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Computing Efforts Allocation for Ordinal Optimization
and Discrete Event Simulation

should be allocated to those designs that are critical in the process of
identifying good designs. Note that the alignment probability is also
called theprobability of correct selectioor P{CS} in the simulation
literature (e.g., [1] and [17]). In other words, a larger number of sim-
ulations must be conducted with those critical designs in order to re-
duce estimator variance. On the other hand, limited computational ef-

Abstract—Ordinal optimization has emerged as an efficient technique ot should be expended on noncritical designs that have little effect
g)éhiséc]eu(;aitrl]onm:r?d C%F)Stén:Zﬁ]U?yﬂg E;pgrr]eyvtéal vl gatefogig 312t on identifying the good designs even if these noncritical designs have
can further enhar)(ce the eﬁiciencypofrJorainal Fg)ptimization. Oufgpproach large variances. In doing so, less computational effort is spent on sim-
intelligently determines the optimal number of simulation replications (or ~ ulating noncritical designs and more computational effort is spent on
samples) and significantly reduces the total simulation cost. Numerical simulating critical designs; hence, the overall simulation efficiency is
illustrations are included. The results indicate that our approach can improved. Ideally, we want to optimally choose the number of simula-
obtain an additional 74% computation time reduction above and beyond - tjon samples for all designs to maximize simulation efficiency with a
thoedreCjuctlon obtlamed through the use of ordinal optimization for a given computing budget. In this paper, we present a technique called
10-design example. optimal computing budget allocatiq®@ CBA) which implements this
idea.

Chen [4] formulates the procedure of allocating computational ef-

Discrete-event systems (DES) simulation is a popular tool for anfart to competing designs as a nonlinear optimization problem. Chen
lyzing systems and evaluating decision problems since real situati@sl.[6] apply the steepest ascent method to solve the resulting budget
rarely satisfy the assumptions of analytical models. While DES simulaiocation problem. An extra computation cost is incurred to iteratively
tion has many advantages for modeling complex systems, efficiencyisarch for a solution to the budget allocation problem. In this paper, we
still a significant concern when conducting simulation experiments. t@nsider a different approach. We replace the objective function with
obtain a good statistical estimate for a design decision, a large numigrapproximation and then find an analytical solution to the approxi-
of simulation replicatiors are usually required for each design altermation problem.
native. This is due to the slow convergence of a performance measur¢he paper is organized as follows: In the next section, we formu-
estimator relative to the number of replications. The ultimate accuragye the optimal computing budget allocation problem and discuss the
(typically measured by the width of the confidence interval) of this egs5j0r issues in solving this optimization problem. Since our approach
timate cannot improve faster than(1//N), as a result of averaging s pased on the Bayesian model, we also provide a brief discussion of
L.L.d. noise overy |ndepend<_ent simulation replications [12]_’ [16]. S_Up'that model for completeness. Section Il presents an asymptotic allo-
pose we want to compatedifferent systems (e.g., competing deSIgn%ation rule for OCBA. The performance of the technique is illustrated

or alternative operating policies). We condu¢tsimulation replica- _ . . . . .
. . . . .with a numerical example in Section IV. Section V concludes the paper.
tions for each of thé designs. Therefore, we need kN simulation repli-

cations. Simulation results become more accurafé agreases. If the
accuracy requirement is higtv(is not small) and if the total number
of designs in a decision problem is lardei§ large), therk N can be
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. INTRODUCTION

1. NOTATIONS AND PROBLEM FORMULATION

. ; ) - . Inthis section, we establish the notation used in this paper and then
very Iar_ge, which may easily make the total simulation cost prOthl‘c'eruIate the computing budget allocation problem. Denote by the fol-
tively high. lowing

If our goal is to find the best design or a good design rather than an total number of designs;

accurate estimate of the best performance value, it is advantageous {9 _
use ordinal comparison first proposed in [15]. Dai [9] shows that the /NZ']
convergence rate for ordinal optimization can be exponential. The con-_"*
vergence rate increases significantly under ordinal comparison since g(i
superior design can be detected even when the value estimate is still
poor. This idea has been successfully applied to several decision prob:
lems [2], [3], [7], [14], [18], [20].

