ECE297:11 Lecture 3

Mathematical Background:
Modular Arithmetic

General Notation

Z —integers
O - there exists O - thereexists unique

0 -forall

0 - belongsto O - does not belong to

Divisibility

alb a dividesb
a isadivisorof b

alb iff UcOZ suchthat b=cla

alb a doesnot divideb
a isnot adivisor of b




Primevs. composite numbers

Aninteger p= 2 issaidto be primeif its only positive
divisorsare 1 and p. Otherwise, p is called composite.

Greatest common divisor

Greatest common divisor of aand b, denoted by gcd(a, b),

isthe largest positive integer that divides both a and b.

d=gcd(a, b) iff 1) d]a andd|b
2) if c|la and c|b thenc<d

Relatively primeintegers

Two integersa and b arerelatively prime or co-prime
if ged(a, b) =1




Properties of the greatest common divisor

ged (a, b) = ged (a-kb, b)
foranyk OZ

Quotient and remainder

Givenintegers aandn, n>0
0 gr0Z suchtha

a=qgM +r and 0O<r<n

. a i
q— quotient q:‘Tj =adivn
r —remainder r=a-qmn = a—L%Jﬂl -
(of a divided by n) =amodn

I nteger s coungr uent modulo n

Two integers aand b are congruent modulo n

(equivalent modulo n)

written a=b
iff
amodn=bmodn
or
a=b+kn, kOZ
or

nja-b




Rules of addition, subtraction and multiplication
modulo n

a+bmodn=((amod n) + (b mod n)) mod n
a-bmod n=((amod n) - (b mod n)) mod n

a b mod n = ((amod n) (b mod n)) mod n

L aws of modular arithmetic

Regular addition Modular addition
atb=atc a+b = at+c (mod n)
iff iff
b=c b =c (mod n)
Regular multiplication Modular multiplication
If alb=alt If alb =alt(modn)
andaz0 and gcd (a,n)=1
then then
b=c b =c (mod n)

Modular Multiplication: Example

18 = 42 (mod 8)
6B =6[¥ (mod8)
3 # 7 (mod 8)
X 0 1 2 3 4 5 6

6kmod8 0 6 4 2 0 6 4
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5kmod8 ¢ 5 2 7 4 1 6




Euclid’s Algorithm
for computing gcd(a,b)

] i
lisg =Tig modr,
2 r,=max(a b)
1 q, r.,=min(a b) iI
0 ) o
1 O 1
6= "1
i
1 Ga r1=ged(a, b) Ma1= Mg -0 O
t r=0

Euclid’s Algorithm
Example: gcd(36, 126)

i I I(I
a Fip1 = Fi.p mod r;
-2 r, = max(a, b) =126
-1 q,=3 r., =min(a b) =36
0 0o=2 ro= 18 = gcd(36, 126) ﬁ
1 O r,=0

rl+l = rl-l - ql DPI

Multiplicative inver se modulo n

The multiplicative inver se of a modulo n isan integer [!!!
X such that

alk=1 (modn)
The multiplicative inverse of a modulo n is denoted by
al mod n (in somebooks aor a).
According to this notation:

alxt=1 (mod n)




Extended Euclid’s Algorithm (1)

r=xm+y h
G i %; Yi q=|n:
-2 r,=n x,=0 y,=1 ri
4 ai=lwal r;=a x;=1 y,;=0
0 Qo fo Xo Yo Mg = M- G O
1 % M ! Yi Xiz1 = Xig - G OK;
Yier = Yia - G O
1 O M1 X1 Yea
t r=0 X Wi
=X B+y, h
Extended Euclid’s Algorithm (2)
=X Aty [h
M=% +Yy O = X, O (mod n)
If r. =gcd(a,n)=1 then
X1 A=1 (mod n)
and asaresult
X =at modn
Extended Euclid’s Algorithm
for computing z=a!mod n
¢ " : q = LI’”J
-2 r,=n X = I
4 ag=lwal ry=a  xs= '
0 Qo ro Xo lisg=Ti- G DI
1 % M X X1 = Xiq - G O

r=0 X =-N

Note: Ifr., #1 theinverse doesnot exist ‘




-2

AWNRFR O

Extended Euclid’s Algorithm

]

Q.=
Qo =
o =5
Q =
03 =2

Example z=201mod 117

i X q = S
i

r,=117 x,=0
r;=20 x,=1 Misg = Tig - 0 O
To =1 X0:'5 Xiiq =X . -0 K
r, = 3 X, = 6 i+1 i-1 ql i

r,=2 X,=-35

rs =1 [x,= 41=201mod 117 |
r, = X,= -117
Check:

2041 mod 117 =1




