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Preliminary definitions

X denotes a Banach space, and a function y : [a, b] — X is called vector-valued.

We specifically consider X := L?(2), where Q C RV is defined on the next slide.

Definition

C([a, b]; X) is the space of functions y(x, t) continuous at every point t € [a, b].

Definition

LP(a, b; X),1 < p < oo, is the space of measurable vector-valued functions y : [a, b] — X such

1/p
that |lyllin(a,5x) = (7 Iy(DI% d) " < os.

| A

Definition

L>°(a, b; X) is the space of measurable vector-valued functions y : [a, b] — X such that
[1y[lLo0 (a,b:x) = esssupp, |1y (t)[[x < oo.
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Problem Statement

Problem 3.23

ye — Dy + ooy =f in @ =Qx(0,T)
oy +ay=g on¥X =TI x(0,T) (3.23)
y(0) =y in €.

where f € L%(Q), g € L2(X), and y € L%(Q).

Assumption 3.8

| A

Let Q C RN be a bounded Lipschitz domain with boundary T, and let T > 0 be a fixed final
time. Moreover, assume that functions cg € L>°(Q) and a € L°°(X), where o(x, t) > 0 for
almost every (x,t) € X, are prescribed.

Q: does this imply that Q is connected?
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Definitions

Definition

W, %(Q) = {y € 1%(Q) ‘ %y € 1%(Q),i = 1,...,N}.

Definition

W(,T):={y € L’(0, T; V) | y' € L*(0, T; V*)}

Definition

V = HY(Q), and H = L?(Q) where we identify H = H*.

We have shown that
VCHCV*,

is a sequence of dense and continuous embeddings, implying

HY(Q) c L2(Q) c HY(Q)*.
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Theorem 3.9

Suppose Assumption 3.8 holds. Then the parabolic initial-boundary value problem (3.23) has

a unique weak solution in W;’O(Q). Moreover there is a constant ¢, > 0, independent of f, g,
and yy, such that

tg;’;ﬂb’(‘v 2@ + HY||W2170(Q) < o (Ifllzq) + lglliz) + llyoll2)) (3-26)

for all f € L?(Q), g € L?(X), and yp € L?(Q).

Theorem 3.10

Every y € W(0, T) coincides, possibly after modification on a null set, with an element of
C([0, T], H). In this sense we have the continuous embedding W(0, T) — C([0, T], H).
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Theorem 3.11

For all y,p € W(0, T) the formula of integration by parts holds:

T T
A(ﬂmmmwym:uummnm—@mmmn—A (P (£), (1)) . .

Proof (3.11)
Apply the chain rule:

%(y(th p(t) = (V' (1), p(1) yu , + (P'(1), ¥(1)) yu -

XXX Much detail is missing from the above equality. XXX

Now integrate both sides:

T T T
[ S0@e@) b= [ @00 e+ [ O.50), o

T T
(T, p(T)) y — (¥(0), p(0)) =/0 (y’(f),p(t))v*yvdtwt/o (P (), (1) .\, dt.
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Lety e W21’O(Q) be the weak solution to problem (3.23), which exists according to
Theorem 3.9. Then y belongs, possibly after a modification on a set of zero measure, to

w(o, T).

The proof covers the next several slides.

You should recall the inner product,

,V = v dx.
(y )LZ(Q) [)y
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Proof (3.12)

It follows from the problem statement, when looking for a weak solution via (3.25), that for all
ve Wy H(Q) with v(T) =0,

7//yvtdxdt:
Q
—// Vy-Vvdxdt—// coyvdxdt—//ayvdsdt
Q Q =
+/y0v(0)dx+// fvdxdt-l—//gvdsdt. (1)
Q Q b

In particular we may insert any function of the form v(x, t) := v(x)é(t), where ¢ € C5°(0, T)
and v € V = H}(Q). Setting H = L?(Q) and HY = H x H x --- x H (N times), we find, first

T T
f//yvtdxdt:f/ /‘yvtdxdtzf/ (y,vt)Lz(Q)dt
Q 0o Ja 0

T ’ T ’
= _/O (}/= vo (t))LZ(Q) dt = _/O (Y(t)¢ (t)7 V)L2(Q) dt.

Applying this technique to each term in (1), MASHN
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Proof (3.12) contd.

T

T T
—A @um%mvmdn:—A awaxvnm@unn—A (oy(t),v) (1) dt

T T ¢
— [ @) oo det [ (700 o0 det [ (o) )iz et de
Now y € L?(Q), by the definition of W21’0(Q). Hence, by Fubini's theorem, y(-,t) € L?(Q) for
almost every t € (0, T). Moreover D;y € L2(Q) for i = 1,--- , N, and thus
Vy(-,t) € (L2(Q))" = HN for ae. t € (0, T). Finally, y(-,t) € H}(R), and thus
y(+, t) € L?(T) for a.e. t € (0, T).

On the set of measure zero in [0, T] where one of the above statements possibly does not
hold, we put y(t) = 0, which does not change the vector-valued function y in the sense of L2
spaces. Hence, we see that for any fixed t, the expressions in the integrals on the right-hand
side define linear functionals F;(t) : H}(Q) — R:

Fi(t) :v — (Vy(t),Vv)HN

Fa(t) v —~ (co(t)y(t“)7 V)H

F3(t) :v — (a(t)y(t), V)LZ(I')

Fa(t) v — (f(1), V)H

Fs(t) :v — (g(t),v) 2(r) mgmz
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Proof (3.12) contd.

