
MAGNETISM AND SPIN-FLUCTUATION INDUCED SUPERCONDUCTIVITY
IN RUTHENATES

I.I. MAZIN a,b,* and D.J. SINGHa

aComplex Systents Theory Branch, Naval Research Laboratory, 20375-5320 Washington, DC, USA
bComputational Science and Informatics, George Mason University, Fairfax, VA, USA

Abstract—Layered and pseudocubic Ru-based perovskites have been the subject of considerable recent attention,
due to their unusual magnetic properties and the discovery of superconductivity in one member of the family,
Sr2RuO4. From a magnetic point of view, interest derives from the stable ferromagnetism in SrRuO3, gradually
disappearing to a non-magnetic phase upon substituting Sr with isovalent Ca, a very unusual kind of behavior for
three-dimensional perovskites. On the superconducting side, interest was stimulated by theoretical conjectures and
experimental indications that Sr2RuO4 might be ap-wave superconductor. We report first-principles LSDA
calculations for ferromagnetic SrRuO3, antiferromagnetic Sr2YRuO6, non-magnetic CaRuO3, and superconduct-
ing Sr2RuO4. In all cases, magnetic properties are well reproduced by the calculations. Anomalous properties are
explained in terms of simple TB models and Stoner theory. An important result is that O bears sizable magnetic
moments and plays an important role in the formation of the magnetic states. Based on these calculations, we have
built a model for theq-dependent Stoner interaction, which we consequently applied to Sr2RuO4 to estimate
superconducting and mass-renormalization electron–paramagnon coupling constants. We found that spin-
fluctuation inducedp-wave superconductivity is possible in Sr2RuO4. The estimated critical temperature, specific
heat and susceptibility renormalizations are all in good agreement with the experiment.q 1998 Elsevier Science
Ltd. All rights reserved
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The recent discovery of superconductivity in the
layered ruthenate, Sr2RuO4 [1] has generated new inter-
est in Ru-based perovskites. At first glance this material
seems analogous to the high-Tc cuprates. For instance, it
has a similar crystal structure (it is isostructural with
La2CuO4) and is apparently close to a magnetic instabil-
ity (SrxCa1¹xRuO3 and Sr2RuYO6 are ferro and antifer-
romagnetic, respectively). On the other hand, the more
we learn about ruthenates, the less similar to cuprates
they seem. While initial interest was largely related to the
similarity to the high-Tc materials, now it is more that
ruthenates are deemed interesting per se, and, at least in
their magnetic properties they are more variegated and
probably more interesting than cuprates. Further, it
appears that superconductivity in Sr2RuO4 can hardly
be understood without a good understanding of
magnetism in ruthenium perovskites in general. Thus,
this paper naturally breaks into two parts. First, we
discuss magnetism in ruthenates, specifically antiferro-
magnetic Sr2RuYO6, ferromagnetic SrRuO3, and para-
magnetic CaRuO3. We will show that despite the wide
range of magnetic properties, they are all governed by a
simple Stoner-type mechanism, which manifests itself
differently depending on crystal structure. We shall then
show how closeness to a ferromagnetic instability can

produce a triplet superconductivity in Sr2RuO4 and
explain its normal-state transport properties. We shall
also discuss what is currently maybe the most intriguing
question in the theory of superconductivity in Sr2RuO4,
namely why the experiment shows finite electronic
density of states at zero energy (in NMR and specific
heat experiments) at as low as 0.3Tc.

1. MAGNETISM

The great majority of magnetic transition metal oxides
are based on the 3d-series. Density functional theory in its
standard local spin density approximation (LSDA) does
not work very well for some of these materials; it often
fails to yield the correct magnetic ground state, in many
cases it underestimates the magnetic moments, in some
others it does not reproduce correct insulating behavior.
In such cases it is customary to speak about ‘strong
correlation behavior’. The LSDA is essentially a mean
field theory where electron–electron interactions are
treated in an averaged way, and the nature of a magnetic
instability is related to the standard Stoner-model, where
the paramagnetic susceptibility, renormalized in the
RPA-like manner, may diverge at some wave vector.
On the other hand, in the strong correlation picture the
zero order approximation is the large-U Hubbard
Hamiltonian with an inherent antiferromagnetic
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instability to it via the superexchange mechanism. The
first thing to decide is which of the two basic approaches
serves better as the starting approximation.

