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A formula for evaluating the quadratic normalization integrals of orthogonal Heun
functions over the real interval€Ox<1 is derived using a simple limiting proce-
dure based upon the associated differential equation. The resulting expression gives
the value of the normalization integral explicitly in terms of the local power-series
solutions abouk=0 andx=1 and their derivatives. This provides an extremely
efficient alternative to numerical integration for the development of an orthonormal
basis using Heun functions, because all of the required information is available as
a by-product of the search for the eigenvalues of the differential equatiorl 9%
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I. INTRODUCTION

Heun’s equatiohis the most general Fuchsian equation of second order with four regular
singular points, and it is therefore of considerable importance in mathematical physics. Special
cases of the Heun equation include the hypergeometric, confluent hypergeometric Bemse,
Legendre, and Laguerre equations. As a practical matter, the most important solutions to the Heun
equation are those orthogonal functions satisfying prescribed boundary conditions at two adjacent
singular point$. The development of an orthonormal basis using these functions is a two-step
process. The first step is to search for the eigenvalues, and the second is to evaluate the quadratic
normalization integrals of the associated eigenfunctions, which are orthogonal Heun functions.
The normalization integrals are usually evaluated numerically, which is not an especially efficient
procedure given the nature of the eigenfunctions and the associated series representations. In order
to provide a useful alternative to numerical integration, in this paper we derive a new formula for
directly evaluating the quadratic normalization integrals of orthogonal Heun functions over the
real interval[0, 1]. The formula obtainedEq. (29)] utilizes only information available as a by-
product of the search for the eigenvalues, and therefore greatly improves both the efficiency and
the accuracy of numerical procedures involving Heun functions.

II. HEUN FUNCTIONS

We begin by writing Heun’s equation in the standard form first adopted byifErdeal.®
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with regular singular points located at=0,1,a,. The parametek falls outside the domain of
the usual Riemann classification scheme, and is therefore referred to as an acgesaoxjiary)
parameter. In many applicationsplays the role of an eigenparameter. The five exponent param-
etersa, B, v, 6, ande are connected via Riemann’s relation

at+B—y—56—€+1=0, 3

and therefore only four of them are independent. The total number of free parameters is six, and
this number cannot be reduced by any transformation.

Heurt used the method of Frobenius to derive local power-series solutiofi3, tgenerating
a three-term recursion relation for the expansion coefficients. Two linearly independent power-
series(Frobeniu$ solutions exist in the neighborhood of any one of the singular points, and, in
general, analytic continuation of a single Frobenius solution about one singularity into the neigh-
borhood of a second, adjacent singularity generates a linear combination of the two local Frobe-
nius solutions about the second singularity.

The most important solutions are those that are simultaneously local Frobenius solutions about
two adjacent singular points. These are referred toHasin functions and often arise when
physical boundary conditions are applied to solutions of the differential equation. Taking the
parametersy, B, v, 6, anda to be constants, the problem of finding a Heun function becomes a
singular Sturm—Liouville eigenvalue problem far However, since no formula is available for
performing the analytic continuation between two adjacent singularities in the case of the general
Heun equatioriin contrast to the subcase of the hypergeometric equatimngeneral closed-form
expression for the eigenvaluig exists. Heun functions are infinite series in general, although in
special cases the series truncates, leaving a Heun polynomial.

There are four classes of Heun functions for a given pair of adjacent singularitigg and
x=s, that are distinguished by the values of the corresponding exponegis{). In this paper,
we setsy;=0 ands; =1, and classify the Heun functions according to the usual scheme based upon
the values of the associated exponents: cla@k0), class Il (1-v,0), class Il (0,%6), and
class IV (1~ v,1- 8). We focus here on the behavior of Heun functions within the real interval
0=x=1, and we assume throughout ttat [0,1].

Ill. DETERMINATION OF THE EIGENVALUES

Let the functionyy(\,x) be a local Frobenius solution ¢f) in the neighborhood of=0, and
let the functiony(\,x) be a local Frobenius solution in the neighborhooaofl. The properties
of these solutions, including the recursion relation for the expansion coefficients, have been fully
discussed. Let us suppose that these functions are normalized according to the prescription
adopted by Heun, so that

lim X~ %0yo(N,x)=lim (x—1) " 71y, (\,x)= 1. (4)

Xx—0 Xx—1

It is known from the basic theory of these solutions that in genggalconverges for|x|
<min(1/a]) andy,; converges forlx—1|<min(1Ja—1|). Hence whena¢[0,1] as assumed
here, there exists a region ofutual convergencewithin which bothy, andy; converge. The
region of mutual convergence is contained within the intefQdl].

