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Computing Efforts Allocation for Ordinal Optimization
and Discrete Event Simulation

Hsiao-Chang Chen, Chun-Hung Chen, and Enver Yücesan

Abstract—Ordinal optimization has emerged as an efficient technique
for simulation and optimization. Exponential convergence rates can be
achieved in many cases. In this paper, we present a new approach that
can further enhance the efficiency of ordinal optimization. Our approach
intelligently determines the optimal number of simulation replications (or
samples) and significantly reduces the total simulation cost. Numerical
illustrations are included. The results indicate that our approach can
obtain an additional 74% computation time reduction above and beyond
the reduction obtained through the use of ordinal optimization for a
10-design example.

I. INTRODUCTION

Discrete-event systems (DES) simulation is a popular tool for ana-
lyzing systems and evaluating decision problems since real situations
rarely satisfy the assumptions of analytical models. While DES simula-
tion has many advantages for modeling complex systems, efficiency is
still a significant concern when conducting simulation experiments. To
obtain a good statistical estimate for a design decision, a large number
of simulation replications1 are usually required for each design alter-
native. This is due to the slow convergence of a performance measure
estimator relative to the number of replications. The ultimate accuracy
(typically measured by the width of the confidence interval) of this es-
timate cannot improve faster thanO(1=

p
N); as a result of averaging

i.i.d. noise overN independent simulation replications [12], [16]. Sup-
pose we want to comparek different systems (e.g., competing designs
or alternative operating policies). We conductN simulation replica-
tions for each of thek designs. Therefore, we need kN simulation repli-
cations. Simulation results become more accurate asN increases. If the
accuracy requirement is high (N is not small) and if the total number
of designs in a decision problem is large (k is large), thenkN can be
very large, which may easily make the total simulation cost prohibi-
tively high.

If our goal is to find the best design or a good design rather than an
accurate estimate of the best performance value, it is advantageous to
use ordinal comparison first proposed in [15]. Dai [9] shows that the
convergence rate for ordinal optimization can be exponential. The con-
vergence rate increases significantly under ordinal comparison since a
superior design can be detected even when the value estimate is still
poor. This idea has been successfully applied to several decision prob-
lems [2], [3], [7], [14], [18], [20].

While ordinal optimizationcould significantly reduce the compu-
tational cost for DES simulation, there is potential to further improve
its performance by intelligently determining the number of simulation
samples to be allocated among different designs. Intuitively, to ensure
a highalignment probability, i.e., the probability that the competing
designs are ranked correctly, a larger portion of the computing budget
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1We consider terminating (finite-horizon) simulations in this paper. Our ap-
proach is equally applicable to steady-state simulations where we needN inde-
pendent samples rather thanN independent simulation replications.

should be allocated to those designs that are critical in the process of
identifying good designs. Note that the alignment probability is also
called theprobability of correct selectionor PfCSg in the simulation
literature (e.g., [1] and [17]). In other words, a larger number of sim-
ulations must be conducted with those critical designs in order to re-
duce estimator variance. On the other hand, limited computational ef-
fort should be expended on noncritical designs that have little effect
on identifying the good designs even if these noncritical designs have
large variances. In doing so, less computational effort is spent on sim-
ulating noncritical designs and more computational effort is spent on
simulating critical designs; hence, the overall simulation efficiency is
improved. Ideally, we want to optimally choose the number of simula-
tion samples for all designs to maximize simulation efficiency with a
given computing budget. In this paper, we present a technique called
optimal computing budget allocation(OCBA) which implements this
idea.

Chen [4] formulates the procedure of allocating computational ef-
fort to competing designs as a nonlinear optimization problem. Chen
et al.[6] apply the steepest ascent method to solve the resulting budget
allocation problem. An extra computation cost is incurred to iteratively
search for a solution to the budget allocation problem. In this paper, we
consider a different approach. We replace the objective function with
an approximation and then find an analytical solution to the approxi-
mation problem.