While ordinal optimizationcould significantly reduce the compu- £
tational cost for DES simulation, there is potential to further improve
its performance by intelligently determining the number of simulation ©
samples to be allocated among different designs. Intuitively, to ensure
a highalignment probability i.e., the probability that the competing s
designs are ranked correctly, a larger portion of the computing budget
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jthi.i.d. sample of the performance measure from design
number of simulation replications for design

vector representing the simulation output for desigX; =
{Xij:j = 1,2,- . -,1\71‘};
sample mean performance
i = (1/N) T X

mean performance measure; = E(X;,);

variance for design,;

design having the smallest sample mean performance measure,
i.e.,fi, < min; fi,;

design having the second smallest sample mean performance
measure, i.ef, < @, < min;z, @;;

E NI

measure for design

Note that whenV; is large,zz; can be a good approximation to
since, according to the law of large numbeP{limy, o fi; =
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1we consider terminating (finite-horizon) simulations in this paper. Our a
proach is equally applicable to steady-state simulations where weiéede-
pendent samples rather thahindependent simulation replications.

INSEAdJ,i"ty that the competing designs are ranked correctly and that at least
a good design is identified. Whig, converges tg; slowly, the align-
ment probability of ordinal comparison converges to 1.0 exponentially
if the moment generating function &F;;; is finite [9]. Taking advantage

i exponential convergence, we intend to further improve the alignment
probability or simulation quality using the same computing budget.
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TABLE |
P{CS} AND AVERAGE APCSBY APPLYING OO ALONE VERSUSOO+OCBA

?DTSC“; ;i 00 Alone 00 + OCBA zlﬁz OCBA
T P(CS} AV.APCS T _P[CS} Av.APCS

95% 2000 95.62% 88.75% 700 96.57% B88.98%  65%

98% 2900 98.07% 92.82% 900 98.06% 9248%  69%

98.5% 3500 98.71% 94.52% 1100 99.08% 94.88%  69%

99.5% 5000 99.63% 97.17% 1300 99.58% 96.46% __ 74%

If a simulation is performed on a sequential computer and the differ-LetY; be a random variable. According to the Bonferroni inequality,
ence of computation costs of simulating different designs is negligiblB{n’_, (Y; < 0)} > 1 — =%,[1 — P{(Y; < 0)}]. We replaceY;
the total computation cost can be approximatedby No+- - -+ Ni. by (jis — i), to provide a lower bound for the probability of correct

Our goal is to choosé/;, N, - - -, and Ny, such that the alignment selection. That is

probability is maximized, subject to a limited computing budfet .
Nlr?'z;?‘;N_k{Allgnment Probability P{CS} =P U (jio — jii < 0)
StNi +No+--+ Ny =T (1) =

To solve the budget allocation problem in (1), we must be able to es- k

timate the alignment probability (or the probability of correct selection >1— > [1—P{s—ji <0}]

or P{CS}) easily. There exists a large literature on assesBifigS} i=1,i#b

based on classical statistical model. Goldsman and Nelson [13] pro- k

vide an excellent survey on available approaches to ranking, selection, =1- Z P{jy > j1i}

and multiple comparisons. However, most of these approaches are only i=1,i7b

suitable for problems with a small number of designs (e.g., [13] suggest =APCS.

2-20 designs). Using a Bayesian model, Chen [5] introduces an e§\t)é refer to this lower bound of the correct selection probability as

mation technique to quantify the confidence level for ordinal compay;:- : ™ .
ison when the number of designs is large. In addition to the (:onfide?ltrr;]éa approximate probability of correct selectikPC§. APCScan be

probability, this approach also provides sensitivity information for eac omputed very easily and quickly; no extra Monte Carlo simulation is

algorithm, which is useful when solving the allocation problem in (1 eeded. Numerical testing in [5] shows tA®CSprovides a good ap-
Following the Bayesian model in [5], we assume that the simul%m)('m{jltlon toP{CS}. The approximation property &PCScan also

tion output,X;;, has a normal distribution with mean and known
o2, After the simulation is performed posteriordistribution of .,
p(pi|X;), can be constructed based on two pieces of information:

e seen from Table | in Section IV. We therefore ASECSto approxi-
mateP{CS} as the simulation experiment proceeds. More specifically,
vlsse consider the following problem:

the prior knowledge on the system’s performance and ii) the simulation k R R
output, the observed performance. Thus, the probability of correctly se- A\'fn%i{\‘k 1- Z Pl > fii}
lecting the best design can then be defined by i=1.ib
P{CS} = P{desigm is actually the best design st i N = TandN. > 0 3)
=P{p < ps,i #b| X;,i=1,2,---, k}. 2 = -
To simplify the notation used, we rewrite (2) B/, < fi;.¢ # b}, In the next section, an asymptotic allocation rule with respect to the

