mk—l”)\s-l-l . )\5“2
holds true.

2) the primal sequence {x°} is bounded, lim;_, o, v; = 0, and the following estimation
holds
AT —d(N) > kmM ™2 Y Gz

i€l

3) for the constraints violation and the duality gap the following estimations
v <O ((sk)*), dy < O((sk)™"?)
hold

4) the primal-dual sequence {x*, \*} converges to the primal-dual solution in value,
1.€.

f(z*) = lim f(2°) = lim d(\°) = d(\").

S— 00 S— 00
and

lim p(z®, X*) =0, lim p(A\*, L") =0.

§—00 §—00

Proof. 1) The dual monotonicity follows immediately from (3.10), i.e.,

S 1 - S S S 1 - S S S
AN = SETNT = X, 2 dO) - SETIN - X, = d0Y). (@)

Taking into account [[AT!h — A%[|%, > 0 for A*™' # X, we obtain

1

AT > d(\) + 5

EHINTE = N85, > d(N). (4.2)

If d(A*T) = d(X%), then |[A*T — X5||% = 0= A**! = \*. Due to the formula (3.4) for
the Lagrange multipliers update, A\{™ = X5 leads to ¢;(*7') = 0,4 = 1,...,m. Hence

for the pair (z°T!, A\**1), the K-K-T’s conditions hold. Therefore, z**! = z* € X*,
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AT = \* € L*. In other words, we can either have d(A\*™1) > d(\%) or A*T! = \* = \*
and 2°T! = z*. Recall that due to the boundedness of L* and concavity of the dual
function d(\) the set Ag = {\: d(\) > d(\°)} is bounded and so is the dual sequence
{\*} C Ay. Let us find the lower bound for d(A\*™') —d(\*). From the concavity of d(\)
and —c(z1) € dd(A*T1) we obtain d(\) — d(A*t) < (—c(z¥T1), A — X*T1) or

AT —d(N) > (c(a¥), A — A5ty (4.3)
Keeping in mind 3°, we conclude that 1)'~! exists. Using the formula (3.4), we have
ci(@™h) = (k)TN
then using ¢/~ = ¥, we obtain
ci(z™) = (k)W (AT, i=1,...,m. (4.4)
Using ¢*(1) = ¢*(A/Af) = 0 and (4.3) for A = A\* we obtain

Using the mean value formula we have

pVan S
¢W(3$)—¢“(§)— =" = AT =@ RN T = AT,

Therefore we can rewrite (4.5) as follws

q
d(>\3+1 Z kS)\S -1 // ()\f . >\§+1>2'
i=1

Keeping in mind the update formula (3.5) and 3(a) from Theorem 3.2, we obtain the
following inequality

d(ATTT) = d(X%) = mkTHIAT = AT (4.6)

which is typical for the Quadratic Prox method (see [9]).

2) We start with the set I;;; = {i : ¢;(2'T") < 0} of constraints that are violated at
the point z'™. Let’s consider i € I ;. Using ¢*(1) = ¢*(A\,/A}) = 0, the mean value
formula, the equation (4.4), the dual kernel property 3(b) from Theorem 3.2 and the

update formula (3.5), we obtain

A )\H—l
ety = o (51) - (5 )| -
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(AR ™ (=0 () ! = ) < B = X < B A =

(2N

or

N =X 2 RM T (@), i€ Ty
Combining the last bound with (4.6) we obtain

AT —d(N) > kmM T2 > (). (4.7)

i€l ,

3) Let us consider v;y; = max, ;- (—c;(z'*1))—the maximum constraints violation

zeI{H

at the step [ + 1, then from (4.7) we have
AT —d(\) > kmM v (4.8)
Summing up (4.8) from [ = 1 to [ = s we obtain

d=d(\) —d(\°) > d(AH) — d(\°) > kmM 23 V2, .

