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It has long been suspected that spin fluctuations in ZrZn, may lead to a triplet superconductivity.
We point out another possibility, an inhomogeneous singlet (Fulde-Ferrell) state. We calculated the
electronic structure, as well as the zone center phonons and their coupling with electrons. We find that
the exchange splitting is nonuniform and the Fermi surface exhibits substantial nesting. Both factors
favor a Fulde-Ferrell state at parts of the Fermi surface. We find a substantial coupling of Zr rattling
modes with electrons, which can provide the necessary pairing in the s-channel.
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The discovery of superconductivity in the ferromagnetic
(FM) phase of ZrZn; [1] has revived interest in this com-
pound. ZrZnj; is a prototypical example of a weak itinerant
(Stoner) ferromagnet. Very small magnetic moments (0.12
to 0.23 . p) have been reported. These do not saturate even
at fields up to 35 T, indicating the softness of the mag-
netic moment amplitude and suggesting the existence of
soft longitudinal spin fluctuations. Already in the first re-
port of ferromagnetism [2] it was pointed out that ZrZn,
may be a FM superconductor, of the type discussed earlier
by Ginzburg [3]. Later the idea of triplet spin-fluctuation
induced superconductivity in FM ZrZn, was elaborated by
Fay and Appel [4]. However, experimental searches for su-
perconductivity in ZrZn; [5] were unsuccessful, till now.
It is therefore tempting to identify ZrZn; as a triplet super-
conductor. This is supported by the fact that superconduc-
tivity seems to disappear with pressure at about the same
point where the FM Curie temperature goes to zero. The
low superconducting fraction does not allow accurate de-
termination of the critical pressure for the superconducting
transition to clearly show that it coincides with that for the
magnetism. Thus one cannot fully exclude the possibility
that the two types of orders are spatially separated. Still,
it is likely that they do coexist, and if so, a key question is
whether their interaction is constructive or destructive. A
definite answer will require more study. However, before
any theoretical speculations, one needs to get a detailed
understanding of the electronic structure and its relation
with superconductivity and magnetism. Here we present
an accurate analysis of the paramagnetic and FM elec-
tronic structures and identify what seems to be the most
interesting and relevant features of the band structure for
superconductivity.

We find that the rigid band model is inappropriate
for ZrZn,. The exchange splitting, A4 (k), differs from
band to band by more than a factor of 2. The Fermi
surface shows substantial nesting features, suggesting that
antiferromagnetic fluctuations may play a role in super-
conductivity. Even more importantly, nesting makes the
superconducting pairing at some parts of the Fermi surface
essentially 1D, in which case one can eliminate the pair-
breaking effect of exchange splitting by constructing a spa-
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tially inhomogeneous Fulde-Ferrell-Larkin-Ovchinnikov
(FFLO) state [7], using the wave vector from the nesting
of the spin-up and spin-down surfaces. Finally, we found
that the rattling Zr modes are soft and couple strongly with
electrons. So, while triplet superconductivity is an inter-
esting possibility, the facts are compatible with a FFLO
state of the s-wave symmetry as well.

ZrZn, occurs in a Cl15 structure; the Zr forms a
diamond-type lattice, and the Zn forms a network of
corner-sharing tetrahedra (i.e., a spinel structure without
anions). An interesting aspect is the “overcoordination”
of Zr: it has 16 nearest neighbors consisting of 12 Zn,
forming a truncated tetrahedron (Fig. 1), at a distance (at
T = 50 K[8])5.745 a.u., and 4 Zr at 6.001 a.u. The latter
approximately corresponds to the bond length in Zr metal.
Since the metallic radius of Zn is 16% smaller than that
of Zr, Zr and Zn do not form strong bonds. On the other
hand, Zr, unlike carbon, does not form highly directional
bonds, so four Zr-Zr bonds in ZrZn; do not provide strong
bonding either. This makes Zr “rattling” rather soft. At the
same time, Zn has eight neighbors at a distance 4.9 a.u.,
noticeably less than in Zn metal (5.04-5.51 a.u.). So, Zn
bond-stretching vibrations should be relatively hard.

FIG. 1.

Coordination of a Zr atom in ZrZn,.
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FIG. 2. LSDA band structure of ZrZn,. Er is at 0. Solid
(dashed) lines show majority (minority) bands corresponding to
the magnetization of 0.2up fu.”!.

We calculated the band structure of paramagnetic
and FM ZrZn, at the experimental lattice parameter of
13.858 a.u. [8]. The calculations were done in the local
spin density approximation (LSDA) with the general po-
tential linearized augmented plane wave method, including
local orbitals [9]. The spin-polarized bands are shown in
Fig. 2, and the Fermi surface in Fig. 3. Our calculations
agree well with earlier ones (Refs. [10,11] and references
therein). The basic characteristics of the nonmagnetic
electronic structure are density of states at the Fermi level,
N(EFp) = 2.43 states/eV spin f.u., Fermi velocity, vp =
2.5 X 107 cm/sec, plasma frequency, wp, = 4.0 eV, Hall
concentration 5 X 10*2¢ cm ™3 [12]. The bands near the

FIG. 3 (color).

