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Comment on “First-principles calculation of the superconducting transition in MgB,
within the anisotropic Eliashberg formalism”
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Choi et al.[Phys. Rev. B66, 020513(2002] recently presented first-principles calculations of the electron-
phonon coupling and superconductivity in MgBemphasizing the importance of anisotropy and anharmonic-
ity. We point out that(1) variation of the superconducting gap inside theor the = bands can hardly be
observed in real samples, af®) taking the anisotropy of the Coulomb repulsion into account influences the
size of the small gap ..
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In a recent papéras well as in a follow-up papérChoi  states(DOS), N(E), for the two o bands(or the two
et al. presented a@b initio calculation of the superconduct- band$ with each other for a given scattering strength, and
ing transition and superconducting properties of MgBhe  check whetheiN,;—N,,|<|N,1+N,,|. The relevant ex-
important improvement over existing calculations was thafpression can be found in Ref. 7. In the limit of large scatter-
they allowed the order parameter to vary freely over theng rates,y, one can derive an analytical expression for this
Fermi surface, i.eA=A(k), and at the same time took the criterion, namely,y>\(A)SA (Ref. 8, where(A) is the
anharmonicity into account. As a consequence, they had taverageorder parameterand SA is the variation of theor-
compute the fully anisotropic electron-phonon interaction,der parameterover the Fermi surface in question. With the
A(k,k") and solve the corresponding Eliashberg equationdata from Refs. 1 and 2 fdA) and SA, this gives charac-
The Coulomb pseudopotential (k,k") was assumed not to teristic scattering rates of, respectively, 2 and 1.5 meV for the
depend ork andk’, and was treated as an adjustable paramy and 7 bands. Therefore, to observe four distinct gaps in
eter. First-generatioab initio calculations of the supercon- MgB, one needs samples with scattering rates smaller than 2
ducting transition and superconducting properties of MgB meV, that is, with mean free paths beyond 1500 A. To ob-
had assumed\ to be constant and had therefore solvedserve gap variations beyond the four-band model, far cleaner
merely the isotropic Eliashberg equatidMoreover, anhar- samples are needed. This is the reason why at most two
monicity had been neglected. It was soon pointed that  distinct gaps have been observed in experiments. It is even
the calculated electron-phonon coupling suggests that thsurprising that the difference of 5 meV between the gaps of
gap on the twor sheets of the Fermi surface is smaller thanthe o and thes bands is not smeared out. This seems to be
that on the twoo sheets, and that anharmonicity is impor- due to the inability of common impurities to couple between

tant. This led to the so-called two-band mod&h initio cal-  the disparater and 7 band wave function$,so thatvy, .
culations of the second generatioh allowed for two, and <y, ,~7v..,.

sometimes four gaps),, and thus had to compute,, to (2) For the Coulomb pseudopotential, Cheti al. used
estimate the anisotropy @f" ,, and to solve the correspond- x* (kk')=pu*(w:)=0.12 (with the cutoff frequencyw,

ing Eliashberg equations. ~5w,y’) and stated that the superconducting properties of

Here we shall comment ofl) whether consequences of MgB, were not very sensitive to the choice @f (w.). This
anisotropy beyond that of the two-band model may be obat first seems plausible, because the Coulomb pseudopoten-
served and?2) whether at this level of detail the assumption tial enters the Eliashberg equation only in the combination
of a uniform Coulomb repulsion made by Chatial.is war-  N(k,k',v—v")—u*(k,k"), and the\ distribution varies on
ranted. the scale of~1.8, ~0.3, and~0.2 for oo, 7, andow

(1) Reference 1 implies that there is a distribution of gapsscattering, respectivelysee Fig. 3 of Ref. 1L Therefore, at
within the o and therr sheets, not only in the calculations for most theon scattering can be influenced by anisotropy of
perfectly clean MgB, but also in the actual material; in w*. We shall argue that the 7 interband Coulomb matrix
other words, that the distribution of gaps shown in Fig. 2 ofelementsare considerably smaller than the intraband matrix
Ref. 2 isobservable However, in the theory of anisotropic elements due to the very small overlap of theand 7-band
superconductivity it is known that any intraband nonunifor-charge densiti@sand that this is sufficient to influence the
mity of the order parameter is suppressed by strong intrabansliperconducting properties, in particular the size of the small
impurity scattering. It is not immediately obvious, though, gap,A .
when scattering should be considered strong in this connec- Choi et al. do not give the band-integrated values of their
tion. Since excitation gaps are not equal to the order parantoupling constants, but by integrating Fig. 3 of Ref. 1 with
eters anymore, one needs to compare individual densities ¢fie DOS ratioN ,/N,=1.37 according to
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diagonal 110 FIG. 1. (Color) Critical tem-

perature and the values of the
andw gaps &1 K asfunctions of
the renormalized Coulomb
pseudopotentialu* (w.), in two
models: the uniform model where
all matrix elements of the Cou-
lomb repulsion are equal and the
diagonal model where the inter-
band matrix elements are zero. In
both cases the normalization is
chosen so as to produce given val-
ues of u*(w.) after proper sum-
mation over all bands. The two
gaps obtained fronu* (w¢)’s giv-
ing T.'s of 39 K in the two models
are connected vertically.

