SYST 220 HW #6 Solution Set

1. a(n+1) = -4a(n) + 3*6^n,     a(0) = -3
The guessed general solution is:
a(n) = C*(-4)^n + A*6^n    or

a(n+1) = C*(-4)^(n+1) + A*6^(n+1)    

Substituting back into the dynamic system we get:
C*(-4)^(n+1) + A*6^(n+1) = -4[C*(-4)^n + A*6^n] + 3*6^n
Solving for A we get A = 3/10.  Substituting back into our guessed general solution, we get:

a(n) = C*(-4)^n + (3/10)*6^n
To find the particular solution, we use a(0) = 3 to find C:

a(0) = -3 = C*(-4)^0 + (3/10)*6^0   =>   C = -33/10

The particular solution is:


a(n) = (-33/10)*(-4)^n + (3/10)*6^n

2. a(n+1) = -2a(n) + 3n + 2,       a(2) = 2

The guessed general solution is:
a(n) = C*(-2)^n + An + B   or

a(n+1) = C*(-2)^(n+1) + A(n+1) + B    

Substituting back into the dynamic system we get:
C*(-2)^(n+1) + A(n+1) + B = -2[C*(-2)^n + An + B] + 3n + 2

Solving for A we get A = 1.  To solve for B we use the equation:

A + 3B -2 = 0  =>  B = 1/3

Substituting back into our guessed general solution, we get:

a(n) = C*(-2)^n + (1)n + (1/3)
To find the particular solution, we use a(2) = 2 to find C:

a(2) = 2 = C*(-2)^2 + (1)(2) + (1/3)   =>   C = -1/12
The particular solution is:


a(n) = (-1/12)*(-2)^n + n + 1/3

3. a(n+1) = a(n) – n – 7, a(0) = 1 

The guessed general solution is:
a(n) = C*(1)^n + An^2 + Bn   or

a(n+1) = C*(1)^(n+1) + A(n+1)^2 + B(n+1)    

Substituting back into the dynamic system we get:
C*(1)^(n+1) + A(n+1)^2 + B(n+1) = C*(1)^n + An^2 + Bn - n - 7
Solving for A we get A = -1/2.  To solve for B we use the equation:

A + B + 7 = 0    =>  B = – 13/2
Substituting back into our guessed general solution, we get:

a(n) = C*(1)^n – (1/2)n^2 – (13/2)n
To find the particular solution, we use a(0) = 1 to find C:

a(0) = 1 = C*(1)^0 + (1/2)*(0)^2 – (13/2)*(0)   =>   C = 1
The particular solution is:


a(n) = 1*(1)^n – (1/2)*n^2 – (13/2)*n 
4. You have a credit card debt of $5,000. The annual interest rate for your credit card is 18%, compounded monthly. Each month, you make a payment to reduce your debt. In the first month, your payment is $200. Every month after that, you increase your payment by 1%. That is, your payment in the second month is $202.00; your payment in the third month is $204.02; and so forth. 

a. Give a dynamic systems model, using one variable a(n), for your debt in month n. 

a(n+1) = (1 + .18/12)*a(n) – 200*(1.01)^n 
b. Find the particular solution to this system. 

To find the particular solution, first we find the general solution. We can use the formula a(n) = C*r^n + (b*s^n)/(s-r). The general solution is: 

a(n) = C*(1.015)^n + [200*(1.01)^n]/[(1.01) – (1.015)] 

= C*(1.015)^n – 40000*(1.01)^n 

Using the initial condition a(0) = 5000, we get: 

a(0) = 5000 = C*(1.015)^(0) – 40000*(1.01)^(0) 

C = 45000 

Therefore the particular solution is: 

a(n) = 45000*(1.015)^n – 40000*(1.01)^n 
c. Mathematically, what is the long term behavior of this system? Realistically, what is the long term behavior of this system? 

Mathematically, since s>r the system approaches negative infinity. Realistically, 

you will eventually pay off your debt, and so the system stops when it reaches 0. 
Problem #5: Retirement revisited: Congratulations! You now have $1,000,000 for your retirement. You move your money from a stock fund over to a more conservative bond fund which earns 7% interest, compounded monthly. How much money can you withdraw each month so that your savings will last 20 years? Solve this problem without using a spreadsheet. 

Let a(n)= amount of money at month n, 

Thus, a(n+1) = a(n) + (0.07/12)* a(n) + b 

= a(n)(1+0.07/12) + b = (1+0.07/12)*a(n)+b 

Caution! Variable b should be less than 0. 

So, general solution: a(n) = c*(1+0.07/12)n + b/(1 – (1+0.07/12)) 

= c*(1+0.07/12)n - (12*b)/(0.07) 

= c * (1.0058)n - 171.428 * b 

Using initial condition: 

1,000,000 = a(0) = c * (1.0058)0 - 171.428 * b 

(1) Or, c - 171.428 * b = 1,000,000 

Using final condition: 

a(240) = c * (1.0058)^240 - 171.428 * b = 0, 

(2) Or, 4.039 * c - 171.428 * b = 0 

The basic strategy from here is to solve equations (1) and (2) for c and b. 

Subtracting (2) from (1) gives 

c – 4.039 * c = 1,000,000, or c = -329,084 

Plugging c = -329,084 into (2) gives 

4.039 * -329,084 – 171.428 * b = 0, or b = -7,753 

Note: b is a negative number which corresponds to withdrawing money. 

Results: You can withdraw about $7,753 each month during the next 20 years so that the savings will last 20 years. 

Caution! 

Many students got the answer $5833, which is the amount of money they can withdraw each month to maintain the monthly balance. This is the equilibrium value, but is not the answer to the problem.