The Wronskian ofyy andy, is defined by

0 J
WOLX) = Y000 22 (0= Y20 X) 22 (AX). ©

In order to obtain a Heun function, the Wronskian must vanish, and therefore the eigenvalue
equation for\ , becomes
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W(\,,X)=0. (6)

When this condition is satisfied;o(A,,x) andy;(\,,x) are linearly dependent functiorial-
though not equal in genepaland the solution t@l) with A =X\, is the Heun functioH,(x). We
set the normalization oH,(x) by stipulating thatH,(x) =y(\,,,X) in the neighborhood ok
=0. In the neighborhood ok=1, we find thatH,(x)=A(\,)Y1(\y,X), where the value of
A(\,) is determined by requiring th&t,(x) be continuous at an arbitrary point within the region
of mutual convergence of, andy; .

We can establish the functional form of the Wronskian by examining the self-adjoint version
of the Heun equation,

ZYy—Aw(x)y=0, (7)
where the weight functiom(x) is defined by
w()=x""1x—1)°"x—a)< )

Sincey, andy, are each solutions dfl) for the same value of, we may write
Yol Z=No(X)]y1=Yi[ Z=Nw(X)]yo=0. (10
This yields an equation for the Wronskian,

1dW_7+ 1) €
S Wdx x x—1 x-a’

with solution
W(N,X)=D(N)Xx™ Y(x—1)"%(x—a) ¢, (1D

whereD(\) is an unknown function. Note that the Wronskian vanishesX¢x ) =0, which is
independent ok. Hence when we evalua®/(\,x) using(5) in order to calculate the eigenvalues
using (6), we are free to pick any convenient value fothat lies within the region of mutual
convergence of, andy;.

IV. ORTHOGONALITY RELATIONS

Let H,(x) andH ,(x) be Heun functions of the same class associated with eigenve|uesd
Am- Since they are each solutions (@, we have, by analogy witfil0),

Hi £ —Ano(X)[Hp—Hu [ £ —Nyo(X)]H,=0. (12
After simplifying and integrating over the intervgd, 1], we obtain

H, de)

1 d 1
(An—Xm) fO o(X)H(X)Hnp(X)dx=p(X)| Hy, W_Hn W

: (13
0

where
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P(X)=X"(x—1)’(x—a)". 14

Based upon the asymptotic behavior of the local Frobenius soluigpasdy,, we find that the
right-hand side of13) vanishes when one of the following sets of class-dependent conditions is
satisfied,;

class I. Ry>0, R6>0
class II: Ry<2, RS>0

(15
class Ill: Ry>0, R6<2

class IV: Ry<2, R<2.

We shall refer to(15) as the set okxistence conditionfor orthogonal Heun functions on the
interval [0, 1]. When these conditions are met, we obtain the standard orthogonality relation

()\n_)\m)J'lw(X)Hn(X)Hm(X)dXZO- (16)
0

V. NORMALIZATION INTEGRALS

Naturally, the integral i(16) does not vanish when=m, and in this case it is necessary to
establish its value in order to develop an orthonormal basis using orthogonal Heun functions.
Numerical integration is always available as an option, but this is a very inefficient approach to the
problem. Other procedures have been devised, the most interesting being the method developed by
Erddyi,* which is based upon expansions of Heun functions as series of degenerate hypergeomet-
ric functions(Jacobi polynomials Lambe and Wartideveloped a technique for evaluating nor-
malization integrals for Heun polynomials, but these results are not applicable to the more general
(and much more commo@rrtase of Heun functions. In this section we develop a new formula for
the explicit evaluation of these integrals.