We claim that the functionals F;(t) are bounded and thus continuous on V for every t.

First we have for Fi(t) : v — (Vy(t),Vv)HN = [qVyVvdx,

|F1(r)v|:\AVy(t)~dex < [19v)- vl ox

=[IVy(t) - Vvl < IVY(OllewlVviliee (2)
< (ly®lli2@) + 1IVy(O)lle@) (V2@ + 1VVIi2@)
=yl @ Ivll gy Vv e HY(Q). (3)

Line (2) is exactly Hdlder's inequality, and the final equality is by definition of the H'(Q)
norm. Note that the function t — ||y(t)||1(q) belongs to L%(0, T), and ly(O)llp1(q) is by

construction everywhere finite: ||y(t)||y1(q) = (Joly ()2 dx) /2 < 50, Recall, for arbitrary
F € V*, the dual norm is defined by

F
[|F]lv* := sup | V‘.
vev lIvilv
(3) gives us H‘VFH(;T(/;) < |ly(Ollp(q), forall v e H(2). Thus Fy(t) is bounded:

1ROy < Iy (Ol - Masss
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Proof (3.12) contd.

Similarly, for F3(t) : v = (a(t)y(t), V)L2(F) = [ a(t)y(t)v ds,

|F3(t)v] < /r-|a(t)|\Y(t)||V\d5 < Hlallgse g Iy (Ol 2y v il 2ry
< Ellelioo sy ly (Ol gy IvIIH1@)-

Plenty of detail is omitted from the above line. Repeated application of Cauchy-Schwartz
and/or Hdlder, followed by the Trace Theorem which gives us the & multiple when going from
the boundary to the space.

Hence F3(t) is bounded: ||F3(t)|11iq)x < Ellell ooz lly ()l paqy)-
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Proof (3.12) contd.

These proofs are left out of the text as “easy exercises for the reader:”

o F(t):ve— (co(t)y(t), v)H = fQ co(t)y(t)v dx,
R < [[Ja@A0l Mo < lolis@I Ol

so that
IF2() 1)« < Nleollies (@)l (D)l 2q)-

o Fay(t): v (F(1),v), = [qf(t)vdx

|Fa(t)v] < /Qlf(t)\IVIdX = IFa(®)ll@)+ < 1F(D)ll2(0)-

o F5(t): v (g(t), V)L2(r) = [rg(t)vds,

[Fs(t)v| < /r\g(f)llv\ds < le@llzmlvilmr < €lg®llemlvime

so that
IFs ()l ) < Elle(Olzr)-

Since each F; is bounded, we know each F;(t) € H'(Q)* for every t.
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Proof (3.12) contd.

Since each ||Fj(t)v+ is bounded by some constant multiple of ||y()|l51(qy. [If(t)ll;2(q), or
llg(t)ll 2(ry, there is some constant ¢ > 0 such that

5
STIAE@ v < c(Iy®llm@ + 17Ol + 18- (332)

i=1

Since the expression on the right-hand side belongs to L2(0, T), so does the expression on the
left-hand side, showing that F; € L2(07 T; V*) for each i. But then the functional F on the
right-hand side of the variational formulation, being just the sum of of the F;, also belongs to
L2(0, T; V*).

Rewriting the variational formulation in terms of F, we obtain that for all v € V we have the
chain of inequalities

(- [Hoswan) o= [ (0s©.),, 9
—/ F(t) ¢(t) )V*yvdt:(/OTF(t)¢(t)dt,v)V*7V

and therefore as an equation in the space V*

T

T T
f/ y(£) & (¢) dt =/ F(H)(t)dt, Vo e C52(0, T).
0 0
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Proof (3.12) contd.

T T
- [ v0dmd= [ F@swd v o7
0 0

means that y’ = F in the sense of vector-valued distributions; hence y’ € L2(0, T; V*).
We conclude that, for any y € W;’O(Q) which is a weak solution of (3.23), we have

y e W(0,T):={y e L0, T;V) |y L0, T;V*)}.



Theorem 3.13

The weak solution y to the problem (3.23) satisfies an estimate of the form
Ivllwe, 1) < cw(lIfllizcq) + llgllize) + yolliz))
with some constant ¢, > 0 that does not depend on (f, g, yo). In other words, the mapping

(f,&,y0) — y defines a continuous linear operator from L?(Q) x L?(X) x L?(Q) into W(0, T)
and, in particular, into C([0, T], L3(Q2)).