=0

Therefore, v; — 0. Remembering that v4 = min{v;|1 <[ < s}, we obtain
Vo < MVdm=(ks) ™" = O ((ks)™?) . (4.9)
The primal asymptotic feasibility follows from v; — 0.

Using arguments similar to those we used to prove Theorem 2 in [21] we can show

the estimate (4.9) for the duality gap ds.

4) It follows from (4.6) that the sequence {d(\*)} is monotone icreasing and d(\*) <
f(z*), s > 1. Therefore there is lim,_o, d(A*) = d(A>°) < f(z*) and again from (4.6)
we have

lim I =% =0. (4.10)

Due to concavity of d(\) and boundedness of L*, the sequence {\°} is bounded (see
Corollary 20 in [8]). Therefore there is a converging subsequence {A*} that

lim A = lim A% =\ (4.11)

§]—00 §]—00
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From assumption A, Remark 4.1, Corollary 20 in [8] and v; — 0 follows the bound-
edness of the primal sequence {z*}. Without loosing the generality we can assume
that lim,, .. z*! = Z. We consider two sets of indices I, = {i : A; > 0} and
Iy = {i: N = 0}. From (4.11) and (3.5) we have k; = lim,, oo k' = klim,, oo(AJ) 7! =
k(\)~', i€ I.. From (3.4) we obtain

(@) = KA T O = RIS TI N (412)
Passing (4.12) to the limit, we obtain
ci() = kN (1) =0, i€l (4.13)

From vy — 0 we obtain limg,_ ¢;(z*™) = ¢;(z) > 0, i € Iy. In view of (3.3)-
(3.4) we have V,L(z* ™1 Nt k*) = V, L(z%" A1) = 0. Therefore for any limit
point (Z,\) the KKT’s conditions are satisfied. Hence, Z = 2*, A = \*. From the
dual monotonicity, we obtain that the entire dual sequence {\*} converges to the dual
solution in value, i.e. lims o d(N°) = d(\*). Using considerations similar to those
we used to prove (4.13) we obtain the asymptotic complementarity conditions for the

entire primal-dual sequence, i.e.

Jim Aei(2®) =0, i=1,...,q (4.14)
From (4.14) we obtain
d(X*) = lim d(X°) = lim L(2°,A\°) = lim f(2°) = f(z"). (4.15)

So we proved the first part of statement 4). The second part of the statement 4) follows
directly from (4.15) boundedness of X* = {z € Q : f(z) < f(z*)} and L* = {\ €
IR’ | :d()\) > d(\*)}, and Lemma 11 (see [18], Chapter 9, §1).

We would like to mention again that the results in part 4) of Theorem 4.1 have

been proven by other means in [4] (see Theorem 1) and [2] (see Theorem 5.1).

Remark 4.2. The estimation (4.7) is the critical part of the convergence proof. It in-
dicates how the NR method (3.3)-(3.5) transforms the primal constraints violation into

the increase of the dual function value. Keeping in mind the dual monotonicity and
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the boundedness of the dual function it became evident from (4.7) that the constraints
violation has to vanish. So the estimation (4.7) simplify substantially the proof of
the primal asymptotic feasibility, which always has been the most difficult part of the
convergence proof. On the other hand, it allows to understand better the pricing mech-
anism of NR method (3.3)-(3.5). We would like to emphasize that for transformations
Uy — 1 either m = 0 or M = oo, which makes the estimation (4.7) trivial and useless.
The modification (3.12) provides properties 3° and 4° for the primal transformation
and properties 3a) and 3b) (see Theorem 3.2) for the dual kernels, which are critical
for the convergence proof. Also, the strong convexity of the dual kernel (property 3a))

allows to prove (4.6), which is another important element of the convergence proof.