We can derive a formula for evaluating the quadratic normalization integral

1

|nEf w(X)[Hp(x)]%dx (17)

0

by generalizing the approach taken in the preceding section. Proceeding as before, we note that
sinceyg(A,x) andyg(\,,Xx) are each Frobenius solutions @ in the neighborhood ok=0, it
follows by analogy with(12) that

Yo(AX)[Z = Nq@(X) ]Yo(An,X) = Yo(An . X)[£—Aa(X)]Yo(N,X) =0, (18

where\,, is an eigenvalue andl is arbitrary. After simplifying and integrating with respect to
X, We now obtain

X ’ ’ ' ’ &yo &yO
()\_)\n)J‘O (l)(X )YO()\aX )YO()\n:X )dX :p(x) yO()\an) O»)_X ()\ax)_yo()\ax) (9_X ()\n 1X) ’
(19

where the right-hand side vanishesxas 0 provided the appropriate set of existence conditions in
(15) is satisfied.
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Upon examination 0f19), we find that both sides of the equation vanishhas\,,. We can
therefore establish the value of the indefinite integral in the lxmit\, using L’Hopital’s rule,

which yields
X %Yo Yo Yo
JO w(X’)[yO()\naX,)]ZdX’:p(X) Yo(An X) I\ IX ()\nax)_ﬁ()\nax) W()\nvx) . (20)

To obtain a formula for the desired normalization intedfal we must letx— 1 in (20), and this
requires analytic continuation gf, into the neighborhood at=1. For general values of, we
write the analytic continuation of, as

YO()\aX):A()\)Y1(}\:X)+B()\)T/l()\:x)a (21)

wherey, is the Frobenius solution about=1 with exponent zero, an@, is the Frobenius
solution aboutx=1 with exponent 5. At this point we shall restrict our attention to Heun
functions of class | or Il, so that the exponentxat 1 is zero. This restriction will be removed
later. Note thatB(A,) must vanish so that we obtain a class | or Il Heun function wken
=\, . Substituting into(20), we obtain after some algebra

Ayl A

A=),
(22

T

7%y, N dBd 'V, Y1
INIX  dN X dx

Insflw(x)[Hn(x)]zdx= lim W, 4B ”p

0 x—1

where we have used the fact that in the neighborhood=cf, H,,(x) is the analytic continuation
of yo(Ay,X), and in the neighborhood of=0, H,,(x) is identical toyg(A,,,X).

Based upon asymptotic analysisyafandy;, we find that in the limitx— 1, all of the terms
on the right-hand side d22) vanish except the second one, so that we are left with

. dB Y1
Ih=1im pO)OAND) g (An) 72~ (X X)Y1(Ag ,X). (23

X—1
Hence we need only evaluatd B/d\)(\,)) andA(\,) in terms of known functions in order to

obtain our final result for the normalization integitgl. Evaluation ofA(\,) is a simple matter,
since the continuity oH,(x) requires that

yO()\n ,X)

A()\n): yl()\n ,X)

(24

for any x within the region of mutual convergence w§ andy,. Evaluation of @B/d\)(\,) is
slightly more complicated. We begin by differentiati(@fl) with respect tax to obtain

d d Jy
%()\,x)=A()\) %(A,x)%—B()\) a—il()\,x). (25

Solving (21) and (25) for B(\) yields

Jd J J Yy
B<x>=(yo§—y y°)/('y 2 yl). (26

Lox Lox Y Tox

Bearing in mind thaB(\,) =0, we find upon differentiating26) with respect tox that
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: (27)

dB IW (~ Y1 a“yl)
A=Np

a()\n)=5 v S irve

where the WronskialV(\,x) is defined by(5). We can usé€24) and(27), respectively, to replace
A(N,) and @B/d\)(N\,) in (23), yielding

V1

lh=lim p — o~ Vi Vi) | o 2 (28

Yo [07W (~ Y1 V1
X—1 Y1

A=\,
The most singular term in the denominator is the one contaisiyg/ dx, and therefore in the
limit x—1 our final result for the normalization integral becomes

B IW yO()\n !X)
2 = — —_— R —

fo OO[Hy(0TPdx==p() Z= (A, X) T, (29
In passing to this expression, we have made use of the fact tValtop) (N, ,x)p(x) and
Yo(An,X)/y1(Np,X) are both independent of Hence the right-hand side ¢29) is actually an
invariant, which may be evaluated at any point within the region of mutual convergence of the
local power-series solutiong andy; .