Proof (3.13)

We estimate the square of the norm ||yl o, 7):

”y“%/V(O,T) ”y”LZ 0,T;HY(Q + Hy ||L2 0,T;HY(Q)*)"

For the first summand, we obtain from Theorem 3.9 on page 140, with a generic constant
c > 0, the estimate

Y120,y = Y1300y < €U0y + ey + Ib0laga)-  (3:33)

The second summand requires only a little more effort. Indeed, with the functionals F; defined
previously, we have

5

>F

i=1

Iyl 20, 711(0)%) =

5
< D_IIFilleo,miny)
i=1

L2(0,T;H1(Q)*)

Using the above estimates, in particular (3.32), we find, with generic constants ¢ > 0, that



Proof (3.13) con

IN

T T
1Rl rvey = [ IR de < [ cllyte)la o
1P a0, ey = /an Ol dr</ ol o (Ol Bogey . <

.
1312072y = /0 IFs(D) 1R dt < /0 Ellof2o () IOy dt <

IN

T T
1Rl ey = [, IO de < [ 11 ot

T T
1Pl rvey = [ IR0 de < [ 2llg(e)lag oo

IN

Since, from (3.33),
Hy”?/v;ﬂ(o) < c(lIfllzq) + lgllz@E) + H}’O||L2(Q))27

we have

2
clly R
912,106,

2
€yl o
2
ellyl o

Q)

2
CHf”LZ Q

cllglaqz,

2
”y HL2(0 T:H(Q) < Z ||F ”LZ 0, T;HL(Q)* ) (Hf”L2 + Hg”LZ(Z) + ||YOHL2(Q)) s

i=1

and the assertion is proved.



Example 3.5.1 — Optimal nonstationary boundary temperature

min J(y, u) := %/Q\y(x, T) — ya(x)? dx + % //X lu(x, 1)) ds(x) dt,

subject to
yr—Ay =0 in Q
Ovy +ay = pu on X
y(0)=0 in Q
and

ua(x, t) < u(x,t) < up(x,t) for a.e. (x,t) € X.

This is a parabolic boundary control problem with final-value cost functional.






Assumptions

Assumption 3.14

Let Q C RN be a domain with Lipschitz boundary T, and let A > 0 be a fixed constant.
Assume that we are given functions yq € L?(R), yg € L?(Q), ys € L*(X), o, B € L*°(E), and
Ua,y Up, Va, vy € L2(E) with ua(x,t) < up(x,t) and va(x,t) < vp(x,t) for almost every

(x,t) € E. Here, depending on the specific problem under study, E = Q or E = ¥.

E is the domain of the control, which depends on the problem.



Example 3.5.1 contd.

Theorems 3.12 and 3.13 guarantee a weak solution y € W(0, T) for any control u € L?(X),
which we represent by

y = Gx(Bu).

We only need information about the solution at time T, so we define an observation operator
E7 :y + y(T); this is a continuous linear mapping from W(0, T) into L?(£2) since the
embedding W(0, T) < C([0, T], L2(£2)) has these properties. Hence for some constant ¢ > 0
the bound applies:

ly(Tll2) < tgaXT]HY(f)HLZ(Q) = yllco, 1,2y < cllyllw,7)-

The first inequality holds by nature of the max operator. The second inequality holds by
consequence of Theorem 3.10. Hence, we have

y(T) = Er Gz (Bu) =: Su.
In summary, u+— y — y(T) is a continuous linear mapping
S:u—y(T)
from the control space L?(X) into the space L?(2) which contains y(T).



Example 3.5.1 contd.

Using S we can rewrite the problem as a quadratic optimization problem in the Hilbert space
U= L%(%):
1

A
H P _ 2 o 2
ngLIIZd f(u) =3 IISU YQ“LZ(Q) + > ||u||L2():)7 (3'37)

where
Uog = {u € L3(X) : ua(x, t) < u(x, t) < up(x,t) for ae. (x,t) € T}.

The functional f is continuous in u because S and the norms are continuous. For any
h € [0, 1], Holder's inequality gives us

[hz1 + (1 = h)z2|[32 < [[hzi]|72 + [I(L = B)z2[72 < hllzuli7 + (1 = )|z 7o
Setting z = Su — yq in one case and z = u in the other and adding, we see f(u) is convex.

The admissible set U,y is nonempty, closed, bounded, and convex subset of the Hilbert space
L%(X). Hence we can infer from Theorem 2.14 on page 50 the following existence result.

Suppose that Assumption 3.14 holds with E := X. Then the optimization problem (3.37) and
hence the optimal nonstationary boundary temperature problem (3.1)-(3.3) has at least one
optimal control T € U,4. If X\ > 0 then U is unique.
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Example 3.5.2 — Optimal nonstationary heat source

min J(y, u) := %//): ly(x,t) — ys(x, t)[> ds(x) dt + %//Q lu(x, t)|* dx dt, (3.38)

subject to
ye— Ay =pu in Q
Oy =0 on ¥ (3.39)
y(0) =0 in Q
and
ua(x,t) < u(x, t) < up(x,t) for a.e. (x,t) € Q. (3.40)

This can be seen as an inverse problem: an unknown heat source u has to be recovered from
measurements of the temperature at the boundary.






Example 3.5.2 contd.

Theorems 3.12 and 3.13 guarantee a weak solution y € W(0, T) for any u € L?(Q). The
control-to-state operator is

y = Go(Bu).
The cost functional only requires the values at the boundary, y(x, t)|):.
Since the trace operator y ~ yr maps H!(Q) continuously into L?(I"), the mapping
Es : y — ys defines a continuous linear operator from L2 (0, T; HI(Q)) into 12 (0, T; L2(r)).
Consequently the mapping u— y — y|):v i.e., the operator

5:u»—>y|Z

maps the control space L2(Q) continuously into the space
L2(0, T; L2(T)) = L2((0, T) x T) = L?(X) to which y|s belongs. Thus

Su = Ex Go(Bu).