Remark 4.3. It follows from (4.7) that for any given 7 < 0 and any i = 1,...,q the
inequality ¢;(x*t1) < 7 is possible only for a finite number of steps. So the quadratic
branch in the modification (3.12) can be used only a finite number of times. In fact,
for k > 0 large enough, just once. Therefore, from some point on only original trans-
formations ¢, — ¢5 are used in the NR method (3.3)-(3.5) and only kernels $; — @5
that correspond to the original transformations ¢;—)s are used in the Interior Prox
method with @-divergence distance (3.7). Transformations 1@171@5 for t > 7 are infi-
nitely differentiable and so are the Lagrangians L£(z, A, k) if the input data possesses
the correspondent property. This is an important advantage, because it allows to use

the Newton method for primal minimization or for solving the primal-dual system [20].

To the best of our knowledge, the strongest result so far under the assumptions
A and B for the Interior Prox method (3.7) was obtained in [2]. It was proven that
for the regularized MBF kernel o(t) = 0.50(t — 1)? + p(t —Int — 1), > 0, v > 0
the method (3.7) produces a convergent sequence {A\*} and the rate of convergence in
value is O(ks)™!. In the next section, we strengthen the estimation under some extra

assumptions on the input data.

5 Rate of Convergence
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We will say that for the primal-dual sequence {z® \*}5°,, which converges to the
primal-dual solution (z*, \*), the complementarity condition is satisfied in the strict
form if

max{\/,c;(z")} >0, i=1,...,q. (5.1)

Theorem 5.1 If for the primal-dual sequence generated by (3.3)—(3.5) the complemen-
tarity condition is satisfied in strict form (5.1), then for any fired k > 0 the following
estimation holds true

d(\*) — d(N\°) = o(ks) ™!

Proof. Recall that I* = {i : ¢;(z*) = 0} = {1,...,7} is the active constraint set, then
min{c;(z*) | i€l*} = o > 0. Therefore, there is such a number sy that c;(z°) > %,

s > sg, 1€1*. From 2°c) and (3.5) we have

a) N =NY (kK a(@)) < aXi(ke(@ )T = 2a(ok) TN (X)? and

b) R =R 2 (k)P and k; — o0, € ={L,...,r}. (5.2)
a
Then,
Lz, )\ k) = 12 AP (Kei(x) — k=1 D ()0 (kiei(x)).
i=r+1

Let us estimate the last term. We have

S (0 = kS (9w (kia() ~ 60)
= Y (0K (o) Oik(e)

and 0 < 6 < 1. For kf — oo and ¢;(z) > 0.50, we obtain 67 — 1. Therefore, for sg

large enough and any s > sg, we have 67 > 0.5. Thus, using 2°c) and (3.5) we obtain

Y R EG) = Y Ne(@) (0K e(@)

i=r+1 i= r+1

< a Z Aee() (03K e;(z)) ™!

i=r+1
q q
< 2a Y N(E) T =20k > (A
i=r+1 i=r+1
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From (5.2) we have

MNP =00)?, i=1,...,r.

So, for sy large enough and any s > sg, the last term is negligibly small, and instead
of L(z,\, k) we can consider the truncated Lagrangian for the equivalent problem
Lz, N\ k) == f(x) — S (k3) "2 (A (kici(z)) and the correspondent truncated La-
grangian L(z,\) := f(z) — Xi_; Mici(z) for the original problem (P). Accordingly,
instead of the original dual function and the second order y-divergence distance, we
consider the dual function d(\) := inf,cgr» L(x, \) and the second order p-divergence

distance Dj(u,v) := Y>I_; v2¢(u;/v;) in the truncated dual space IR”.

