SYST 220 Class Notes

Lecture 5: Discrete Dynamical Models 

Non-homogeneous Dynamic Systems: Exponential Driving Terms

Section 4.1 (p.160) 
1. Problem Statement: 
Given: a) a(n +1) = 2a(n) +3n 
d) a(n+1) = 2a(n) + 3n + 4n 
f) a(n+1) = 3a(n) +2 * 4n- 6 

General solution to nonhomogenous equations of the form 

a(n+1) = ra(n) + bsn when r and s are not equal: a(n) = crn +[b/(s-r)]sn 
Objective: Find the general solution to each of the preceding dynamic systems. 

Analysis: 
a) a(n+1) = 2a(n) +3n r = 2, b = 1, s =3 

a(n) = c(2)n + [1/(3-2)]* 3n 
a(n) = c(2)n + 3n 
d) a(n+1) = 2a(n) +3n + 4n r = 2, b1 = 1, b2 = 1, s1 = 3, s2 = 4 

a(n+1) = c(2)n + [1/(3-2)]*3n + [1/(4-2)]*4n 
a(n) = c(2)n + 3n + 0.5(4)n 
f) a(n+1) = 3a(n) +2 *4n – 6 r = 3, b1 = 2, b2 = 6, s1= 4, s2 = 1 

a(n) = c(3)n + [2/(4-3)]* 4n – [6/(1-3)]* 1n 
a(n) = c(3)n + 2*4n + 3 

Results: The general solutions are: 

a) a(n) = c(2)n + 3n 
d) a(n) = c(2)n + 3n + 0.5(4)n 
f) a(n) = c(3)n + 2*4n + 3 
2. Problem Statement: 
Given: a) a(n) = c(2)n +3n 
d) a(n) = c(2)n + 3n + 0.5(4)n 
f) a(n) = c(3)n + 2*4n +3 

a(0) = 1 

Objective: Find the particular solution to each of the preceding general solutions. 

Analysis:
a) a(n) = c(2)n + 3n 
a(0) = 1 = c(2)0 +30 
1 = c +1 

c = 0 

a(n) = 3n 
d) a(n) = c(2)n + 3n + 0.5(4)n 
a(0) = 1 = c(2)0 + 30 + 0.5(4)0 
1 = c + 1 + 0.5 

c = -0.5 

a(n) = -0.5(2)n +3n + 0.5(4)n 
f) a(n) = c(3)n + 2*4n +3 

a(0) = 1 = c(3)0 + 2*40 +3 

1 = c +2 +3 

c = -4 

a(n) = -4(3)n +2*4n +3 

Results: The particular solutions are: 

a) a(n) = 3n 
d) a(n) = -0.5(2)n +3n + 0.5(4)n 
f) a(n) = -4(3)n +2*4n +3 

Section 4.2 (p. 166) 
1. Problem Statement: 
Given: d) a(n+1) = 3a(n) +2 * 3n + 2n
The general solution of an equation of the form a(n+1) = ra(n) + bsn where r = s is : a(n) = crn + (bn/r)* rn 
When r does not equal s: a(n) = crn + [b/(s-r)]*sn
Objective: Find the general solution to the equation. 

Analysis:
d) a(n+1) = 3a(n) +2*3n +2n r = 3, b1 = 2, s1=3, b2 = 1, s2 = 2 

a(n) = c(3)n + (2/3)n*3n + [1/(2-3)]* 2n
a(n) = c(3)n + (2/3)n*3n - 2n 
Results: a(n) = c(3)n + (2/3)n*3n - 2n 
4. Problem Statement: 
Given: a(n) = the amount you have in your bank account immediately after the interest and the deposit for year n have been added 

Interest rate (I) = .1 compounded annually 

b(n) = the amount you deposit in year n 

b(n) increases by 10% every year 

b(0) = a0 = 1000 

Objectives: 

a) Develop a dynamical system for a(n) 

b) Find the particular solution to the dynamical solution 

c) Find a(20) 