Example 3.5.2 contd.

Substituting y = Su in the objective we arrive at the quadratic minimization problem in the
Hilbert space U = L?(Q):

. 1 5 A 5
ug‘b’:d f(u) = 5“5” - yZ”LZ(z) + EH””Lz(Q)- (3.42)

Theorem 2.14 gives us the existence of an optimal control, hence

Theorem 3.16

Suppose that Assumption 3.14 holds with E = Q. Then the optimal nonstationary heat source
problem (3.38)-(3.40) has at least one optimal control T € U,y. If X\ > 0 then U is unique.
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Necessary Optimality Conditions

We will derive the necessary optimality conditions for the prior two examples.
First a variational inequality will be derived that involves the state y.

Then y will be eliminated by means of the adjoint state to deduce a variational inequality for
the control u.
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Adjoint Problem

Consider the parabolic problem

—pt —Ap+ cop = ag
Oup+ap = ay (3.43)
p(-, T) = aq

with bounded and measurable coefficient functions ¢y and «, and prescribed functions
ag € L2(Q), as € L?(X), and aq € L%(Q).

This is the adjoint problem.
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Lemma 3.17

Using the bilinear form

alt; y, v] ::/Q(Vy-Verco(-,t)yv) dx+/ra(-,t)yvds,

Lemma 3.17

The parabolic problem (3.43) has a unique weak solution p € WZI’O(Q), which is the solution
to the variational problem

-
//pvtdxdt +/ a[t;p,v]dt:/aQV(T)der// andxdtJr//a):vdxdt,
Q 0 Q Q T

Vv e Wy (Q) with v(-,0) = 0.

We have p € W(0, T), and there is a constant c, > 0, which does not depend on the given
functions, such that

IPllwo.m) < calllaolliziey + llaxll2x) + laall2q))-
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Proof (3.17)

Let 7 € [0, T], and put p(7) := p(T — 7) and ¥(7) := v(T — 7). Then p(0) = p(T),
P(T) = p(0), ¥(0) = v(T), ¥(T) = v(0), as well as 3g(-, t) := ag(-, T — 7), etc., and also

// pvtdxdt:—// PV, dxdT,
Q Q

and so on. Consequently, the asserted variational formulation is equivalent to the definition of
the weak solution to the (forward) parabolic initial-boundary value problem

By Theorem 3.9 there is a unique weak solution p, which by Theorem 3.12 belongs to
W(0, T). The assertion now follows from reversing the time transformation. O
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Since p € W(0, T) we can, in analogy to (3.35) rewrite after integration by parts the
variational formulation of the adjoint equation in the following shorter form:

=
/ {—(pt,v)\/*‘v—i-a[t;p,v]}dt:// andxdt+// ay vdsdt,
0 : Q b

Vv € L%(0, T; V) (3.44)

p(T) = aq.

Like in the elliptic case, for the derivation for the adjoint system we need the following
somewhat technical result.
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Theorem 3.18

Let y € W(0, T) be the solution to the parabolic problem
¥t — Ay + coy = bqv

Oyy +ay = byu
y(0) = baw,

with coefficient functions cg, bq € L*°(Q), o, by € L°°(X), and bg € L>°(Q), and controls

v € L%(Q), u € L%(X), and w € L?(Q). Moreover, let square integrable functions aq, ag, and
ay, be given, and let p € W(0, T') be the weak solution to the adjoint problem, (3.43). Then
we have

// adexdt+//azydsdt+/agy(~,T)dx
Q pX Q
:// prvdthJr// b):pudsdtJr/pr(-,O)wdx.
Q p Q
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Proof (3.18)

The variational formulation for y, using the test function p, we have

-
/ {(yt,p)v*,v+a[t;y,p]}dt:// bqpvdxdt—l-// bs p udsdt, (3.45)
0 Q b

with the initial condition y(0) = bqw. Integrating by parts we obtain

:
/o { = (pe,y)ve v +altiy, Pl dt = —((T), 30) 12(q) + (Baw, P(0)) 2

+// bqpvdxdtJr// by pudsdt. (3.47)
Q z

Analogously, taking y as test function in the equation for p, we find that

2
/ {7(pt,y)\/*’v+a[t;p,y]}dt:// adexdtJr// ay y ds dt, (3.46)
0 Q X

with the final condition p(T) = aq. Since thet left-hand sides of (3.47) and (3.46) coincide,
the right hand sides of (3.46) and (3.47) must also be equal, which gives us

// adexdt+// ay y dsdt + (y(T), a0)2(q)
Q by
:// bqpvdxdt+// bzpudsdt+(bgw,p(0))L2(Q)
Q =
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Necessary Conditions for Example 1

In this section we determine the necessary conditions for (3.1)-(3.3), the parabolic boundary
control problem with final-value cost functional:

. 1 A
min J(y,u) i= S Iy(T) = yallg) + 5 lulze),

subject to
yt—Ay =0
Oy +ay = Bu
y(0) =y
and
uy; < u < up.