For simplicity, we retain the previous notations for the truncated Lagrangians,
for both the original and the equivalent problems, correspondent dual function and
the second order ¢-divergence distance. Below we will assume that {A*}52,, is the
truncated dual sequence, i.e., \* = (A\3,..., A%). Let us consider the optimality criteria

for the truncated Interior Prox method
>\s+1:argmax{ 12 (A5)2o(Ni/A9) |)\€IRT}

We have
(@) + R Y NG (AT A e = 0, (5.3)
i—1

where e¢; = (0,...,1,...,0) € R". Using v*(1) = ¢ (A\{/A{) = 0 we can rewrite (5.3)
as follows

c(z*) +k~ 12” (NN — (N AD))ei = 0.
=1
Using the mean value formula, we obtain

T s+1
C(I’S+1) + k‘_l ZQDN <1 + (A;\s . 1) ef> ()\f-ﬁ-l _ )\f)ez = O, (54)

i=1

where 0 < 67 < 1. We recall that —c(z°™') € 9d(\**1), so (5.4) is the optimality

criteria for the following problem in the truncated dual space

AT = argmax{d(\) — 0.5k |A = X°||%. | A € R"}, (5.5)
where |z||z = 2T Rz, R, = diag(r{)._, and 5 = ¢ <1 + <A§f - 1> 9;) i=1,...,r
Due to Aj — Af > 0, we have lim, ., AJT'(\3)"! = 1,7 = 1,...,r. Keeping in mind
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Theorem 3.2 we have

§—00 §—00

s+1
lim 7{ = lim ¢” (1+< ;\S —1)9;) =¢"(1) >m>0.

Therefore, due to the continuity of ¢”(-) for sy > 0 large enough and any s > sy we

have m < r? < 2¢"(1) = my and ||Rs|| < my.

We will show now that the convergence analysis, which is typical for the Quadratic
Prox method (see [9]), can be extended for the Interior Quadratic Prox method (3.10)

in the truncated dual space. From (4.6) we have
d(X") = d(X") = (d(X") — d(X"F1)) = mkH A" = A2

or

Vs — Vgp1 > mkTHAT — X2, (5.6)

where vy = d(A*) — d(A*) > 0. Using the concavity of d(\) we obtain
d() — XY < (—e(@1), A — )
or d(A*t) —d(\) > (c(z1), A — X*t1) . Using (5.4), we obtain
AT —d(N) > =k Ry =A%), A — A5t
So, for A = A\* we have

(RO =A%), 0 — AT > d(A) — AT = vy

or
EU (R (T =A%), A" =A%) — KA = VR > v,
Hence,
IR AT = AT I = A > K
or

1 .
I = )| > Vsl = X K (5.7)

From (5.6) and (5.7), it follows that
m s *||—
Vs — Vsq1 = E%]W?HH)‘ — [~
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or
m
Vg > Uy <1 + —5 kv || A — )\*||_2> )
mi
By inverting the last inequality we obtain
m —1
vyt <ol <1 + —kve || A — A*||‘2> : (5.8)
my
Furthermore, from (5.5) we obtain

AN = 056N = N5 > d(N*) — 0.5K 71| = N°||%,
or
Vss1 < 0.5K7HA® = N||R, < 0.5 my [A° — X2
Therefore, my ' kveq ||\ — X8| 72 < 1 or mm2kve ||V — X8| 72 < mmi! < 1.

Let us consider the function (1 4 ¢)~'. It is easy to see that (14 ¢)~' < —0.5¢ + 1,

0 <t < 1. Using the last inequality for t = mmj?kvgi ||A*F! — X*||~2 from (5.8) we

obtain
vt < ughy (1= 0.5mmy ke |3 = A7) 7%)
or
vt <o = 0.5mmPk|INT = A7 i=0,...,s— 1. (5.9)
Summing up (5.9) fori =1,...,s — 1 we obtain
s—1 ]
vt > o7t =gt > 05mm R IA = AT
i=1

By inverting the last inequality we obtain

2m~tm?
vy = d(\") —d(\%) < 1
R S PUSS Y

or
2m~Im?

sTUE I = a2

From ||A*—\*|| — 0 it follows [|A* = \*|| 72 — oo. Using the Silverman-Toeplitz theorem

ksvs =

[12], we have lim, .., s7' 32, [|\* — A\*|| 72 = oo. Therefore, there exists a, — 0 such

that

1
vy = m_lm%asg =0 ((l{;s)_l) . (5.10)
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We completed the proof of Theorem 5.1.