wherej; denotes the random variable whose probability distributiofumber of simulation replicationsy;, will be presented.
is the posterior distribution for design Further assume that the un-
known mean:; has the conjugate normal prior distributidf( 10, 23 ).
While the prior distribution is not changed as the simulation proceeds,
the posterior distribution is updated based on the simulation output. WeFirst, we assume the decision variable€$;’s, are continuous.
assume that the performance of any design is totally unknown bef&econd, our strategy is to tentatively ignore all nonnegativity con-
conducting the simulation. In that case, DeGroot [10] suggests a pstraints; all.V;'s can therefore assume any real value. Before the end
cedure whereby a prior distribution is found by taking the parameter aoff this section, we show how al¥;’s automatically become positive.
the conjugate prior distribution to some limiting value. Chick [8] showSo further facilitate the computations, we intend to find an asymptotic

I1l. AN ASYMPTOTIC ALLOCATION RULE

that the posterior distribution @f; is then given by allocation rule. Namely, we consider the case that> +occ. While
1 o2 it is impossible to have an infinite computing budget in real life, our
fti @ N (N_’ Z Xij, T’) allocation rule provides a means for allocating simulation budget in
=1 o a way that the efficiency can be significantly improved, as we will

After the simulation is performedy, can be calculateds? can be demonstrate in numerical testing later. Based on this idea, we first
approximated by the sample variance, and tf{iICS} can be esti- consider the following:

mated using a Monte Carlo simulation. However, estimaf{@CS} v

via Monte Carlo simulation is time consuming. Since the purpose of max  1- Z Pl > fu}

budget allocation is to improve simulation efficiency, we need a rela- Ny Ny Plepr?t

tively fast and inexpensive way of estimatifig CS} within the budget A

allocgtion. procgdure. Efficiency is more crucial than estimation accu- st Z N, =T. (4)

racy in this setting. —
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The major issue for solving (4) is the estimation of the gradientinfor- We now examine the relationship betwee¥; and N, for
mation ofEf’II#,,P{ﬁ,b > {1; }. This is not easy because of the lack = 1,2,---. %k, andi # b # s. From (6)
of a closed-form formula foEf':L,;#P{ﬂb > ji; }. For that reason,
we introduce Chernoff bounds in Lemma 1 to provide the necessary
i i i ; ; —52. §2 .JZ/NZ
information for estimating the gradient. exp —Obi L ObaTINE
Lemma 1: Suppose the random varialifeis distributed according 9 ﬁ o} ab o2\°
to N(6p.:, (07 /Ny) + (02 /N;)), where N, N, N, N,

6 = (I, — J; . . . . .
bi =y —1;) <0 —62, 8t 02 /N?

2 2 ’ 2 2N 2
T Os o o
21—+ = Zb 4 Zs
<A’b AS) <Nb + Ns)

5 5 To maximizeX®_, 2o P{fin < i}, Ny should be increased relative

9 <"b il ) to V; (this is indeed the case we observe from the actual simulation
Ny o N experiments), foi = 1,2,---,k, andi # b. Therefore, we assume

that N, > N, which enables us to simplify the above equation as

= X
Then P

52
P{Y >0} <exp bt

Proof: See [19].
With this lemma

G N 807 INT =55 8,03 /NZ
APCS =1— > P{jy—ji; >0} R N eXp 2 TN
i=1,i#b 2 <ﬁ> <Ni ) 2 <Ns ) <NS )
k —62 ]
>1-— Z exp + Then
= o, o}
1=1,i#b 2 <7\T + ZV.)
, o . —o2, | & —o7. | 62,
=FEAPCS (estimated approximate probability of exp| ——%— | -5 Rexp| ——5— | =
7, o; [ [
correct selection) 2 <Nv> 2 <T)
Note that asV, — oo andN; — oc, exp((—6;;/2)(o} /Ny + . .
02/N:)™") — 0 and P{limn, .. EAPCS = APCS, for i = On rearranging terms, the above equation becomes
1,2,---,b,---,k} = 1. Thus, the following optimal budget alloca-
tion can be considered as an approximation to (4): 162, 82, 82, o2
xP 2 0'72 B 0'2 - 0:2 5%‘.
k 2 L s K
—6i; N N
yax 1- Z exp % N Ni
B S 2 <;b + i; ) Taking the natural log on both sides, we have
b L¥g
k -
62 62 . {52 0_2
s.t. N, =T. 5 s N 0N 49 o] 28 T
; (5) o2 Nem 3 i+ 2log| 2