Here the initial condition may be nonzero, which has been avoided previously. It is a
straightforward exercise to show the previous conclusions apply also to this case. (Next slide.)
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Problem 3.2

Prove the existence of an optimal control for (3.1)-(3.3) given an inhomogeneous initial
condition yp.

The problem is

min J(y, u) : / ly(x, T) — ya(x)]? dx + = // lu(x, t)[? ds(x) dt, (3.1)
subject to
—Ay=0 in Q
Oy +ay = Bu on ¥ (3.2)
¥(0) = yo in Q
and
ua(x,t) < u(x, t) < up(x,t) for a.e. (x,t) € L. (3.3)
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The arguments are identical to those leading to Theorem 3.15, and the supporting theorems
and equations all allow for any yo € L?(Q). Hence the same arguments go through nearly
unmodified:

Theorem 3.9 gives us that for any control, including the initial condition, there is a unique
weak solution y € Wzl’o(Q), and by Theorem 3.12 it is in the equivalence class of a function
in W(0, T). Adapting Theorem 3.13, we represent the unique solution for the zero initial
condition y(0) = 0 using the continuous linear operator y = Gy (Bu), and the unique solution
for homogeneous boundary conditions u = 0 with nonzero initial condition y(0) = yp using the
continuous linear operator y = Go(yp). The superposition principle for linear problems gives us
a continuous linear mapping
y = Gz (Bu) + Go(yo),

We need only the value at final time T, so the linear continuous observation operator ET gives
us:

y(T) = Er(Gz(Bu) + Go(yo))-
which can be written as the linear continuous mapping

S:(u,y0)— y(T).
Thus the objective is
min J(y. 1 y0) = = 15(1.30) — yala(gy + 2 l1ullZ s,
2 (Q 2 L2(X)
subject to
Uag = {u € L2(X) : ua(x, t) < u(x, t) < up(x,t) for ae. (x,t) € T}

. . . EoraE
Since f is convex and continuous, and U,4 is nonempty, closed, bounded l\'fAs
and convex, Theorem 2.14 gives us existence of an optimal control. O
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Adjoint problem for Example 1

Each term in the derivative of the objective w.r.t. y,
Vyd(y,u) = y(T) - ya,

appears in the right-hand side of the adjoint. Since y(T) — yq € L?(R), for optimal ¥, the
adjoint system must be

—pt —Ap=0 in Q
Op+ap=0 on X (3.48)
p(T)=¥(T) - ya in Q.

This conclusion comes from experience with previous problems. The formal Lagrange method
reaches the same system, as detailed in Chapter 6.

An incomplete attempt to use the formal Lagrange method follows, highlighting some of its
difficulties.
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Lagrangian

We will use p() as our Lagrange multipliers — what space they are from is as yet unknown, a
difficulty only overcome in Chapter 6 in the case of elliptic problems with the statement “the
theory for parabolic problems is quite similar.” However, for this formal approach that detail is
unecessary. The Lagrangian for Example 1 is

1 A
£(y,u,p) = S IY(T) = yallaq) + 5 el

f// p(l)(ythy)dxdtf// P (Buy + ay — Bu) ds dt
Q b

1st constraint 2nd constraint

where we have left out the box constraints for now; they are applied later in a variational
inequality. Similarly the initial condition is left out of this formulation, to be used later.
Integrating by parts, we have (which can also be inferred from (3.25))

1 A
£, 0.0) 1= FIT) = yalay + 5ol = [ [Ty Vo = pfly] o

- /L [y P +ay p@ — Bu p@)] ds dt + /Qyop“)(o) dx — /Qy(T)P(l)(T) dx

Note that there is a cancelation between two 8,y terms, one multiplied by p(!) and the other
by p(®. We proceed under the hope that our result will show, as it had previously, that t /czo(n)ﬁ
two p terms are equal (more precisely, p@ is the restriction of p() to the boundary).  cwvemny
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Lagrangian, contd.

Now that we have the Lagrangian,

1
£ .0) = S IA(T) = vl + 5 0l = [ [7y- 96 — pfy] axae
—//Z [yp(1)+ayp(2) —Bup(2)]ds dt—i—/Q)/OP(l)(O) dx—/ny(T)p(l)(T) dx

integrating the Vp term by parts, then taking the y derivative we have

D, L(y,u,p) ::// ptdxdtf//‘ apdsdtJr// Apdsdtf// Oy pdsdt
Q T Q by

Following the technique of Section 2.10, we multiply with test function v € HY(Q) and, after
integration by parts and waving of hands, by setting equal to zero we achieve the weak
formulation of the adjoint problem (see Lemma 3.17):

//vatdxdt+/QVp-Vvdxdt+//zozpvdsdt:/Qp(T)v(T)dxf/Qp(O)v(O)dx.

In Theorem 3.9 the assumption is made that v(0) = 0. The leap to p(T) = y(T) — yq comes
from pp. 120-122, where also the p() = p(®) argument can be found.