The estimation (5.10) can be strengthened. Under the standard second order opti-
mality conditions, the method NR (3.3)—(3.5) converges with Q-linear rate if k£ > 0 is

fixed but large enough.

First of all, due to the standard second order optimality conditions, the primal-
dual solution is unique. Therefore, the primal-dual sequence {x*, A\*}} converges to the
primal-dual solution (z*, A*), for which the complementarity conditions are satisfied
in a strict form (5.1). Therefore, the Lagrange multipliers for the passive constraints
converge to zero quadratically. From (3.5) we have limy .o kf = k(A" i=1,...,7,
i.e., the scaling parameters, which correspond to the active constraints, grow linearly
with k£ > 0. Therefore, the technique used in [19], [20] can be applied for the asymptotic
analysis of the method (3.3)-(3.5).

For a given small enough 6 > 0, we define the extended neighborhood of \* as

follows
DNk, 6) ={(\k) e R xRT : \; >0, [N\ = N[ <Ok, i=1,...,r; k> ko

Proposition 5.2 If f and all ¢; € C? and the standard second order optimality con-

ditions hold, then there exists such small 6 > 0 and large enough ko > 0 that for any
(A k) € D():

1. There exists & = (A, k) = argmin{L(x, \, k) | x € R"} such that

and

2. For the pair (&,\) the estimate
max{[| — 2*[|, [|A = X[} < k7 IA =\ (5.11)
holds and ¢ > 0 is independent on k > k.
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3. The Lagrangian L(x, A\, k) is strongly convez in the neighborhood of .

Theorem 5.2 can be proven by a slight modification of the correspondent proof in

[19] (see also [20]).

Finding 2°*! requires solving an unconstrained minimization problem (3.3), which
is generally speaking an infinite procedure. To make the multipliers method (3.3)-(3.5)

st1 by and approximation #°t!, which can be found by

practical one has to replace =
a finite number of Newton steps. It turns out that if z°™' is used in the formula (3.4)
for the Lagrange multipliers update instead of z**! then the bound similar to (5.11)

remtains true.

For a given o > 0 let us consider the sequence {Z°, \*, k*} generated by the following

formulas.
T IVRL(@ N )| < ok (BOW) T e(@ ) AT = (5.12)
N =W (B() e(z ) A (5.13)
where
W (k)o@ ) = diag ((k(X) (@)
and

B = (Bt = k()T i =1, ).
By using arguments similar similar to those in [20], we can prove the following propo-
sition.
Proposition 5.3 If the standard second order optimality conditions hold and the Hes-
sians V2f and V?c;, i = 1,...,m satisfy Lipschitz conditions
IV2f(2) =V f W)l < Lolla—yll, [Vei(x)=Vie(y)ll < Lia—yll, i =1,....m (5.14)

then there is kg > 0 large enough, that for the primal-dual sequence {7, \*} generated by
the formulas (5.12)-(5.13) the following estimations hold true and ¢ > 0 is independent
on k > ko for s > 0.

17 — 2"l < e+ )k HIA =N, A=A < e(1+ o)k 7HIA = A7l. (5.15)
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We used the stopping criteria (5.12)for the inner iteration and formula (5.13) for
the Lagrange multipliers update. To measure the distance between the current ap-
proximation y = (z, A) and the primal-dual solution y* = (z*, A*) we use the following

merit function
v(z, A) = max {||V,L(z, N[, —ci(x), Niles(z)], i =1,...,q}.

It is easy to see that v(z, \) =0 =x = z*, A = A*. We used the following final stopping
criteria

v(z,A) <e, (5.16)

where € > ( the desired accuracy.