The paper is organized as follows: In the next section, we formu-
late the optimal computing budget allocation problem and discuss the
major issues in solving this optimization problem. Since our approach
is based on the Bayesian model, we also provide a brief discussion of
that model for completeness. Section III presents an asymptotic allo-
cation rule for OCBA. The performance of the technique is illustrated
with a numerical example in Section IV. Section V concludes the paper.

II. NOTATIONS AND PROBLEM FORMULATION

In this section, we establish the notation used in this paper and then
formulate the computing budget allocation problem. Denote by the fol-
lowing.
k total number of designs;
Xij jth i.i.d. sample of the performance measure from designi;
Ni number of simulation replications for designi;
XXXi vector representing the simulation output for designi; XXXi =

fXij : j = 1; 2; � � � ; Nig;
�i sample mean performance measure for designi;

�i = (1=Ni)�
N
j=1Xij ;

�i mean performance measure;�i = E(Xij);
�2i variance for design,i;
b design having the smallest sample mean performance measure,

i.e.,�b � mini �i;
s design having the second smallest sample mean performance

measure, i.e.,�b � �s � mini 6=b �i;
�j;i � �j � �i:

Note that whenNi is large,�i can be a good approximation to
�i; since, according to the law of large numbers,PflimN !1 �i =

�ig = 1: Under the framework of ordinal optimization, we will have
only a small number of simulation replications or simulation samples.
We are therefore concerned with the alignment probability, the proba-
bility that the competing designs are ranked correctly and that at least
a good design is identified. While�i converges to�i slowly, the align-
ment probability of ordinal comparison converges to 1.0 exponentially
if the moment generating function ofXij is finite [9]. Taking advantage
of exponential convergence, we intend to further improve the alignment
probability or simulation quality using the same computing budget.
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TABLE I
PfCSg AND AVERAGE APCSBY APPLYING OO ALONE VERSUSOO+OCBA

If a simulation is performed on a sequential computer and the differ-
ence of computation costs of simulating different designs is negligible,
the total computation cost can be approximated byN1+N2+� � �+Nk:

Our goal is to chooseN1; N2; � � � ; andNk; such that the alignment
probability is maximized, subject to a limited computing budgetT

max
N ;���;N

fAlignment Probabilityg

s.t.N1 +N2 + � � �+Nk = T: (1)

To solve the budget allocation problem in (1), we must be able to es-
timate the alignment probability (or the probability of correct selection
or PfCSg) easily. There exists a large literature on assessingPfCSg
based on classical statistical model. Goldsman and Nelson [13] pro-
vide an excellent survey on available approaches to ranking, selection,
and multiple comparisons. However, most of these approaches are only
suitable for problems with a small number of designs (e.g., [13] suggest
2–20 designs). Using a Bayesian model, Chen [5] introduces an esti-
mation technique to quantify the confidence level for ordinal compar-
ison when the number of designs is large. In addition to the confidence
probability, this approach also provides sensitivity information for each
algorithm, which is useful when solving the allocation problem in (1).

Following the Bayesian model in [5], we assume that the simula-
tion output,Xij ; has a normal distribution with mean�i and known
�2i : After the simulation is performed,a posteriordistribution of�i;
p(�ijXXXi); can be constructed based on two pieces of information: i)
the prior knowledge on the system’s performance and ii) the simulation
output, the observed performance. Thus, the probability of correctly se-
lecting the best design can then be defined by

PfCSg =Pfdesignb is actually the best designg

=Pf�b < �i; i 6= b jXXXi; i = 1; 2; � � � ; kg: (2)

To simplify the notation used, we rewrite (2) asPf�̂b < �̂i; i 6= bg;
where�̂i denotes the random variable whose probability distribution
is the posterior distribution for designi: Further assume that the un-
known mean�i has the conjugate normal prior distributionN(�0; �

2

0):
While the prior distribution is not changed as the simulation proceeds,
the posterior distribution is updated based on the simulation output. We
assume that the performance of any design is totally unknown before
conducting the simulation. In that case, DeGroot [10] suggests a pro-
cedure whereby a prior distribution is found by taking the parameter of
the conjugate prior distribution to some limiting value. Chick [8] shows
that the posterior distribution of�i is then given by

