SYST 201 Class Notes

Lecture 4: Discrete Dynamical Models 

Non-homogeneous Dynamic Systems: Exponential Driving Terms
Non-homogeneous Dynamic Systems 

Systems so far:  
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This chapter:     
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g(n) can be thought of as an external input to the system.

Nonhomogeneous refers to the fact that g(n) depends on time.

Example:  Savings account problem.   
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 gives how much is in your account if you don’t do anything, where r = 1 + interest rate
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 is how much you add to your account. Think of this as an external agent (you) providing input to the system.
Q:  Why would you want to model the external input as a function of time?

We will look at two types of input terms:

1. Exponential:  
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2. Polynomial:  for example, 
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Example 1 4.1, p. 151.
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First, calculate some values iteratively:


[image: image9.wmf](0)2

a

=




[image: image10.wmf]0

(1)3(0)43217

aa

=+=×+=



[image: image11.wmf]1

(2)3(1)437425

aa

=+=×+=



[image: image12.wmf]2

(3)3(2)43251691

aa

=+=×+=



[image: image13.wmf]()??

an

=


Note: Very difficult to identify the pattern
To solve, “guess” the form of the solution: 
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, where C and A are unknown constants.

Motivation for guess: 

· The general solution for the homogenous system 
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is 
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. This explains the first part of the guess.

· Second part of the guess: Plugging
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 into the iterative equation generates another term of the same form (with a different constant): Choosing the correct value for A gives the driving term 
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 in the iterative equation.
Plug it in:
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Terms involving 
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General solution is:
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Note: The constant A is determined by plugging in the guess. The constant C is determined from initial conditions.

Use initial condition to find C:
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Particular solution is:
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Check consistent with previous results:
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Example 2. Find the general solution to
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Guess based on previous reasoning:
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Plug it in:
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Most terms cancel:
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Q: What do we conclude?

A: The above equation cannot be satisfied. Therefore our guess did not work. We need a new guess.

New guess:
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Plug it in:
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General solution:
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The following theorem generalizes the previous examples:

Theorem 4.9, p. 164. Given a dynamical system with exponential driving term:
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· When, s ≠ r the general solution is
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· When 
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, the general solution is
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Apply theorem to first example: 
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.  Here, 
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. Applying the theorem, the general solution is 
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Financial Example
· Savings account pays 8%, compounded annually

· Each year, you deposit 
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 dollars (at the end of the year – right before the bank pays you interest).

· The first year, you deposit $100. Each year after that, you deposit 5% more than the previous year.

· What is your savings at year n (right after receiving your interest payment)?

Solution:


Let a(n) = savings at year n

Let b(n) = your deposit at year n
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First, solve for b(n).  From chapter 2, the general solution for b(n) is 
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 and the particular solution is 
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. Substituting this into the equation for a(n) gives:
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Method #2 to obtain dynamical system in one variable:


Deposit in year 0 is 100

Deposit in year 1 is 
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Deposit in year 2 is 
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Deposit in year n is 
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Thus, iterative equation for a(n) is 
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Solving iterative equation, guess: 
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Plug it in:
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General solution:
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Particular solution:
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