In the next section, we apply the NR method (5.1)-(5.3) for Linear Programming.
The convergence under very mild assumption follows from Theorem 4.1. Under the
dual uniqueness, we prove the global quadratic convergence. The key ingredients of
the proof are the A. Hoffman-type lemma ([11], see also [18], Ch. 10, §1) and the
properties of the well defined kernels ¢ € QO )

6 Nonlinear Rescaling Method for Linear Program-

ming

Let A:R" — R™, a € R", b € R™. We assume that
X* = Argmin{(a,x) | ¢;(x) = (Ax — b); = (a;,x) —b; >0, i =1,...,q} (6.1)

and

L* = Argmaz{(b,\) | ATA —a=0, \; >0, i=1,...,q} (6.2)

are nonempty and bounded.

We consider 1 € W, which corresponds to the well-defined kernel ¢ € QO , i.e.,
0 < ¢(0) < oo.
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The NR method (3.3)—(3.5) being applied to (6.1) produces three sequences {z*} C
IR", {»} C R%, and {k°} € IR :

VL N RS = a—Z)\S V' (kje(a)) a; =0, (6.3)
AT = A (Be(et) e =0, i=1,....¢  (64)

BT ESt = k(YT i =1, q. (6.5)

If X* and L* are bounded, then all statements of Theorem 4.1 are taking place for
the primal-dual sequence {z°, \*} generated by (6.3)—(6.5). In particular,
lim (a,2”) = (a,2") = lim (b, A*) = (b, A7) .
Using Lemma 5 (see [18], Ch. 10, §1), we can find such a > 0 that
(b, \*) — (b, A%) > ap(N\°, L"). (6.6)

Therefore, lim;_, o p(A°, L*) = 0.

If A* is a unique dual solution, then the same Lemma 5 guarantees the existence of

a > 0 that the following inequality

(b, A") — (b, A) = al[A = X7 (6.7)
holds true for VA € L = {\: ATXA =a, A € RT}}.
Theorem 6.1 If the dual problem (6.2) has a unique solution, then for any well defined

Y € QD the dual sequence {\*} converges in value quadratically, i.e., there is ¢ > 0

independent on k > 0 that the following estimation
(b, A%) = (b, A1) < k™ (b, A) — (b, X)) (6.8)

holds true.

Proof. It follows from (6.3)—(6.5) that
Vo L(25T N k) Z MNtla;=a— AT =0 (6.9)
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and A**' € RT,. In other words, the NR method generates a dual interior point

sequence {A*}22,.
From (6.9) we obtain
q
0= (CL . AT>\S+17:CS+1> — (CL, Is—l—l) _ Z)\f+lci(xs+1) _ (b, )\s—i-l)
i=1

or

(b, )\s—i—l) — L(ZL’S+1, )\s—i—l) ]

The multipliers method (6.3)—(6.5) is equivalent to the following Interior Prox for
the dual problem

q \,

A = arg max {(b, ) — kT () <)\—;> | ATA —a = O} . (6.10)
i=1 i

Keeping in mind Remark 4.3, we can assume without restricting the generality that

only kernels ¢;, ¢ = 1,...,5. which corresponds to the original transformations @Er%

are used in the method (6.10). Moreover, we consider only ¢; € (O, which are well

defined, i.e. @1, p3—ps.

From (6.10), taking into account \* € R? and ATA* = a, we obtain

s+1 -1 z s\2 )\f—i_l * -1 I 5\2 )\:(
=1 7 i=1 7
s+1

Keeping in mind k=1 39, (A5)%p (/\3\5 ) > 0, we have

q 2\
Y00 () 2 0.0 - (0., (6.11)
i=1 i

Let us assume that A\ > 0,+=1,...,m A\f =0,72=7r+1,...,¢. Then gp(;\\—) =
©(0) < oo, i =71+1,...,q. Keeping in mind p(A\;/X]) = @' (AJ/X) =0,i=1,...,r
and using the mean value formula twice, we obtain

i=1 i=1 i=r+l

<

r e AP A a
= [z o (1T O a0 e0) 3 0 - A,ﬂ ,
I=1 :

i i=r+1
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where 0 < 68 < 1,0 <6, < 1.