�̂i � N
1

Ni

N

j=1

Xij ;
�2i

Ni

:

After the simulation is performed,�i can be calculated,�2i can be
approximated by the sample variance, and thenPfCSg can be esti-
mated using a Monte Carlo simulation. However, estimatingPfCSg
via Monte Carlo simulation is time consuming. Since the purpose of
budget allocation is to improve simulation efficiency, we need a rela-
tively fast and inexpensive way of estimatingPfCSgwithin the budget
allocation procedure. Efficiency is more crucial than estimation accu-
racy in this setting.

LetYi be a random variable. According to the Bonferroni inequality,
Pf\k

i=1(Yi < 0)g � 1 � �k
i=1[1 � Pf(Yi < 0)g]: We replaceYi

by (�̂b � �̂i); to provide a lower bound for the probability of correct
selection. That is

PfCSg =P

k

i=1
i6=b

(�̂b � �̂i < 0)

� 1�

k

i=1;i6=b

[1� Pf�̂b � �̂i < 0g]

= 1�

k

i=1;i6=b

Pf�̂b > �̂ig

=APCS:

We refer to this lower bound of the correct selection probability as
the approximate probability of correct selection (APCS). APCScan be
computed very easily and quickly; no extra Monte Carlo simulation is
needed. Numerical testing in [5] shows thatAPCSprovides a good ap-
proximation toPfCSg: The approximation property ofAPCScan also
be seen from Table I in Section IV. We therefore useAPCSto approxi-
matePfCSg as the simulation experiment proceeds. More specifically,
we consider the following problem:

max
N ;���;N

1�

k

i=1;i6=b

Pf�̂b > �̂ig

s.t.
k

i=1

Ni = T andNi � 0: (3)

In the next section, an asymptotic allocation rule with respect to the
number of simulation replications,Ni; will be presented.

III. A N ASYMPTOTIC ALLOCATION RULE

First, we assume the decision variables,Ni’s, are continuous.
Second, our strategy is to tentatively ignore all nonnegativity con-
straints; allNi’s can therefore assume any real value. Before the end
of this section, we show how allNi’s automatically become positive.
To further facilitate the computations, we intend to find an asymptotic
allocation rule. Namely, we consider the case thatT ! +1: While
it is impossible to have an infinite computing budget in real life, our
allocation rule provides a means for allocating simulation budget in
a way that the efficiency can be significantly improved, as we will
demonstrate in numerical testing later. Based on this idea, we first
consider the following:

max
N ;���;N

1�

k

i=1;i6=b

Pf�̂b > �̂ig

s.t.
k

i=1

Ni = T: (4)
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The major issue for solving (4) is the estimation of the gradient infor-
mation of�k

i=1;i6=bPf�̂b > �̂ig. This is not easy because of the lack
of a closed-form formula for�k

i=1;i6=bPf�̂b > �̂ig. For that reason,
we introduce Chernoff bounds in Lemma 1 to provide the necessary
information for estimating the gradient.

Lemma 1: Suppose the random variableY is distributed according
to N(�b;i; (�

2

b=Nb) + (�2i =Ni)); where

�b;i = (�b � �i) < 0:

Then

PfY > 0g � exp
��2b;i

2
�2b
Nb

+
�2i
Ni

:

Proof: See [19].
With this lemma

APCS =1�

k

i=1;i6=b

Pf�̂b � �̂i > 0g

� 1�

k

i=1;i6=b

exp
��2b;i

2
�2b
Nb

+
�2i
Ni

=EAPCS (estimated approximate probability of

correct selection):

Note that asNb ! 1 andNi ! 1; exp((��2b;i=2)(�
2

b=Nb +
�2i =Ni)

�1) ! 0 andPflimN !1 EAPCS = APCS; for i =
1; 2; � � � ; b; � � � ; kg = 1: Thus, the following optimal budget alloca-
tion can be considered as an approximation to (4):

max
N ;���;N

1�

k

i=1;i6=b

exp
��2b;i

2
�2b
Nb

+
�2i
Ni

s.t.
k

i=1

Ni = T: (5)