Here, we end our trip down the rabbit hole of the formal Lagrangian method and continuel. ﬁmm
with the remaining material of this section. W& ON
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Theorem 3.19

Let u € U,q be a control with associated state y, and let p € W(0, T) be the corresponding
adjoint state that solves (3.48). Then T is an optimal control for the optimal nonstationary
boundary temperature problem (3.1)-(3.3) if and only if the variational boundary inequality

/ /z (B(x, D)p(x, )+ XT(x, £)) (1, £) — T(x, ) ds(x) dt > 0 (3.49)

holds for all u € U,g.

Observe that this is where the box constraints come into play in the formal Lagrange method,
and shows why they can be omitted from the Lagrangian.

Bp 4+ AU is the u derivative of the Lagrangian at the point T. This variational inequality is one
way of writing that the constrained problem has no direction of descent from this point.
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Proof (3.19)

Overview of the proof: We are going to use Lemma 2.21 (p.63) to show equivalence between
the optimal solution and the solution of the variational inequality, then by the result of
Theorem 3.18 transform the inequality into the necessary form.

Lemma 2.21 tells us that, for a convex f, and nonempty convex U,y a subset of a Banach
space, U solves
in f(u) = 1|IS 2 Al 2.43
min £(u) 1= 21150~ yallizg) + 5 il (2.43)
if and only if it solves the variational inequality
f'(@)(u—1u) >0, Yu € Uyg. (2.44)
Since f'(u) = $*(SU — yq) + AU, the variational inequality can be written
(S*(ST —ya) + AT, u —T)125) >0, Vu€ Usg (2.45)

which is equivalently, and more conveniently, written

(Su — v, Su — SE)LZ(Z) + A4, u— U)B(Z) >0, VYué€ Uy. (2.47)
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Proof (3.19) contd.

Let S: L?(X) — L?(Q) be the continuous linear operator that, for the homogeneous initial
condition yg = 0, assigns to each control u the final value y(T) of the weak solution y to the
state equation. Moreover, let ¥ = Gpyo denote the weak solution corresponding to yp # 0 and
u = 0. Then it follows from the superposition principle for linear equations that

y(T) —ya = Su+ (Goyo)(T) — yo = Su — z,

where z := yq — (Goyo)(T). The above control problem then takes the form
. 1 5 A2
u’gb;‘d f(u) = EHSU - ZHLZ(Q) + EHUHLZ(zy

The general variational inequality (2.47) yields, for all u € U,q,

0< (ST —2,5(u—1))5q) + M@ u—1) (3.50)

12(x)
= /Q (T) —ya) (y(T) —¥(T)) dx + /\//zﬁ(u — T) ds dt.
Here, we have used the identity
Su— St = Su+ (Goyo)(T) = (Goyo)(T) — St = y(T) —¥(T)

and, once more, that z = yq — (Goyo)(T). Massse
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Proof (3.19) contd.

Now put ¥ := y — ¥ and apply Theorem 3.18 with the specifications ag = ¥(T) — yq, ag = 0,
ay =0,by =8, v=0, w=0,y:=¥%,and & := u—u. Also cg = 0. Note that w = 0 in this
situation since, by definition, Su(0) = 0; the part originating from y is incorporated into z. It
follows that (in the interest of space, the first line without differentials)

// aoy+//azy+/any( T) // prV+//bzpu+/bQP( 0)w
/(Y(T)—m)y( T) / Bpudsdt
(F(7) =30 7(T)) i3y = [ st

Substituting this result into inequality (3.50), we find that
0< [ (N =) () =7(T)) A [ [ (0 —7)ds e
bx

://Z,Bp(ufﬁ)dsdtJr)\//zE(ufE)dsdt
:/Z(Bp+/\ﬁ)(u—v)dsdt,

which concludes the proof of the assertion.
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Next, we employ the method described on page 69 for elliptic problems to derive a number of
results converning the possible form of optimal controls. This is a pointwise view of the
control, in contrast to the “L2 view” in Theorem 3.19.

Theorem 3.20

A control U € U,y with associated state y is optimal for the problem (3.1)-(3.3) if and only if
it satisfies, together with the adjoint state p from (3.48), the following conditions for almost
all (x,t) € X: the weak minimum principle

(B(x, t)p(x, t) + Au(x, 1)) (v — °(x, 1)) >0, Vv € [ua(x,t), up(x, t)], (3.51)

the minimum principle

B(x, t)p(x, t)u(x, t) + %E(x7 t)? = min ol {,B(X, t)p(x, t)v + %\/2}7 (3.52)

vE[ua(x,t),up(x

and, in the case of A\ > 0, the projection formula

U(Xv t) ]P[ua(x t),up(x,t ]{ X t)p X,y t)} (353)

For the proof of this assertion one takes, starting from the variational inequality (3.49), the
same series of steps that led from Theorem 2.25 to Theorem 2.27 in the elliptic case. Z
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Proof /Discussion (3.20)

Theorem 3.19, like Theorem 2.25, shows that, for control T, associated state y, and weak
solution p to the adjoint equation, satisfying the variational inequality, e.g., (3.49), is
equivalent to optimality. Rewrite (3.49) in the form

/ / (B(x, E)p(x, £) + ATi(x, £)) T(x, £) ds(x) de
> ——
< / /Z (B(x, )p(x, £) + Na(x, 1)) u(x, £) ds(x) dt, Vi € Ung.