Fermi level can be described in the first approximation as
originating from the bonding combination of the f;; Zr
orbitals (the electronic sphere and the electronic rounded
dodecahedron, both around the I" point), and the bonding
e, orbitals (the “interconnected pancakes”). The tubular
network Fermi surface is a hybridized combination of both
types of states. However, such a view is oversimplified.
Comparing the width of the d band of ZrZn,, and of the
pure Zr sublattice (same calculations with Zn removed),
we observe that the bandwidth, W, of the latter is about
30% smaller. Using the well-known tight binding formula,

W \/ > 17 (where 1; is the hopping amplitude from the
atom at origin to the ith neighbor), we see that Wz,z,, =

Va2 , + 1262 , . which gives a rough estimate of
tzr.zn ~ 0.5t7;.7:, not surprising, given the smaller radius
of Zn.

Although the effect of Zn on the total bandwidth is
relatively small (cf. with the fcc Zr with the same Zr-Zr
distance, which has a twice larger bandwidth, Wz, ¢.c =
V12t5 ., [13]), it is not negligible, and, interestingly, it is
nonuniform over the Brillouin zone: the electron surface
around the I' point has more than 50% Zn character, while
the other bands have nearly everywhere less than 20%
(Fig. 3) [14]. This leads to a nonuniform exchange split-
ting Ay (k) (Fig. 3). For instance, for the Fermi surface
near the I' point, the splitting of the Fermi surface, kr =
0.017 A~', is smaller than 277/&~" ~ 0.022 A~!, where

(@

Fermi surface of ZrZn,. Panels (a), (b), and (c) show the nonmagnetic Fermi surfaces, colored by the relative

percentage of Zn character. The color bar goes from 5% to 60%. The bands shown are (a) bands 1 and 2 (I" points at the corners),
(b) bands 1 and 3 (L points at the corners), and (c) bands 1 and 4 (I" points at the corners). Panel (d) shows the Fermi surface 100
(ky = 0) cross section. The widths of the lines correspond to actual exchange splitting for magnetization M = 0.2 up.
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& ~ 290 A is the superconducting coherence length [1].
This is favorable for the FFLO state, but, even more im-
portantly, some of the Fermi surfaces exhibit strong nest-
ing. If a piece of the spin-up Fermi surface nests, with
some vector ¢, a piece of the spin-down Fermi surface,
then a spatially inhomogeneous FFLO state with the pe-
riod 277 /g will have no exchange-splitting induced pair
breaking at all. Not all electrons at the Fermi level form
Cooper pairs in this case, but only those at the nesting parts
of the Fermi surface.

The spin-polarized bands, used to produce panel (d) of
Fig. 3, are shown in Fig. 2. These were calculated by fix-
ing the total magnetization to be 0.2up f.u.”!. Fully re-
laxed calculations converge to the value of 0.7up fu.” !,
nearly 4 times larger than the accepted experimental value
of (0.17-0.20)up fu.”'. This is somewhat unexpected,
for usually correlation effects, not completely accounted
for in LSDA, tend to increase the tendency to magnetism.
It may be that the actual samples are spatially inhomo-
geneous, with magnetic and nonmagnetic (and possibly
superconducting) regions. Alternatively, the LSDA may
overestimate the tendency to magnetism in this material,
possibly due to quantum fluctuations associated with the
critical point.

Near an itinerant ferromagnetic critical point, theory
predicts a triplet superconductivity, with 7, first growing
as one moves in either direction from the critical point,
and then decaying as the spin fluctuations become weaker
in either nonmagnetic or ferromagnetic phases. Such a be-
havior has been observed on the ferromagnetic side, for
instance, in UGe,, and it was suggested that the difference
between the longitudinal spin fluctuation spectra in the
paramagnetic and ferromagnetic phases makes supercon-
ductivity much weaker and thus unobservable on the para-
magnetic side [15]. So, a triplet state remains a plausible
explanation for the superconductivity in ZrZn,. We want
to call attention, however, to another possibility, namely,
an FFLO inhomogeneous s-wave superconducting state.
Both models can successfully explain the major experi-
mental observations [1]: high sensitivity to sample purity
(interband impurity scattering tends to make the order pa-
rameter the same for all bands, in which case the super-
conducting pairs feel a large exchange splitting of the more
magnetic or less nested bands), absence of an observable
specific heat jump (the Fermi surface sections with a large
splitting may have vanishing gaps, which would greatly
reduce the relative jump AC/C), and disappearance of su-
perconductivity near the FM critical point (because of the
pair-breaking effect of spin fluctuations). A difference be-
tween the two models is that in the latter superconduc-
tivity not only is restored at pressures higher than critical
(this is true for most models of the triplet superconductiv-
ity as well), but also, generically, T, grows much faster on
the paramagnetic side than on the ferromagnetic one. The
high pressure data reported in Ref. [1] do not extend far
enough beyond the critical point and do not give a definite
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answer to whether superconductivity reappears at higher
pressures. Unless the strongly interacting Zr rattling modes
would harden substantially, and/or lose their coupling with
electrons, under pressure, the FFLO scenario suggests su-
perconductivity reentrance at a pressure high enough to
suppress the spin fluctuations. We did check the pressure
dependence of the 7>, mode (see Table I) and found that
under a 3% volume compression it stiffens by 11%, while
it softens by 6% under a 3% expansion.