Then letF be the Lagrangian relaxation of (5)

F = 1�

k

i=1;i6=b

exp �
�2b;i

2
�2b
Nb

+
�2i
Ni

� �

k

i=1

Ni � T :

Furthermore, the Karush–Kuhn–Tucker (KKT) conditions of this
problem can be stated as follows:

@F

@Ni

= exp
��2b;i

2
�2b
Nb

+
�2i
Ni

�
�2b;i�

2

i =N
2

i

�2b
Nb

+
�2i
Ni

2

� � = 0; for i = 1; 2; � � � ; k; andi 6= b

(6)

@F

@Nb

=

k

i=1
i6=b

exp
��2b;i

2
�2b
Nb

+
�2i
Ni

�2b;i�
2

b=N
2

b

�2b
Nb

+
�2i
Ni

2
� � = 0

�

k

i=1

Ni � T = 0; and� � 0: (7)

We now examine the relationship betweenNi and Ns for
i = 1; 2; � � � ; k; andi 6= b 6= s: From (6)

exp
��2b;i

2
�2b
Nb

+
�2i
Ni

�
�2b;i�

2

i =N
2

i

�2b
Nb

+
�2i
Ni

2

= exp
��2b;s

2
�2b
Nb

+
�2s
Ns

�
�2b;s�

2

s=N
2

s

�2b
Nb

+
�2s
Ns

2
:

To maximize�k
i=1;i6=bPf�̂b < �̂ig; Nb should be increased relative

to Ni (this is indeed the case we observe from the actual simulation
experiments), fori = 1; 2; � � � ; k; andi 6= b: Therefore, we assume
thatNb � Ni; which enables us to simplify the above equation as

exp
��2b;i

2
�2i
Ni

�
�2b;i�

2

i =N
2

i

�2i
Ni

2
� exp

��2b;s

2
�2s
Ns

�
�2b;s�

2

s=N
2

s

�2s
Ns

2
:

Then

exp
��2b;i

2
�2i
Ni

�
�2b;i
�2i

� exp
��2b;s

2
�2s
Ns

�
�2b;s
�2s

:

On rearranging terms, the above equation becomes

exp
1

2

�2b;s

�2s
Ns

�
�2b;i

�2i
Ni

�
�2b;s
�2s

�2i
�2b;i

:

Taking the natural log on both sides, we have

�2b;s
�2s

Ns �
�2b;i
�2i

Ni + 2 log
�2b;s
�2s

�2i
�2b;i

:

Ni andNs will increase as simulation proceeds, which implies that the
value of the first two terms of the above equation is much greater than
the log term. This implies

�2b;s
�2s

Ns �
�2b;i
�2i

Ni asNi; Ns !1:

Therefore, we obtain the ratio betweenNi andNs as

Ni

Ns

�
�i=�b;i
�s=�b;s

2

; for i = 1; 2; � � � ; k; andi 6= b 6= s: (8)

We further investigate the ratio betweenNb andNs: From (6) and (7)

exp
��2b;s

2
�2b
Nb

+
�2s
Ns

�
�2b;s�

2

s=N
2

s

�2b
Nb

+
�2s
Ns

2

=

k

i=1
i6=b

exp
��2b;i

2
�2b
Nb

+
�2i
Ni

�
�2b;i�

2

b=N
2

b

�2b
Nb

+
�2i
Ni

2
:
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Again, we can simplify the above equation based on the assumption of
Nb � Ni for i = 1; 2; � � � ; k; andi 6= b; then

exp
��2b;s

2
�2s
Ns

�
�2b;s�

2
s=N

2
s

�2s
Ns

2

�

k

i=1
i6=b

exp
��2b;i

2
�2i
Ni

�
�2b;i�

2
b=N

2
b

�2i
Ni

2
: (9)

The right-hand side of (9) becomes

�2b
N2

b

exp
��2b;s

2
�2s
Ns

�
�4b;s

�2s
Ns

2

k

i=1
i6=b

1

�2b;i

afterNi is replaced byNs�
2
i �

2
b;s=�

2
s�

2
b;i; using the results in (8).