An important mechanism for magnetic instabilities in a
one-electron framework is the ‘Stoner model’. This is a
purely itinerant magnetism approach. In the LSDA the
total energy is written asE ¼ Ts þ EH þ Ee¹i þ Exc,
whereTs is the single-particle kinetic energy,EH, Ee¹i,
and Exc, are the Hartree, the electron-ion, and the
exchange-correlation energies, respectively. A ferromag-
netic instability is, in this model, an instability with
respect to a perturbation consisting of splitting the band
by an exchange field, readjusting the Fermi level, and
recalculating ofExc taking into account the created
magnetic polarization. It is easy to see that the energy
difference between ferromagnetic and the paramagnetic
states in the lowest order in magnetization M is

DE¼
M2

4N(0)
¹

M2

4
d2Exc

dm2 (1)

The last variationI ¼ d2Exc=dm2, is called the Stoner
parameter. It defines the renormalization of the paramag-
netic susceptibility due to spin fluctuations,x ¼ x0/(1 ¹

Ix0). Note that when the exchange splitting is imposed
upon a compound with more than one component, the
total magnetization is expressed asM ¼

∑
iMi , whereMi

is the magnetic moment of theith component and is
proportional to its partial DOS at the Fermi level,Mi/M ¼

Ni(0)/N(0). This lets one relate the average Stoner factor
for a compound,I, with the Stoner factors of the con-
stituent atoms: 4DExc ¼ ¹ o iM

2
i Ii ¼ ¹ Mo iðNi =NÞ2Ii ,

hence,I ¼ ¹ o i(Ni/N)2I i. Of course, actual LSDA calcu-
lations take into account distortions of the bands as a
function of magnetization, as well as the higher order in
M terms, neglected in the Stoner model.

Looking at such ruthenates as Sr2RuYO6, SrRuO3, and
CaRuO3 from the Stoner point of view, one observes that
the oxygenp-character is present at the Fermi level to a
substantially greater extent than in the cuprates or most
3D oxides. Calculating the averageI for these compoti-
fids one finds that the oxygen contribution, [NO(0)/
N(0)]2I O is substantial; if it is neglected, the Stoner
criterion IN(0) $ 1 is not satisfied for any of them. If it
is included, Sr2RuYO6 and SrRuO3 appear to be
unstable against ferromagnetic transitions, while
CaRuO3, because of a slightly different DOS, is barely
stable. Detailed analysis of the magnetism in these
compounds has been published elsewhere [2]. The key
ingredient is the strong Ru-O hybridization, which puts O
character atEF and assures the validity of the Stoner
model.

One can generalize Stoner approach to antiferro-
magnetic instabilities. The main difference from the
ferromagnetic case is that the DOS in the Stoner formula
has to be replaced by the one-electron susceptibility,

N(0) ¼ x(0) → x(Q), whereQ is the antiferromagnetic
vector. What turns out to be important is that if the AFM
ordering in question is such that some atoms do not bear a
magnetic moment by symmetry, they should be excluded
from the calculation of the average Stoner factor. This is
the case in SrRuO3, and CaRuO3 where oxygen, bridging
two nearest neighbor Ru, cannot acquire a magnetic
moment if the two Ru atoms are aligned antiferromagne-
tically. Correspondingly, the averageI for antiferromag-
netically ordered (Sr,Ca)RuO3 would be considerably
smaller than for ferromagnetic analogues. In Sr2RuYO6

there are no bridging oxygens and the ground state is
antiferromagnetic, with the oxygens bearing a large
fraction of the total magnetization. This is reproduced
by detailed self consistent LSDA calculations.

2. SUPERCONDUCTIVITY

LSDA calculations for Ru-based perovskites generally
either predict a magnetic ground state or a paramagnetic
state very close to an instability. The quasi-2D Sr2RuO4

is not an exception — LSDA calculations give a Stoner
renormalization (1¹ NI)¹1 ¼ 9 (experiment gives similar
numbers). Thus, one expects strong spin fluctuations to
be present in this compound. The situation is similar to Pd
metal, whereNI is also close to 1. It is very hard to expect
that a conventional superconducting state would survive
in the presence of such spin fluctuations. In fact, Pd has a
sizable electron–phonon interaction and would have
been a superconductor apart from spin fluctuations, and
in fact becomes such in an amorphous state where spin
fluctuations are suppressed [3]. On the other hand, it is
known (see, e.g. Ref. [4]) that spin fluctuations provide
effective repulsion for the singlet (s, d) pairing, but
attraction for triplet (p) pairing. Thus, it is tempting to
ascribe superconductivity in Sr2RuO4 to the spin-fluctua-
tion inducedp-wave pairing [5, 6]. LSDA calculations
can be used as a tool to get a feeling about the size of the
attraction provided by exchange of spin fluctuations and
whether it is sufficient to explain the superconducting and
normal state properties of this material.