The difference between the LHS and RHS has been marked for clarity.

Hence

/ / (B(x, )p(x, t) + Na(x, 1)) T(x, t) ds(x) dt
bu ——r
= min // (B(x, t)p(x, t) + AU(x, t)) u(x, t) ds(x) dt,
> N——

u€Uyqg
and we can conclude that, assumping the expression inside the first parentheses is known, we
obtain U as the solution to a linear optmization problem in a function space.

This observation forms the basis of the conditioned gradient method, discussed in the varioys =
sections on numerical methods.



N.C.Ex1
0000000000000 000

Proof /Discussion (3.20) contd.

“It is intuitively clear..."”

We present a lemma providing insight in the direction of a “pointwise” form of solution. It is
an exact parallel to the elliptic case's Lemma 2.26.

Lemma 22 (c.f. Lemma 2.

A necessary and sufficient condition for the variational inequality (3.49) to be satisfied is that
for almost every (x,t) € Q,

ua(x, t) if B(x,t)p(x,t) + Au(x,t) >0
U(x, t) = ¢ € [ua(x, t), up(x, t)] if B(x, t)p(x,t) + Au(x,t) =0 (4)
up(x, t) if B(x, t)p(x,t) + Au(x, t) < 0.

An equivalent condition is given by the pointwise variational inequality in R,

(B(x, t)p(x, t)+Xu(x, t)) (v—u(x,t)) >0, Vv € [ua(x,t), up(x, t)], for a.e. (x,t) € Q. (5)1

The proof of Lemma 2.26 goes through for this one, solely with the change of x to (x, t) and
Q to Q. It shows that (3.49) = (4) = (5) = (3.49).

The most illuminating portion of that proof is the first implication, adapted on the next slidge:

P Eczonc:
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Proof (Lemma 22)

Let U, u,, and up be arbitrary but fixed representatives of the corresponding equivalence
classes in L°°(Q). Suppose (4) is false (but the constraints are obeyed almost everywhere),
and consider the measurable sets

Ar(@) = {(x,t) € Q: B(x, t)p(x, t) + Au(x, t) > 0},
A_(@) ={(x,t) € Q: B(x, t)p(x,t) + Au(x, t) < 0}.

By our assumption, there is a set E; C A4 (u) having positive measure such that
U(x, t) > ua(x, t) for all (x,t) € Ey, or there is a set E_ C A_(@) having positive measure
such that T(x, t) < up(x,t) for all (x,t) € E_.

In the first case, we define the function u € U,q,

u(x, 1) = { o) for (o t) € By
5 U(X7 t) for (x7 t) cQ \ E..

Then
/ /Q (B(x, t)p(x, £) + Xa(x, 1)) (ulx, £) — T(x, £)) dx
- //E (B(x, £)p(x, t) + Ni(x, 1)) (ualx, £) — T(x, 1)) dx < O,

since the first factor is positive on Ey and the second is negative. This contradicts (3.49). =

The other case is handled similarly. We end our incomplete proof of the lemma here.
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Proof /Discussion (3.20) contd.

By a rearrangement of terms the pointwise variational inequality (5) can be rewritten
(B(x, t)p(x, t) +Xa(x, t))U(x, t) < (B(x, t)p(x, t) + AU(x, 1)) v, Vv € [ua(x, t), up(x, t)], (6)

for almost every (x,t) € Q. Here v € R, it is not a function. We can now complete our proof
of Theorem 3.20.

Proof (Theorem 3.20)

The weak minimum principle is nothing but a reformulation of (6).

The minimum principle is easily verified: a real number V solves for fixed (x, t) the convex
quadratic optimization problem in R,

. . A
min g 86V = A6 Pl v + V2 @)

vE[ua(x,t),up(x,t
if and only if the variational inequality
g (V)(v—=v)>0, Vv e [uix,t),up(x,t)]
is satisfied, that is, if
(B(x, t)p(x, t) + AV) (v — V) >0, Vv € [ua(x, t), up(x, t)].
The minimum condition follows from taking v = u(x, t).

The solution to the quadratic optimization problem (7) in R is given by the projection formula i
(3.53). O
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Conclusion

of Necessary Conditions for Example 1

In the A > 0 case, the triple (T, Y, p) satisfies the optimality system

yt—Ay =0 —pt—Ap=0
Oy +ay = Bu Oup+ap=0 (3.54)
y(0) = yo p(T)=y(T) - ya

u= P[ua,ub]{ - %ﬁ P}~

If A = 0 then the projection formula has to be replaced by:

us(x, t) if B(x,t)p(x,t) >0
u(x,t) = < € [ua(x, t), up(x, t)] if B(x, t)p(x,t) =0
up(x, t) if B(x, t)p(x,t) < 0.
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Special Case: u, = —00, up = ©

In the case there are no control constraints, the projection formula yields u = —A~18p. Hence
u can be eliminated from the state equation, and we obtain the following forward-backward
system of two parabolic problems for the unknown functions y and p:

ye—Ay =0 —pt —Ap=0
By +ay =—82"1p Oup+ap=0 (3.55)
y(0) =y p(T)=y(T)—ya

The solution of such systems is not an easy task. (See page 162 for brief discussion of
methods.)