Taking into account the dual uniqueness from (6.6), we obtain limg_,., A; = Af > 0,

i = 1,...,7. Therefore, lim,_ . ¢" (1—1—5:@;’\:;\?) = ¢"(1), i = 1,...,r. Hence,

there is sy > 0 such that for any s > sy we have m < ¢”(-) < my. Then, for

wo = max{my, ¢(0)}, we obtain

Y00 (55 < b - X (612)
i=1 i
Combining (6.11) and (6.12) we have
0ok THINT = X512 > (b, \*) — (b, A*TY) . (6.13)
From (6.7) with A = A\* we obtain
I = X[ = @M (b, A7) — (b, A")].

Therefore, the following estimation

(b, \*) — (b, \**1) < ek (b, A*) — (b, \*)]? (6.14)

holds true with ¢ = pya=2 for any s > sq.

It follows from Theorem 4.1 that by taking k£ > 0 large enough, we can make sq = 1.
Also one can make the rate of convergence of the NR method for LP superquadratic

by increasing the penalty parameter k£ > 0 from step to step.

Remark 6.1. Theorem 6.1 is valid for the NR method (6.3)—(6.5) with exponential,
LS, CHKS and hyperbolic MBF transformations because correspondent kernels ¢, @3-

5 are well defined.

7 Numerical Results

The numerical realization of the NR method (3.3)—(3.5) requires the replacement of the

unconstrained minimizer z°*! by an approximation z°*t!. We used the overall stopping
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*1 we applied damped

criteria (5.16) with ¢ = 107'°. To find an approximation Z*
Newton’s method with Armijo steplength rule for minimizing £(x, \*, k*) in z, using

the stopping criteria (5.12).

For the NLP calculations we used the truncated MBF transformation v5(t) given
by (3.12) and A\° = e = (1,...,1) € R%_, k = 10%, k* = 10% as starting Lagrange
multipliers and scaling parameters vectors. For LP calculations we used truncated
log-sigmoid transformation t4(t) given by (3.12). Also for LP calculations we used
LIPSOL solver (see [32]) to find the first primal-dual approximation with one digit
of accuracy for the duality gap, i.e. we find the interior primal-dual approximation,
for which Y7, A\ic;(z) < 0.1. We show in the tables below the duality gap and the
infeasibility after each Lagrange multipliers and scaling parameters update. We also
show the number of Newton steps that is required for each update as well as the total
number of Newton steps required to obtain the duality gap and infeasibility with at

least ten digits of accuracy.

The numerical results obtained using the Newton NR method allowed us to observe
systematically the “hot start” phenomenon (see [15], [19], [22]). Practically speaking,
the “hot start” means that from some point on the primal approximation will remain
in the Newton area after each Lagrange multiplier and scaling parameters update.
Therefore, from this point on only few (often one) Newton steps require to find z°*
and to reduce the duality gap and primal infeasibility by a factor 0 < v = ck™! < 1

(see Proposition 5.2). In our numerical experiments we took v = 0.5.

In the tables below we show numerical results for the some NLP problems from R.
Vanderbei webpage (http://www.sor.princeton.edu/ rvdb/ampl/nlmodels/index.html)
and LP problems from Netlib library. The number of variables is n and ¢ is the number

of constraints.

Name: esflg,p; Objective: linear; Constraints: convex quadratic.

n = 1002, ¢ = 1000
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it gap inf # of steps
1 | 2.20e-01 8.76e-04 18
2 | 2.41e-03 5.17e-06 2
3| 2.78e-04 2.50e-06 2
4 | 1.51e-05 6.24e-07 1
5 | 2.05e-08 3.90e-08 1
6 | 2.22e-11 1.52e-10 1
Total number of Newton steps 25

Name: moonshot; Objective: linear; Constraints: nonconvex quadratic.

n = 786, ¢ = 592

it gap inf # of steps
1] 3.21e4+00 4.98e-05 10
2 | 8.50e-06 5.44e-10 1
3| 1.19e-08 1.24e-11 1
4 | 3.96e-09 4.16e-12 1
Total number of Newton steps 13