The valence bands of Sr2RuO4 are formed by the three
t2g Ru orbitals,xy, yz, andzx. These are hybridized with
the in-plane oxygen and, to a considerably lesser extent,
with the apical oxygen [7, 8]p-states. The bare oxygenp
levels are well (¹ 2 eV) removed fromEF, so the effect
of the O p-orbital is chiefly renormalization of the Rut2g

levels, and assisting in thed–d hopping. With nearest
neighbors only, this gives one nearly circular cylindrical
electronic sheet (g) of the Fermi surface (FS) and four
crossing planes (quasi-1D FS). The weakxz–yzhybridi-
zation reconnects these planes to form two tetragonal
prisms, a hole one (a) and an electron one (b). De
Haas-van Alphen experiments confirm this fermiology
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[9, 10]. In fact, the LDAa,b, andg areas deviate from the
dHvA experiment by only¹ 2%, ¹ 3% and 5% of the
Brillouin zone area, respectively, an exact match can be
achieved by very slight shifts of the bandsa, b, andg by
5, ¹ 4, and ¹ 3 mRy, respectively. Such agreement is
generally considered very good even in simple metals,
and the small mismatch (which does not change the FS
topology) may be due to some underestimation in LDA
calculations of the tinyxz–yzhybridization. Both calcu-
lation and experiment give nearly two-dimensional Fermi
surfaces: the relativec-axis variation of the extremal
cross section areas of the sheetsb and g is 6% and
1.5%, respectively (for these two sheets the extremal
cross sections are in the planeskz ¼ 0 andkz ¼ p/c). For
the sheeta the relative change is 2% (for this sheet the
extremal cross sections are in the planeskz ¼ 0 andkz ¼

p/2c). The experiment gives numbers twice smaller for
all three sheets (A.P. McKenzie et al., unpublished); the
difference is larger than the computational error, and
presumably has its origin in the effects beyond the density
functional theory. We repeated the calculations using two
non-LDA techniques, generalized gradient approxima-
tion [11] and weighted density approximation [12], but
the numbers hardly changed. In the following all calcula-
tional results are from the LDA linearized augmented
plane wave calculations [7].

We assume that the exchange of the spin fluctuations is
responsible for super conductivity (and for the mass
renormalization, to be discussed later). Such an interac-
tion in metals was studied with respect to possible super-
conductivity in Pd in the late 1970s (see, e.g. Refs [13,
14]), and later in connection with heavy fermions.
Assuming the Migdal theorem (a common approxima-
tion, although not well justified for spin fluctuations), the
parallel-spin interaction, relevant for triplet pairing is
given by the sum of the bubble diagrams with odd
numbers of loops,

V(q ¼ k ¹ k9) ¼
I2(q)x0(q)

1¹ I2(q)x2
0(q)

: (2)

Herex0 is the one-electron susceptibility, given as

x0(q) ¼
∑
kab

fka ¹ fk þ q,b

eka ¹ ek þ q,b
kalexp(iqr)lk þ q,b

 �2, (3)

with the usual notations. We used the approximation [15]
x0(q) ¼ x0(0)¼ N(0); this is a good approximation for an
isotropic two-dimensional Fermi liquid [16]; we are
currently investigating the quality of this approximation
for Sr2RuO4, which is a two-dimensional, but not
isotropic, Fermi liquid (so some modification ofx(q)
due to Fermi surface nesting may be expected). In any
case, theq-dependence ofI(q) is to be taken into account.
As discussed in the previous section, for the antiferro-
magnetic arrangementIAFM ; I ðp=a;p=aÞ¼ IRuðNRu=NÞ2,
while IFM ; I ð0Þ ¼ IRuðNRu=NÞ2 þ 2IO (NO/2N)2. Atomic

Stoner factors for Ru and O ions are calculated in a
standard way and areI Ru < 0.7 eV, I O < 1.6 eV. We
found I AFM to be smaller thanI FM by 14% (oxygen
contributionDI ¼ 0.06 eV). A q-dependence that reflects
this effect isI(q) ¼ I/(1 þ b2q2), whereb2 ¼ 0.5(a/p)2DI/
(I ¹ DI) < 0.08(a/p)2.