Furthermore, canceling

exp
��2b;s
2

�2s
Ns

�1

and�2b;s(�
2
s=Ns)

�2 on both sides, (9) can be simplified as follows:

Nb

Ns
�

�b

�s

k

i=1
i6=b

�2b;s
�2b;i

1=2

: (10)

We further observe that allNi’s have the same sign from (8) and
(10). Since�k

i=1Ni = T andT > 0; it implies that allNi’s > 0,
wherei = 1; 2; � � � ; k:

In conclusion, if a solution satisfies (8) and (10), then K–K–T con-
ditions must hold. According to the K–K–T sufficient condition, this
solution is a locally optimal solution to (5). On the other hand, when
T is large, the number of simulation replications of each design will
be large, so thatEAPCSapproachesAPCSas in (5). We therefore have
the following result.

Theorem 1: Given a total number of simulation replicationsT to
be allocated tok competing designs whose performance is depicted
by random variables with means�1; �2; � � � ; �k; and finite variances
�21 ; �

2
2 ; � � � ; �

2
k; respectively, asT !1; theAPCScan be maximized

when

1)
Nb

Ns
!

�b

�s

k

i=1
i6=b

�2b;s
�2b;i

1=2

2)
Ni

Ns
!

�i=�b;i
�s=�b;s

2

; for i = 1; � � � ; k andi 6= s 6= b

whereNi is the number of replications allocated to designi; �b;i =
�b � �i and�b � �s � mini6=b6=s �i:

Given the complexity ofPfCSg; we take several steps of approxi-
mations in order to obtain Theorem 1. While it is difficult to estimate
the impact of approximations, we will show that using Theorem 1 can
indeed significantly reduce the simulation time on a numerical example
in the next section. From part (1) of the theorem, it can be seen thatNb

has a summation property of all otherNi’s. Thus, the assumption we
made earlier thatNb � Ni is valid, if the total number of designs is
not small.

On the other hand, in an opposite case thatk = 2; Nb is usually not
much bigger thanNi: However, Theorem 1 gives an allocation that is
identical to a well-known optimal solution in the following remark.

Remark 1: In the case ofk = 2 andb = 1; Theorem 1 yields

N1

N2

=
�1
�2

�21;2
�21;2

1=2

=
�1
�2

:

This evaluated result is identical to the well-known optimal allocation
solution fork = 2:

It is worthy to point out that when the top-two designs are very close,
most simulation budget will be allocated to these two designs since it
is difficult to distinguish these two designs. In such a case, the budget
allocation for these two designs will be approximately governed by
Remark 1 because the allocation to other designs is almost negligible.

With Theorem 1, we now present a cost-effective sequential
approach based on OCBA to select the best design fromk alternatives
with a given computing budget. The main idea of the heuristic algo-
rithm for the solution to OCBA is briefly stated as follows: Initially
n0 simulation replications for each of thek design are conducted to
get some information about the performance of each design during the
first stage. As the simulation proceeds, the sample means and sample
variances of each design are computed from the data already collected
up to that stage. According to this observed simulation output, an
incremental computing budget,�; is allocated based on Theorem 1 at
each stage. Ideally each new replication should bring us closer to the
optimal solution. This procedure is continued until the total budgetT
is exhausted. The algorithm is summarized as follows.

A Sequential Algorithm for Optimal Computing Budget Allocation
(OCBA):

Step 0: Performn0 simulation replications for all designs;l  0;
N l
1 = N l

2 = � � � = N l
k = n0:

Step 1: If�k
i=1N

l
i � T; stop.

Step 2: Increase the computing budget (i.e., number of additional
simulations) by� and compute the new budget allocation,
N l+1
1 ; N l+1

2 ; � � � ; N l+1
k ; using Theorem 1.

Step 3: Perform additionalmax(0;N l+1
i �N l

i ) simulations for de-
signi; i = 1; � � � ; k: l  l + 1: Go to Step 1.