Optimal nonstationary heat source

We recall problem (3.38)-(3.40), which in shortened form reads

. 1 A
min J(y, u) := Elly _yflliZ(z) + 5“””%2((\))7

subject to u € U,g and to the state system

ye — Ay = Bu
oy =0
y(0) =0

Invoking the operator Gg : L?(Q) — W(0, T) introduced in (3.36), we can express the
solution y to the state system in the form

y = Gq(Bu).

The cost functional involves the observation y|z. The observation operator Esy : y — y|Z is a
continuous linear mapping from W(0, T) into L?(0, T; L?(I")) 2 L?(X), which entail that the
control-to-observation operator S : u — y!z defined in (3.41) is continuous from L%(Q) into
L2(X). Hence, the problem is equivalent to the problem min,cy,, f(u), where f is the reduced
functional introduced in (3.42). y
MASON
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As in (3.50), we obtain the following as the necessary optimality condition for u:
0 < (St —yx,Su—5U)25)y + MU, u—U)2(q) Yu € Usg,

that is, upon substituting ?|Z = Su and y|z = Su,

OS.//Z(Yfyz)(yfy)dsdt+)\//(;U(ufﬂ)dxdt Yu € Uyqg. (3.56)

It is evident how the adjoint state p must be defined, namely as the weak solution to the
parabolic problem

—pt—Ap=0
op=Yy—ys
p(T)=0

By virtue of Lemma 3.17, it has a unique weak solution p.
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Theorem 3.21

A control U € U,q is optimal for the optimal nonstationary heat source problem (3.38)-(3.40)
if and only if it satisfies, together with the adjoint state p defined above, the variational
inequality

/(Bp+m)dxdt20 Vu € Usg.

| 0
A

Proof (3.21)

This assertion is again a direct consequence of Theorem 3.18, with the specifications
as =Y —ys,aqa=0,a09 =0, bg =0, by =0, and bg = 0. The steps are similar to those in
the proof of Theorem 3.20. O

As in the previous section, the variational inequality just proved can be transformed into an
equivalent pointwise minimum principle for u or, if A > 0, into a projection formula. In
particular, if A > 0,

T(x, t) = Pl x, ), up(x t)]{ B(x, t)p(x, t)} for a.e. (x,t) € Q.
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Overview of Numerical Methods

In the following slides we sketch the projected gradient method for the optimal nonstationary
boundary temperature problem (the “sketch” in the text spans 5 pages). Here we briefly
mention other published methods which are computationally more efficient:

o Multigrid methods (for the unconstrained case)

o In 1- and 2-dimensional problems, many methods for solving (3.55) do not require

multigrid

o Primal-dual active set

o In each iteration we update the active set for the upper and lower constraints

o using —A"1f’(u) S 0, as in section 2.12.4

o Then solve the unconstrained forward-backward problem for the remaining values

o Direct solution of the optimality system

o Substitute u = P[ua’ub]{f)\_lﬂp} in the state equation
o The system is differentiable except at u; and up
o Good results have been achieved in solving the nonsmooth system

o Discretize then optimize

o Fully discretize the parabolic problem and the cost functional
o Use existing solvers for finite-dimensional quadratic optimization problems
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Projected Gradient Method

As before, let S : u— y(T) for yp =0, and let y be the solution to the homogeneous problem
with nonzero initial condition yp, so that

y(x, T) = (Su)(x) +y(x, T).

In this way the problem becomes a quadratic Hilbert space optimization problem,
: 1 - 2 A2
min £(u) = 3150+ F(T) = yallfag) + 5 Il

We follow the algorithm in iterations, starting with an initial guess up, which generates yp,
then po, then u1, y1, p1, U2, y2. p2, etc., each in turn. The y, and p, iterates are (separately)
the solution of the now familiar state and adjoint equations,

ye—Ay =0 —pt—Ap=0
ovy + ay = Bu Ouyp+ap=0
y(0)=xo p(T) =ya(T) — ya

The derivative at an iterate u, is
(v = [ (80 0pa(x. ) + A, 1)) vlx, ) ds
b

By the Riesz representation theorem, we obtain the usual representation of the reduced

gradient, :
f,(un) =Bpn+Aup. e E .. ASON



Numerical Methods
[e]e] J

Projected Gradient Method contd.

The Algorithm

The algorithm proceeds as follows, suppose that iterates uj, ..., u, have been determined.
S1 (New State) Using u, solve the state equation for yj.

S2 (New descent direction) Using yn solve the adjoint equation for p,. Take as descent
direction the negative gradient

Vo = —F'(un) = —(Bpn + Aun).

S3 (Step size control) Determine the optimal step size s, by solving

F (P, up) {un + snvn}) = min f (P, u,) {un + snva})-

S4 Put upp1 = P[ua,ub]{un + s,,v,,}, n:=n+1, GO TO S1.

The method is completely analogous to that for the elliptic case. The projection step is
necessary because up + spv, may not be admissible.

Although the method converges only slowly, it is easy to implement and thus very suitable for
numerical tests.

If we need to calculate the solution many times for different data problem many times for - e
different data, reducing the problem can save considerable calculation. Section 3.7.2 givesm;ﬁislglj
example of this.
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