Analysis: 
a) a(n+1) = a(n) + .1a(n) + b(n)

b)  b(n+1) = 1.1b(n) 

a(n+1) = 1.1a(n) + b(n) 
b(n) = (1.1)nD
b(0) = 1000 = (1.1) 0D 

D = 1000 

b(n) = (1.1)n1000 

a(n+1) = 1.1a(n) + (1.1)n*1000 

a(n+1) = 1.1a(n) + 1000 * (1.1)n 
b) General solution to a(n+1) = 1.1a(n) +(1.1)n1000 

r = 1.1, b = 1000, s = 1.1 

a(n) = c(1.1)n + (1000/1.1)n *(1.1)n        r=s

a(n) = c(1.1)n + 909.1 n * (1.1)n 
Particular solution: 

a(0) = 1000 = (1.1)0(c) + 909.1(0)) 

1000 = c 

a(n) = (1.1)n(1000+909.1 n) 
c) a(20) = (1.1)20[1000 +909.1(20)] 

a(20) = 129.037 

Results: 
a) The dynamical system for a(n) is: a(n+1) = 1.1a(n) + 1000 * (1.1)n 
b) The particular solution to the system is: a(n) = (1.1)n(1000+909.1n) 
c) a(20) = $ 129.037 

Non-homogeneous Dynamic Systems: Polynomial Terms

Section 4.4 (p. 181) 
1. Problem Statement: 
Given: a) a(n+1) = 2a(n) - n 

c) a(n+1) = -a(n) +4n2 –2 

- The general solution for an equation of the form 

a(n+1) = ra(n) +g(n) where g(n) is a polynomial is: 

a(n) = crn + cmnm + cm-1nm-1…c1n + c0 
- A and B are constant that can be determined by substituting the “guess” into the iterative equation 

- c is a constant that is determined by the initial condition 

Objective: Find the general solution to each of the previously stated equations. 

Analysis: 
a) a(n+1) = 2a(n) – n 

a(n) = c(2)n +A(n) + B 

c(2)n+1 + A(n+1) + B = 2(c(2)n +An + B) –n 

c(2)n+1 +An + A + B = c(2)n+1 + 2An +2B –n 

An –2An +n +A + B –2B = 0 

n(-A +1) + (A –B) = 0 

-A +1 = 0 A - B = 0 

A = 1 1 - B = 0 

B = 1 

a(n) = c(2)n + n +1 

c) a(n+1) = -a(n) + 4n2 -2 

a(n) = (-1)nc + An2 + Bn + D 

(-1)n+1c +A(n+1)2 +B(n+1) + D = -[(-1)n + An2 + Bn + D]+ 4n2 –2 

(-1)n+1c + A(n2 + 2n +1) +Bn + B + D = (-1)n+1 -An2 - Bn - D +4n2 –2 

An2 + 2An + A + Bn + B + D +An2 + Bn + D – 4n2 +2 = 0 

n2(2A – 4) + n(2A + 2B) + (A + B + 2D + 2) = 0 

2A – 4 = 0 2A = 4 A = 2 

` 2A + 2B = 0 2(2) + 2B = 0 4 + 2B = 0 2B = -4 B = -2 

A + B + 2D + 2 = 0 2 – 2 + 2D +2 = 0 2D = -2 D = -1 

a(n) = (-1)nc + 2n2 –2n –1 

Results: 
a) a(n) = c(2)n + n +1 
c) a(n) = (-1)nc + 2n2 –2n –1 
2. Problem Statement: 
Given: a) a(n) = c(2)n + n + 1 

c) a(n) = (-1)nc + 2n2 –2n -1 

a(0) = 1 

Objective: Find the particular solutions to the previous equations. 
Analysis:
a) a(n) = c(2)n + n +1 

a(0) = 1 = c(2)0 + 0 + 1 

1 = c + 1 

c = 0 

a(n) = n + 1 
c) a(n) =(-1)nc + 2n2 – 2n -1 

a(0) = 1 = (-1)0c + 2(0)n – 2(0) – 1 

1 = c –1 

c = 2 

a(n) = 2(-1)n + 2n2 –2n –1 

Results: 
a) a(n) = n + 1 
c) a(n) = 2(-1)n + 2n2 –2n –1 
if r=1

then use n(An+B) for 1st order and n(An2 + Bn + D) for 2nd order polynomial.