VI. EXTENSION TO HEUN FUNCTIONS OF CLASSES Il AND IV

We have derived our main resyt9) under the assumption thki,(x) is a class | or Il Heun
function. In the case of a Heun function of class Il or IV, the exponemt=al is 1— &, and the
derivation presented above must be modified slightly. First we note(2@atremains valid be-
cause it is written in terms of the local solutigp aboutx=0. The analytic continuation gf; into
the neighborhood af=1 is still performed using21), except now we interchange the definitions
of y; andy,, so thaty, is the local Frobenius solution abaxit=1 with exponent + 6 and7, is
the local solution about=1 with exponent zero. In this case we again reqifa,)=0, and
following the same procedure as before we regain expred@@n Due to the fact that the
definitions ofy,; andy,; have been interchanged, in the limit- 1, we find by asymptotic analysis
that only thefinal term in (22) now contributes, so that in this case we obtain

. dB dy1 ~
= lim —p(X)A(\p) ﬁ()\n) W()\nvx) Y1(An,X). (30

Xx—1

Evaluation ofA(\,) and @B/d\)(\,) proceeds exactly as before, and we simply regain expres-
sions(24) and(27). Using these results itB0) now yields

n=lim—p 2|V /|y, Dy Th
n le an Y1 X Y1 X

x—1

W1

N (31)

=X,
This is similar to(28), except now the most singular term in the denominator is the one containing
dy,/9x, and therefore in the limkx— 1 we obtain

oW (Ap,X)
1= =P(0 51 (e ) S,

which is identical ta29). We are therefore led to the following general conclusibquation (29)
holds for Heun functions of any class, provided the existence conditions (15) are sawgéed
discuss the significance of this result and its natural role in computational algorithms below.
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VIl. COMPUTATIONAL IMPLICATIONS

Equation(29) has important practical consequences for the design of numerical algorithms
used to develop orthonormal systems based on Heun functions, which are the solutions of interest
in many mathematical and physical situations. In such cases the first step towards solution is the
search for the associated eigenvalngs This search must proceed numerically in general, due to
the lack of a closed-form expression fof, in terms of the parameters, B, y, §, anda. The
eigenvalues are obtained by isolating the roots of the Wronski&é)irThe root finding usually
proceeds via Newton’s method or possibly some more sophisticated algorithm. Most of these
techniques require the evaluation\&f and W/ J\ in order to generate a revised estimate of the
true root\,, and the evaluation of these functions in turn involves the determination of the
quantities

Yo No o N1 Wy Py,
Yor Tx o anax' Y1 ax T oN T anax

at each iteration. The values gf andy, can be obtained using the well-known power-series
representations, and the values of the derivatives can be obtained using term-by-term differentia-
tion. It is straightforward to demonstrate that the radii of convergence of the series for the deriva-
tives are identical to those for the corresponding fundamental series, which are discussed in Sec.
Il.

Once the eigenvalues, have been determined to acceptable precision, one generally needs to
evaluate the associated quadratic normalization integjrafs order to develop a set of orthonor-
mal basis function$,(x) using

Hn(x)
hn(x)= et (32
with normalization
jolw(x)[hn(x)]zdx= 1. (33

The conventional approach to the problem of evaluatings to integrate(17) numerically, in
which case thousands of evaluationdf{x) would generally be required in order to establish the
value ofl, to reasonable accuracy. However, such an inefficient procedure is no longer necessary
with the availability of(29), because it allows the determinationlgfto high precision using only
the values ofy,, y;, anddW/d\ obtained in the final iteration of the root-finding stage of the
algorithm. Hence no substantial additional calculation is necessary in order to detégmifiee
computational time required for developing orthonormal systems of Heun functions can therefore
be reduced by several orders of magnitude by ugh®) instead of numerical integration.

We close by making a comparison between the method for evalugfingtlined here and
that suggested by Ertye # which utilizes Svartholm&expansions of Heun functions as series of
degenerate hypergeometric functions, essentially Jacobi polynomials. First of all, it is worth noting
that in Erdéyi’s method, the root-finding approach is the same as that outlined above, because his
procedure assumes prior knowledge of the eigenvalues. With the eigenvalues already determined,
the calculation of the coefficients for the Jacobi expansion proceeds via a three-term recursion
relation similar to that derived by Heun for the coefficients of the power-series expansion. Using
the familiar result for the quadratic normalization integrals of the Jacobi polynomials, it is a simple
matter to determing, from the coefficients of the Jacobi expansion. While Btk method is
interesting from the point of view of functional analysis, it is obvious that his procedure entails
much more computation than the evaluatiorl pfising (29), which we again emphasize requires
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nothing more than information available as a by-product of the search for the eigenvalues. In
conclusion, we point out that the application of Lpital’s rule used here to evaluate the nor-
malization integrals of Heun functions can also be used to obtain similar results for more general
Sturm-—Liouville problems.
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