Name: markowitz2; Objective: convex quadratic; Constraints: linear .

n = 1200, ¢ = 1201,
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it gap inf # of steps
0 | 7.032438e+01 | 1.495739e+00 0
1 | 9.001130e-02 | 5.904234e-05 10
2 | 4.205607e-03 | 3.767383e-06 12
3| 6.292277e-05 | 2.654451e-05 13
4 | 1.709659e-06 | 1.310097e-05 8
5 | 1.074959e-07 | 1.381697e-06 5
6 | 7.174959e-09 | 3.368086e-07 4
7 | 4.104959e-10 | 3.958086e-08 3
8 | 1.749759¢-11 | 2.868086e-09 2
9 | 4.493538e-13 | 1.338086e-10 2

Total number of Newton steps 59

Name: brandy.
n =149, ¢ = 259

it gap inf # of steps

0 | 6.56e+04 3.57e+03 0

1| 1.68e-01 2.04e-05 28

2 | 2.66e-01 3.58e-04 15

3| 3.33e-03 2.73e-05 7

4 | 1.74e-04 6.68e-07 4

5 | 2.83e-08 3.68e-10 3

6 | 2.49e-14 1.33e-15 2

Total number of Newton steps 59

Name: Israel.

n =174, g = 316
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it gap primal inf | # of steps
0 1.05e+10 1.21e+06 0
1 6.40e+4-00 2.77e-09 20
2 | 7.364041e-02 | 1.0729e-07 14
3| 7.497715e-07 | 4.2011e-12 6
4 1 1.628188e-10 | 1.7764e-15 3
Total number of Newton steps 43
Name: AGG2.
n =516, ¢ = 758
it gap primal inf | # of steps
0 6.93e+10 7.41e+06 0
1 6.07e+4-00 4.39e-07 16
2 | 1.422620e-03 | 2.2625e-09 3
3 | 2.630272e-10 | 7.1054e-15 3
Total number of Newton steps 25
Name: BNLI1.
n =644, p = 1175
it gap primal inf | # of steps
0 3.98e+4-06 1.83e+04 0
1 9.47e-05 7.13e-09 25
2 | 2.645905e-07 | 3.8801e-10 5
3 | 2.025197e-12 | 4.5938e-13 4
Total number of Newton steps 34
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8 Concluding Remarks

The NR methods provide an exchange of information between the primal and dual
variables. However, the calculations are always conducted sequentially: first is the
primal minimization, then the Lagrange multiplier and the scaling parameter updates.
On the other hand, it has become evident lately that the most efficient methods that
are based on the interior point path-following ideas, are the Primal-Dual methods, for

which calculations are conducted simultaneously in the primal and dual spaces (see

29], [31]).

For each NR multiplier method, there exists the Primal-Dual equivalent (see [20]).

Our experiments with the Primal-Dual NR methods are very encouraging [22].

It seems that NR methods with “dynamic” scaling parameter update are particu-
larly suitable for the Primal-Dual approach. It follows from Theorem 5.1 and Proposi-
tion 5.2 that under strict complementarity or standard second-order optimality condi-
tions, the Lagrange multipliers, which correspond to the passive constraints, converge
to zero at least quadratically. Therefore, the Primal-Dual NR method asymptotically
turns into the Newton method for the Lagrange system of equations, which corresponds

to the set of active constraints.

On the other hand, it follows from Theorem 9 (see [18], p. 247) that under the stan-
dard second-order optimality condition for sufficiently smooth functions, the Newton
method for the Lagrange system of equations converges to the primal-dual solution

with quadratic rate.

Therefore, it seems the Primal-Dual NR methods with “dynamic” scaling parameter
updates have the potential to be globally convergent with asymptotic quadratic rate.

We will cover the corresponding theory and methods in an upcoming paper.
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