Using these numbers, we calculate the effective
coupling constant inp-channel. Following the suggestion
of Agterberg et al. [17], we calculate the coupling
constants separately for the three bands in question:
xy(g), yz(z), andzx(z).The corresponding formula is

L
p
ij ¼ (NiNj =N) V(k ¹ k9)(vi

k 3 vj
k9)=(v

i
kvj

k9, )

 �

ij , (4)

where i and j label the three bands, andv is the Fermi
velocity. By symmetry, the coupling matrix is

Lp
gg L

p
gy L

p
gy

L
p
gy L

p
yy 0

L
p
gy 0 L

p
yy

0BB@
1CCA (5)

and we calculateLgg
p ¼ 0.16 Lyy

p ¼ 0.075, andLgy
p ¼

0.025. The critical temperature is defined by the maxi-
mum eigenvalue of the matrix (N/Ni)L ij

p [18]. The corre-
sponding eigenvector defines the relative magnitude of
the order parameter in bandsg and (y,z) nearTc. We find
the maximum eigenvalue of the corresponding coupling
matrix islp ¼ 0.43, and the corresponding superconduct-
ing state is 0.85g þ 0.38y þ 0.38z. It is worth noting that
using notations of Ref. [17], and taking into account the
partial DOSNg:Ny:Nz ¼ 0.44:0.28:0.28, the matrix eqn
(5) can be translated to the interaction matrixU as

U ¼

ugg uga ugb

uga uaa uab

ugb uab ubb

0BB@
1CCA, (6)

where

ugg : uga : ugb : uaa : uab : ubb

¼ 0:96 : 0:08 : 0:16 : 0:25 : 0:51 : 1;

to be compared with the value conjectured in Ref. [17],
0.09:0.09:0.09:1:1:1. Their hypothesis about the small-
ness of the nondiagonal elementsuga andugb is confirmed
by the calculations, but the assumption about the small-
ness ofugg, is not. In any event, the calculated value of
lp ¼ 0.43 is sizable, and sufficient to explain the observed
superconductivity. We would like to emphasize the role
of oxygen in this scenario: if not for the oxygen Stoner
factor, theq-dependence of the effective interactionV(q)
would be so small that the coupling in eqn (4) would
average near zero.

3. RENORMALIZATION

The mass renormalization is not as easy to define. Besides

2187Superconductivity in ruthenates



the parallel-spin interaction eqn (2), there is the antipar-
allel-spin interaction, given in the same approximation by
the sum of the chain diagrams with even numbers of
loops, plus ladder diagrams [13, 19]. In the case of a
contact interaction, the total interaction is three times
stronger than the interaction in the parallel-spin channel
only. It was pointed out [14], though, that there is no good
physical reason to single out any particular class of
diagrams. It was found that including all three classes
above leads to systematic over-estimation of mass
renormalizations by a factor of 2 to 3 [13, 20]. The
present case is further complicated because unlike the
electron–phonon interaction, the electron–electron (and,
correspondingly, the electron–paramagnon) interaction
is already included in some average way in the LSDA
band structure. Thus, the electron–paramagnon mass
renormalization is to some extent included in the LDA
mass as well.

Despite all these difficulties, one can get an idea about
the size of the electron-paramagnon mass renormaliza-
tion by making calculations with the parallel-spin inter-
action eqn (2) only. The mass renormalization then is
computed in the same way as the electron–phonon
renormalization, i.e, by taking the average ofV(q) of
eqn (2) over the FS. One has to remember, though, that
there are other effects beyond the LDA, apart from the
one that we calculated, which may further increase the
observable mass.