25 . .
0 0.05 0.1
W (o)
1 S(enk) , and, henceT =38 K, A,=6.5 meV, andA .=1.8 meV for
A (0)= N 2 N, A(k,k",0)6(enrkr) u*(we)=0.12, incidentally, rather close to the values quoted
kok in Refs. 1 and 2. If the magnitude pf* in both calculations
1
=N > Wk (KK ,0) W, Npys (1)
Kk’

for the phonon-mediated coupling of an electron in bard
all electrons in bandh’, we can map the fully anisotropic
model of Choietal. onto a two-gap model with\
=0.78,\,,=0.15,A,,=0.11, and\,,=0.21. These\
values yield the mass-renormalization parameters in Fig. 2 of
Ref. 1. m*/m—1=\,=A,,+A;~0.94 and A .=\,
+N,,~0.32. The total isotropic(thermodynamig X\
=(N,\,+N_\,)/N=0.61, which of course is the same as
the one given by Choet al. Here, and in Eq(1), N is the
DOS summed over all bands. With this two-gap model we
have performed strong-coupling Eliashberg calculations in
order to compare the results fof, and the gaps with those
resulting from the fully anisotropic treatment. For all four
spectral functions we used the isotropitF (w) from Fig. 1
of Ref. 1 scaled to produce the matrix given above. The
un* (w.) matrix is obtained from Eq.l) with A(k,k’,0) sub-
stituted byu* (w.) of Choi et al. The resultingT, and the
gaps are shown by dashed lines in Fig. 1 as functions of
m*(we). At u*(we)=0.12, as used by Chait al, we get
T.=43 K, A,=7.2 meV, andA_=1.3 meV. The corre-
sponding values quoted by Chet al. are 39 K, 6.8 meV,
and 1.8 meV. These differences are hardly due to intraband
anisotropy, first of all because it can only incredse Sec-
ond, increasing the number of gaps from two to four in the
Eliashberg equations, which should account for most of the
anisotropy beyond the two-gap model, we found rather small
changes?

If, on the other extreme, we assume that there is no Cou- FIG. 2. (Color Constant-density contour for the normalized
lomb repulsion between the and 7 electrons, then the cor- (orange and = (green electron densities(r)|2 and|y(r)|2, at
responding two-gap treatment gives the full lines in Fig. 1the Fermi level.
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shown in Fig. 1 is adjusted to produce the safpeof 39 K,  bandn at the Fermi level. These and densities are shown
the value of the lower gap changes fren2 meV (diagonal  in Fig. 2, and they yield for the ratios of the integrals in

to =~0.4 meV (uniform). Eq. (2
That uniform and diagonal Coulomb pseudopotentials A\l 212N 2 A a
yield different results is not surprising. The same total (ol (el sl wl7) ~3.0:1.8: 1. 3)

Eliashbergu* in the uniform case is distributed over intra- These ratios reflect the facts that thelensity is more com-
and interband terms so that ther part of the pairing inter-  pact than ther density, and that the overlap of these two
action suffers less than in the case of a diagasial A, is  densities is small. Note that the exceptional smallness of the
more important for the critical temperature, ang, for gen-  interband impurity scatterifign MgB, is due not only to this
eratingA .. For uniform u*, therefore, theT, andA, are  difference in charge density, but also to a disparity of ¢he
larger, andA . is much smaller. and 7 wave functions

Having demonstrated that the assumed structure.’of From Egs.(2) and (3) we get poo:Mmr:MRom: Mro
matters for the details of the superconducting properties 0£3.1:2.6:1.4:1. Now, any anisotropy in thare pseudopo-
MgB,,! the size ofA . in particular, let us finally estimate tential is furtherenhancedn the renormalizedu*. In the
this structure from first principles. The unrenormalizeds  one-band caseu is renormalized asu* (w.)=u/[1
the matrix element(nk],n—k||VcIn'k'T,n"—k’|) for + uIin(Ww)], whereW is a characteristic electronic energy
scattering a Cooper pair from stdte k') to statenk) viaa  of the order of the bandwidth or plasma frequency. For the
phonon with wave vectok—k'. Inserting this matrix ele- multiband case, this is a matrix equation whkli being a
ment in Eqg.(1) instead of\(k,k’,0) yields w,, . Here diagonal matrix with element#/,,. Assuming for simplicity
Vc(rr') is the screened Coulomb interaction between thehat u,,=p,>=Awp,> With A>1, and that
electrons, and since it has short range in good metals, j&,,log(W,/w)=u,l0gW, /w)=L, one obtainsA*=A
makes sense to take it proportional to the delta function+ (A—A~1)L. For MgB,, L~0.5-1 andA~2.3, so that

S8(r—r'). This leads to the following estimate: A*~3-4, which is very different from the uniform.

In conclusion, any difference between the results of the

N 2 g (11203 fully anisotropic Eliashberg formalism and those of the two-

e f [ O g (D, gap formalism will hardly be observable in real MgB

samples. On the other hand, the anisotropy of the Coulomb

2 2 3 pseudopotential is likely to have an observable effect on the

Mnn’MNn’J Al g o, @ Size of the small gap .
where| ¢(r)|2=2 | yn(r)|?8(en) /Ny, is the shape, normal- The authors thank W.E. Pickett for numerous helpful dis-

ized to 1 in the cell or the crystal, of the electron density ofcussions, and for critical reading of the manuscript.
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