IV. NUMERICAL TESTING

This test case is a G/G/1 queue in which the objective is to select the
design with the minimum expected waiting time over a set of ten com-
peting designs(k = 10): All designs have the same interarrival time
that is uniformly distributed over [0.1, 1.9]. Service time in designi
is uniformly distributed over[0:1; 1:3 + 0:05i]; i = 1; 2; � � � ; 10: We
want to find a design with the minimum average waiting time for cus-
tomers served within the first ten time units (terminating simulation).
Since a higher service rate results in shorter waiting times, design 1 is
theactualbest design. In the numerical experiment, we also compare
the convergence ofPfCSg for different setting.

We haven0 = 10� = 5: Furthermore, 10 000 independent ex-
periments are performed to estimatePfCSg: In all the numerical il-
lustrations, we estimatePfCSg by counting the number of times we
successfully find the true best design (design 1 in this example) in those
10 000 independent experiments.PfCSg is then obtained by dividing
this number by 10 000, representing the correct selection frequency.
SinceAPCScan be estimated easily, we also calculate the average
APCSover these 10 000 experiments as a reference.

To test the benefit of our OCBA technique for this problem, dif-
ferent computing budgets are tested. Table I shows the test results using
ordinal optimization (OO) alone (the computing budget is distributed
equally among all designs) and using OO+OCBA. We can see that
based on the idea of ordinal optimization, with a modest total budget
of 2000 replications, the probability of correctly selecting the best de-
sign is already higher than 95%. This computation cost can be further
reduced to 700 replications if OCBA is applied.
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TABLE II
AVERAGES OFN ; N ;N ; AND N OVER THE 10 000 INDEPENDENT

EXPERIMENTSUSING OO+OCBAFORDIFFERENTCOMPUTING BUDGETS

We also see that using the OCBA techniques can reduce computa-
tion cost by as much as 74% in this 10-design example. Moreover, the
savings factor increases asPfCSg increases. We obtain very signifi-
cant time savings for achieving the same level ofPfCSg: The reason
is because whenPfCSg increases, we have more flexibility to manip-
ulate the budget allocation.

In order to show how the computing budget is allocated to different
designs asT increases, we calculate the averages ofNi for all i at dif-
ferentT over these 10 000 experiments. The results for designs 1, 2, 4,
7, and 10 are shown in Table II. WhenT = 100; all designs are equally
simulated to get some preliminary information. AsT increases, more
computing budget is allocated to good designs (particularly design 1),
since they are more critical in the process of identifying the best design.

V. CONCLUSIONS

In this paper we introduce an optimal computing budget allocation
technique for the selection of the best design out ofk (simulated) com-
peting designs. An asymptotic allocation rule is presented. This tech-
nique can further enhance the simulation efficiency of ordinal optimiza-
tion. The objective is to maximize the simulation efficiency, expressed
as the probability of correct selection within a given computing budget.
Comparisons with the crude ordinal optimization show that our ap-
proach can achieve an extra 74% computation time reduction on for
a 10-design G/G/1 example.
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Optimal Adaptive Control for Estimation of Parameters
of ARX Models

Andrius Jankunas

Abstract—The objective of this paper is to find an adaptive control
strategy which would enable us to estimate the parameters of the ARX
model as accurately as possible while keeping the output of the system
below a specified level of variability. It turns out that this optimal experi-
ment design problem can be solved by using the Åström–Wittenmark self
tuning tracker with a specific choice of the reference signal.

Index Terms—Adaptive control, ARX, optimal experiment design.

I. INTRODUCTION

This paper is devoted to an optimal adaptive experiment design for
estimation of parameters of the so-called autoregressive with exoge-
nous input (ARX) models

yt = �

N

i=1

aiyt�i + ut�1 + �t; t = 1; 2; � � � (1.1)

whereyt; ut�1 2 , t = 1; 2; � � �, are system output and input, re-
spectively;�t, t = 1; 2; � � �, are i.i.d. disturbances with normal distri-
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