The coupling matrix which defines mass renormaliza-
tion is written asLs

ij ¼ (NiNj =N) , V(k ¹ k9) .ij , and
the mass renormalization in bandi is defined as
ls

i ¼ n¹ 1
i ojLij . The average mass renormalization is

ls ¼ oij L
s
ij . We calculate Ls

gg ¼ 0:35, Ls
yy ¼ 0:32,

Ls
gy ¼ 0:16, Ls

yz ¼ 0:03. This gives ls
g ¼ (Ls

gg þ

2Ls
gy)=ng ¼ 1:5, ls

y ¼ (Ls
yy þ Ls

gy þ Ls
yz )=ny ¼ 1:8, ls ¼

1.7, to be compared with experimental dHvA values of
3, 2.3, and 3, respectively. The difference may be due to
an electron–phonon coupling of the order of 1 and/or
antiparallel spin fluctuations, neglected in our calcula-
tions, as well as to the omission of the non-Migdal
diagrams. In view of the underlying approximations,
the agreement is fairly good.

One of the key problems, as discussed in Refs. [21, 17],
is the residual electronic specific heat [22], which
remains at about 50% of its normal value well into the
superconducting regime. There are superconducting
solutions (‘nonunitary states’) for triplet pairing that are
gapless, that is, have finite density of states at zero energy
and zero temperature. However, the pairing energy for
such states is lower than for the gapped states considered
above. This led Agterberg et al. [17] to postulate a pairing
matrix that yields a vanishing gap for theg band. This,
however, does not square with the quantitative estimate
presented here. An earlier assumption [21, 6] was that
the excess pairing energy that forbids nonunitary

combination of the order parameters may be overcome
by additional magnetic (Stoner) energy in a nonunitary
state. The requirements are strong Stoner renormalization
(supported by the calculations) and strong particle hole
asymmetry [23]. However, a quantitative estimate
according to Ref. [23] shows that the effect is by far too
weak. The criterion is

TcdlogN
dEF

� �2 1
1¹ IN

log
qsf

Tc
,10¹ 5;

while it should be of the order 1 for the nonunitary state to
exist.

Another possibility is related to an observation made a
decade ago in connection with the high-Tc superconduc-
tivity [24]: A well-known fact is that virtual phonons,
even in a strongly coupled system, have no pair-breaking
effect, so that the density of states remains zero below the
gap at zero temperature in a clean superconductor. How-
ever, this is a consequence of an internal symmetry of the
Eliashberg equations, namely that the coupling function
a2F(q), entering the equation onD, is the same as
a2F(q), entering the equation onZ. In case ofp-wave
pairing, for instance, this is not true any more, and
formally there is finite density of states inside the gap at
any temperature. Unfortunately, direct calculations (I.I.
Mazin and A.A. Golubov, unpublished) show that this
effect is quantitatively strong only if a noticeable part
of a2F(q) exists atq , D, which is not the case in
Sr2RuO4.

Maybe the simplest explanation of the ‘residual DOS
mystery’ is still the most plausible. Despite the large
mean free path; which in the reported 1.35 K samples
reaches 1500–2000 A˚ [25], this superconductor is still in
the dirty limit: the Abrikosov-Gor’kov pair-breaking
parameterg ¼ 1/2tD ¼ py0/2l m.f.p. ¼ 0.7, using the
value for the coherence lengthy0 ¼ 1000 Å [26]. Non-
magnetic impurities in a unitary 2Dp-wave supercon-
ductor act as magnetic impurities in ans-wave
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Fig. 1. Relative density of states atT ¼ 0.3Tc in Abrikosov-
Gor’kov theory for pair-breaking parametersg ¼ 0, 0.07, and
0.7. We estimate that for 1.35 K super-conducting samples the

pair breaking parameterg is at least 0.7.



superconductor. The DOS is given by the standard
expression

N(E)=Nnorm¼ Re
u(E)�������������������

u(E)2 ¹ 1
p

whereu(E) satisfies the equation

E¼ u¹gx=
������������
1¹ x2

p
The resulting DOS atT ¼ Tc/3 is shown on Fig. 1 and is
seen to be very large below the gap (and does not show
any trace of piling of the DOS above the gap).

4. CONCLUSIONS

To summarize, we have presented first principle calcula-
tions indicating that interactions due to exchange of FM
spin fluctuations, as calculated from the LDA band
structure, are sufficiently strong to explain both the
mass renormalization and superconducting critical
temperature of Sr2RuO4.
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