SYST 220 Class Notes

Lecture 1: Discrete Dynamical Models Introduction to Modeling

Main point:  Similar set of mathematical equations can be used to solve diverse range of real-world problems

Discrete Dynamical Systems Modeling

Discrete: Time is measured in discrete steps  (e.g., year 0, year 1, year 2, …)

Dynamic:  System changes in time

Modeling:  Convert a real-world problem to mathematics

Systems 202:  Continuous Dynamical Systems Modeling (more physics-based problems)

Steps of modeling a discrete dynamical system

Specify:

1. State of the system

2. Unit for measuring time

3. Rule specifying how state of system advances in time

4. Initial condition(s) for system

Definitions:

Equlibrium point: An equilibrium point is a point such that if the system starts at that point, it stays at that point
Cobweb analysis
Linear and nonlinear dynamical systems

Affine systems (nonzero y intercept)

Example 1 (From Text book)

At time 0, the drug concentration in the system is 20 ml. Kidneys remove 25% of the drug in the system. If the system is checked every 4 hrs

1) What is the concentration of drug in ml after 20 hrs

2) How long will it take for the concentration to drop below 0.0001

A1) Let 1 unit of time =4 hrs.

a(n)= Concentration at the start of time unit n.

a(0)=20

a(n+1)=0.75a(n)
a(n+1)=0.75 n+1 (a0)

2. a(n+1) < 0.0001

    0.75 n+1 (a0)< 0.0001
Take logarithms and solve (Answer k>= 42)

Example  2
You start with $1,000 in the bank.  Every year you make 2% interest.

Dynamic systems model:


a(n) = Amount of money in the bank (part 1) at the start of year n (part 2)










(n = 0 specifies now)


a(n+1) = 1.02 a(n)

(part 3)


a(0) = $1,000.


(part 4)

Note: Initial condition need not start at n = 0.

Some key questions:  

How much money do you have at year n?

How long does it take to reach $10,000?

Short-comings of model

What if you deposit money into / take money out of account?

What if interest rate changes each year?

What about daily compounding?

Other short-comings?

Example 3
1.  Consider a lake with fish.  90% of all fish die each year.  Those that survive give birth to (on average) 15 fish per year.  Suppose the lake starts with 90 fish.  

a. Give a dynamic systems model for the number of fish in the lake each year.

b. Now suppose that you catch 80 fish per year.  Create a new dynamic systems model. 

a.


a(n) = # of fish in lake at the start of year n.


a(n+1) = (15 + 1) (0.1) a(n)







Fish that do not die


New fish born per surviving fish



Surviving fish itself


a(n+1) = 1.6 a(n)


a(0) = 90

Note: 1.6 (or sometimes 0.6) is called the intrinsic growth rate (growth rate in absence of harvesting or other species)

b.


a(1) = 1.6 a(0) – 80 (assumes fish are caught after new fish are born to the surviving population)


a(2) = 1. 6 a(1)-80 = 1.6(1.6 a(0) – 80 )-80 = 1.62a(0)-1.6*80-80


a(3) = 1.6 a(2)-80  = 1.6(1.62a(0)-1.6*80-80)-80 = 1.63a(0)-1.62(80)-1.6(80)-80

            a(n)= 1.6na(0)-1.6n-1(80)-1.6n-2(80)……………-80

a(1) = 64
a(2) = 22.4

a(3) = -44  ( No fish left at the beginning of 3rd year) 

Theorem 1.  The general solution to 1st order linear 
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Theorem 2.  The general solution to 
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