Then letF” be the Lagrangian relaxation of (5) N; andN, will increase as simulation proceeds, which implies that the

value of the first two terms of the above equation is much greater than

k 2 k e ;
8i s the log term. This implies
F=|1- 3 exp|-———"—— —)\<ZM—T>. g P
i=1,i%b 2 <0b + 2 ) i=1 6 b
Ny = N; 2SN, = =N, asN;, N, — .
Furthermore, the Karush—Kuhn-Tucker (KKT) conditions of this ’ '
problem can be stated as follows: Therefore, we obtain the ratio betwedh and N, as
. 0 o N; /60, \* . .
oF —67, 5[2)7i012/l\7i2 jN_' =~ <:: ;{gb‘ ) , fori=1,2,---,k, andi b # s. (8)
8TV'T- = eXp o2 0_3 . 0_[% 0_12 3 s s/0b,s
Ny, N <Nb Ni) We further investigate the ratio betwedh andN,. From (6) and (7)
—-A=0, fori =1,2,---,k, andi # b
© exp _65’5 . i oi/N:
2 2 2 2\ 2
k 2 (2 2 /a2 T Os o o
(9F _6b,i bb’iab/x\b 2 <—v + = ) < b =+ : )
aN, Z exXp 2 2 oz —A=0 No N, Ny N,

a ad; 2 ; ’
2(%—"_]\/7') <%+i;') : 500 ;
iVp 7 iVp LV _6§7t 65,1'0—2)2/1\75

k = xp 2 2 ; 22"
M N-T)=0,  andr>o0. 7) = o (Tb 4 O oy ol
i=1 / - b 7\5 J\/ [Vb + _fNTi

M»
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Again, we can simplify the above equation based on the assumption oRemark 1: In the case of: = 2 andb = 1, Theorem 1 yields
Ny > N, fori =1,2,---.k, andi # b, then )
- -2 1/2

Ni_ o {f’m} l

~82, | 8.0%/N? Nooe L0 7
exp ) <U~5_ ) <0§ )2 This evaluated result is identical to the well-known optimal allocation
N, N, solution fork = 2.
Itis worthy to point out that when the top-two designs are very close,
k _52 62,02 /NZ mogt_simulatiqn_bud_get will be aIIocatgd to these two designs since it
~ Z exp 1’; . bt ’; 21’ . (9) Is difficult to distinguish these two designs. In such a case, the budget
i=1 2 <‘7i ) <0¢ ) allocation for these two designs will be approximately governed by
i Ni N; Remark 1 because the allocation to other designs is almost negligible.
The right-hand side of (9) becomes With Theorem 1, we now present a cost-.effective sequential
approach based on OCBA to select the best design fraiternatives
with a given computing budget. The main idea of the heuristic algo-
i l —8h. ) 53,5 - 1 rithm for the solution to OCBA is briefly stated as follows: Initially
Nz P (2 2\ ? ; 62, no simulation replications for each of thedesign are conducted to
2 <Ns> <N§ ) i#b 7 get some information about the performance of each design during the
. o first stage. As the simulation proceeds, the sample means and sample
after N; is replaced byV,o 767 , /o267 ;, using the results in (8). variances of each design are computed from the data already collected
Furthermore, canceling up to that stage. According to this observed simulation output, an
—52. (02N incremental computing budgeh, is allocated based on Theorem 1 at
exp <TS <N“‘ ) ) each stage. Ideally each new replication should bring us closer to the
- o optimal solution. This procedure is continued until the total budget

ands? . (¢2/N.)™2 on both sides, (9) can be simplified as follows: S exhausted.. The alg.orithm is summarized as.follows. .
' A Sequential Algorithm for Optimal Computing Budget Allocation

N v 2 (OCBA):
N ~ 2 Z( ””) . (10) Step 0: Performeg simulation replications for all designs;— 0;
s |4 j’\,’vll =N =...= IVIIC = nog.
Step 1: IfSE, N/ > T, stop.
We further observe that alV;’s have the same sign from (8) and Step 2: Increase the computing budget (i.e., number of additional

(10). SinceS!_ | N; = T andT > 0, it implies that all N;'s > 0, simulations) byA and compute the new budget allocation,
wherei = 1,2, , k. NI NI L N using Theorem 1.