A major question that arises now is, what would be
the pairing interaction behind the assumed s-wave state?
It needs to be sufficiently strong to make an FFLO state
energetically competitive. To gain more insight, we per-
formed calculations for the zone center optical phonons
[16]. There are 15 such modes at six distinctive frequen-
cies; four triple-degenerate 7 modes: Ty, (two), T»,, and
T»,, one double-degenerate £, mode, and one nondegen-
erate A, mode (Table I). The two softest modes corre-
spond to a rattling motion of Zr inside the Zn cage, hence
their softness and the small difference in their frequen-
cies. As these two modes join at the zone boundary, one
can see that they have little dispersion, as is common for
rattling modes. The even (7>,) mode is the only one that
can couple with electrons at the I" point, but as these two
modes are essentially local vibrations, they presumably
couple with about the same strength for general wave vec-
tors, so the coupling constant computed for a T, mode
should be a reasonable estimate for the coupling constants
of all six rattling 75, and T, phonons.

The coupling constant, defined as A, = 2> e X
8(exa — Er)(dexo/du)*/2M w?, where Dy, (exa —
Er) is the density of states at the Fermi level per spin,
M is the ionic mass, w is the phonon frequency, and
(de€ka/du)?, is Aep = 0.115. This mode is triple degener-
ate at I, so the total contribution to A, from this mode is
~(.35. However, since we expect that all rattling modes
of Zr would couple at a general point in the Brillouin zone
with a similar strength, we estimate the total contribution
from the six rattling modes to be =0.7. Finally, the remain-
ing 12 modes (especially the two rather soft E, modes,
which we expect to couple less with electrons) should bring
a smaller, but finite contribution to the total A, so we take
as a rough estimate A, = 1. With a Coulomb pseudo-
potential u* = 0.1, the McMillan formula yields 7, =
10 K. This is a reasonable number since spin fluctuations
should reduce 7, (and eventually eliminate superconduc-
tivity) in this scenario. This is also consistent with the

TABLE 1. Zone center phonon modes in ZrZn,.

Mode nga Tlub Euc Tlud Alue T2L¢C

Character Zr Mostly Zr Zn MostlyZn Zn  Zn
o (cm™') 120 133 142 182 250 277

2Qut-of-phase Zr rattling; *in-phase Zr rattling; Zn breathing
(the tetrahedra breathe out of phase with each other); mixed
mode; °Zn breathing (all three tetrahedra breathe in phase).
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FIG. 4. Electron-phonon coupling constant, A.,, for one T,
mode as a function of the Fermi level position. The solid line
is Acp; the dashed line is density of states.

transport coupling constant extracted from the linear part
of the resistivity vs temperature dependence [17] of ZrZn,
single crystals [18], Ay = 1.4. Assuming that Ay, =
Aep T Aes, Where Aeg characterizes coupling with spin
fluctuations, we get As = 0.4, and the modified McMillan
formula then gives T = (wpn/1.2) exp[—1.02(1 + A¢p +
Aes)/(Aep — Aes — 1*)] = 0.3 K. Here g = u*(1 +
0.62A., + 0.62A¢). On the other hand, the specific heat
coefficient of 47 mJmol ! K2, reported in Ref. [1],
corresponds to mass renormalization of 4.1, considerably
larger than (I + A¢p + Aeg) = 2.4 [19]. This discrepancy
may reflect the fact that thermodynamic and transport
coupling constants need not be the same.

Another interesting observation is that the topology of
the Fermi surface changes so sharply with chemical po-
tential that the calculated coupling constant Ac, is very
sensitive to the exact position of the Fermi level in the
band structure. In Fig. 4 we show its dependence on the
Fermi level position. If the Er were shifted by 20 meV,
Aep would be 50% larger. This unusual sensitivity is only
partially accounted for by the structure of the density of
states (Fig. 4). Of course, the tendency to magnetism also
strongly depends on the position of the Fermi level.

In conclusion, we report accurate calculations of the
electronic structure and the zone center phonons in ZrZn;
in both the paramagnetic and the ferromagnetic state. The
recently observed superconductivity is compatible with
any of the three scenarios: (i) sample inhomogeneity lead-
ing to separation of superconductivity and magnetism in
real space, (ii) coexistence of ferromagnetism and inho-
mogeneous s-wave superconducting state (FFLO state),
and (iii) triplet spin-fluctuation induced superconductiv-
ity. Further experiments may be able to distinguish be-
tween these three scenarios, since they predict three rather
different thermodynamic behavior patterns: exponential
BCS-like temperature dependencies, finite residual density
of states, or a power law due to the gap nodes.
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