SYST 220 Class Notes

Lecture 3: Discrete Dynamical Models
Review
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Solution is 
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· rn blows up if 
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Solution is
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, this keeps growing.

Application – Finance:
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= annual interest rate
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= # of compounding periods / year


[image: image15.wmf]b

= Amount added or subtracted each period
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Solution:
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Q:How do you figure out C?

Example 1: How much money do you need to save each month if you are 20 right now to get 1,000,000 at 65 @ 7% interest?
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Let 
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= Savings / month
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Assume deposit $ @ end of month
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65 years
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What if interest rates = 0.09 ?  
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Example 2. Sec. 2.5, #2 (p. 103). Suppose you start a savings account which pays 8 percent interest a year compounded monthly.  You initially deposit 1000 dollars and decide to add an additional 100 dollars each month thereafter.  How much is in your account after 5 years?

a(n+1) = a(n) + (.08/12)*a(n) + 100

 = (1 + .08/12)*a(n) +100


The general solution for this is:


a(n) = C*(1 + .08/12)^n + [100 / (1 – (1 + .08/12))]


       =  C*(1 + .08/12)^n - 15000


We know that a(0) = 1000, so we can solve for C:


a(0) = C*(1 + .08/12)^0 - 15000 = 1000



C - 15000 = 1000



     C = 16000


So the particular solution when a(0) = 1000 is:


a(n) = 16000*(1 + .08/12)^n – 15000


After 5 years or 60 months (since n is in months), your account will have:


a(60) = 16000*(1 + .08/12)^60 – 15000 = 8837.53 dollars
Example 3. You want to buy a house for $500,000.  The interest rate on a loan for the house is 6%.  How much must your monthly payment be to pay off the mortgage in 30 years?  How much must your monthly payment be to pay off the mortgage in 20 years?
The general solution is:

a(n) = C*(1 + I/m)^n – mb/I

              = C*(1 + .06/12)^n – 12*b / .06 

       
       =  C*1.005^n – 200b

The problem gives us two conditions.  We start with a mortgage of $500,000 so a(0) = 500000.  We also want to pay off the mortgage in 30 years or 360 months, so a(360) = 0.  Using this information, we can come up with the following equations:

a(0) = C*1.005^0 – 200b = 500000

(equation 1)

a(360) = C*1.005^360 – 200b = 0

(equation 2)

Solving equation 1 for C, we get:

C*1.005^0 -200b = 500000


C = 500000 + 200b

Substituting this result into equation 2, we can now solve for b:

(500000 + 200b) * 1.005^360 – 200b = 0



b = -2997.75 dollars
* The negative sign indicates that we are subtracting $2997.75 from the mortgage every month.

To pay off the mortgage in 20 years, using the same method above, we can come up with two equations using a(0) = 500000 and a(240) = 0.  Solving for b we get b = -3582.16.
Radioactive decay:

Suppose the half-life of a radioactive material is 100 years.  If you presently have 1 gram of the material, how much will you have in 1 year?


Let r denote the percentage of the radioactive material that is left after every year.  For example, after one year there will be r * a(0) grams of material remaining.  After two years there will be r*(r*a(0)), or r^2 * a(0) grams of material remaining, etc.  So the system can be represented by the equation



 
a(n) = r^n * a(0)

If the radioactive material has a half-life of 100 years, then we can say that



a(100) = r^100 * a(0) = .5 * a(0)

If we solve for r, we get

 
    
    r^100 * a(0) = .5 ^ a(0)



   
  r^100 = .5


        
          ln r^100 = ln .5



           100 ln r = ln .5



                  ln r = (1/100) ln .5




      ln r = ln .5^(1/100)




          r = .5^(1/100)

We can now determine how much material we will have in one year.  The problem states that a(0) = 1, so




a(n) = r^n * a(0)




a(1) = [.5^(1/100)]^1 * 1




a(1) = .993 grams

Monthly m=12


Quarterly m=4


Half yearly m=2


Yearly m=1
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