In conclusion, if a solution satisfies (8) and (10), then K—K—T con- Step 3: Perform additionabax (0, N}“ — N} simulations for de-
ditions must hold. According to the K—K-T sufficient condition, this signi,i =1,---,k. [ «— [+ 1. Goto Step 1.

solution is a locally optimal solution to (5). On the other hand, when
T is large, the number of simulation replications of each design will
be large, so thaEAPCSapproacheAPCSas in (5). We therefore have
the following result. This test case is a G/G/1 queue in which the objective is to select the
Theorem 1: Given a total number of simulation replicatiofisto ~ design with the minimum expected waiting time over a set of ten com-
be allocated td: competing designs whose performance is depictdt€ting designgk = 10). All designs have the same interarrival time

IV. NUMERICAL TESTING

by random variables with means, ji2, - - - , iz, and finite variances that is uniformly distributed over [0.1, 1.9]. Service time in design
o2,0%,---, 0%, respectively, a§’ — oo, theAPCScan be maximized is uniformly distributed ovef0.1,1.3 + 0.05:], i = 1,2,---,10. We
when want to find a design with the minimum average waiting time for cus-
1/2 tomers served within the first ten time units (terminating simulation).
N, o k 62, Since a higher service rate results in shorter waiting times, design 1 is
1) N, . Z 3 the actualbest design. In the numerical experiment, we also compare
o Tl v the convergence aP{CS} for different setting.
N T We haven, = 10A = 5. Furthermore, 10000 independent ex-
2) = — < : ”’l> , fori=1,---,kandi #s#b periments are performed to estimd§CS}. In all the numerical il-
N 0s/8b.5 lustrations, we estimat®{CS} by counting the number of times we
whereN; is the number of replications allocated to design,,; = successfully find the true best design (design 1 in this example) in those
, — 7, andm, < @, < min;zpzs Q. 10000 independent experimeni3{CS} is then obtained by dividing

Given the complexity of?{CS}, we take several steps of approxi-this number by 10000, representing the correct selection frequency.
mations in order to obtain Theorem 1. While it is difficult to estimat&ince APCScan be estimated easily, we also calculate the average
the impact of approximations, we will show that using Theorem 1 cakPCSover these 10 000 experiments as a reference.
indeed significantly reduce the simulation time on a numerical exampleTo test the benefit of our OCBA technique for this problem, dif-
in the next section. From part (1) of the theorem, it can be seemthat ferent computing budgets are tested. Table | shows the test results using
has a summation property of all oth&%'s. Thus, the assumption we ordinal optimization (OO) alone (the computing budget is distributed
made earlier thalV, >> N; is valid, if the total number of designs is equally among all designs) and using OO+OCBA. We can see that
not small. based on the idea of ordinal optimization, with a modest total budget

On the other hand, in an opposite case that 2, IV, is usually not of 2000 replications, the probability of correctly selecting the best de-
much bigger thardV;. However, Theorem 1 gives an allocation that isign is already higher than 95%. This computation cost can be further
identical to a well-known optimal solution in the following remark. reduced to 700 replications if OCBA is applied.
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TABLE I [7]
AVERAGES OFN1, N4, N7, AND Ny OVER THE 10000 NDEPENDENT
EXPERIMENTSUSING OO+OCBAFOR DIFFERENT COMPUTING BUDGETS
[8l
T 100 400 700 1000 1300 [9]
N 10.0 186.2 346.7 498.1 651.2
N, 10.0 86.9 156.5 228.5 289.4 [10]
Ny 10.0 21.6 39.5 57.5 72.5 [11]
N7 10.0 10.0 12.8 18.6 239
Nip 10.0 10.0 10.2 10.6 11.2 [12]
[13]

We also see that using the OCBA techniques can reduce computa-
tion cost by as much as 74% in this 10-design example. Moreover, thﬁ4]
savings factor increases &{CS} increases. We obtain very signifi-
cant time savings for achieving the same levePdiCS}. The reason
is because whe?{CS} increases, we have more flexibility to manip- [15]
ulate the budget allocation.

In order to show how the computing budget is allocated to differentyg)
designs ad’ increases, we calculate the averagedofor all i at dif-
ferentT over these 10 000 experiments. The results for designs 1, 2, 4171
7, and 10 are shown in Table II. Wh&h= 100, all designs are equally [18]
simulated to get some preliminary information. Adncreases, more
computing budget is allocated to good designs (particularly design 1),
since they are more critical in the process of identifying the best desigr{.

[20]
V. CONCLUSIONS

In this paper we introduce an optimal computing budget allocation
technique for the selection of the best design out (fimulated) com-
peting designs. An asymptotic allocation rule is presented. This tech-
nigue can further enhance the simulation efficiency of ordinal optimiza-
tion. The objective is to maximize the simulation efficiency,
as the probability of correct selection within a given computing budget.
Comparisons with the crude ordinal optimization show that our ap-
proach can achieve an extra 74% computation time reduction on for
a 10-design G/G/1 example.
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