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Phonon-driven s-wave superconductivity is fundamentally antagonistic to uniform magnetism, and
field-induced suppression of the critical temperature is one of its canonical signatures. Examples
of the opposite are unique and require fortuitous cancellations and very fine parameter tuning.
The recently discovered Ising superconductors violate this rule: an external magnetic field applied
in a certain direction does not suppress superconductivity in an ideal, impurity-free material. We
propose a simple and experimentally accessible system where the effects of spin-conserving and spin-
flip scattering can be studied in a controlled way, namely NbSe2 monolayers dozed with magnetic
3d atoms. We predict that the critical temperature is slightly increased by an in-plane magnetic
field in NbSe2 dozed with Cr. Due to the band spin splitting, magnetic spin-flip scattering requires
a finite momentum transfer, while spin-conserving scattering does not. If the magnetic anisotropy
is easy-axis, an in-plane field reorients the impurity spins and transforms spin-conserving scattering
into spin-flip. The critical temperature is enhanced if the induced magnetization of NbSe2 has a
substantial long-range component, as is the case for Cr ions.

I. INTRODUCTION

It is well known that conventional superconductiv-
ity (excluding the Fulde-Ferrell-Larkin-Ovchinnikov spa-
tially nonuniform superconductivity) cannot coexist with
ferromagnetic order, but can, in principle, with ordered
antiferromagnetism. This is usually rationalized in terms
of superconducting coherence length being much larger
that the lattice parameter, so that the staggered magne-
tization averages to zero over the corresponding length
scale.

This rationalization, while appealing, is doubly incor-
rect. First, the cancellation of the staggered magneti-
zation is not a sufficient condition: a recently discovered
class of antiferromagnets [1, 2] is completely compensated
by symmetry, yet features a finite exchange splitting in-
compatible with singlet superconductivity. Neither is it
necessary: another recently discovered and hotly debated
phenomenon, Ising superconductivity (IS), is, as we show
in this paper, compatible with ferromagnetic order pro-
vided that the magnetization direction is perpendicular
to the Ising vector and the exchange field Hex is small
compared to the spin-orbit coupling ξSO. The rationale
here is that in this case the induced exchange splitting is
quadratic in the exchange field as H2

ex/ξSO, and even
if the latter is much larger than the superconducting
gap, Hex ≫ ∆, the relevant parameter is still smaller:
H2

ex/ξSO ≪ ∆.

IS in two-dimensional materials is a rapidly grow-
ing field of theoretical and experimental research [3–
10]. The combination of broken inversion symmetry and

strong spin-orbit coupling in monolayer transition metal
dichalcogenides (TMD) leads to Fermi surfaces where
the electron spin is perpendicular to the plane of the
monolayer, and the spin direction flips between the Fermi
sheets related to each other by time reversal. This has
been experimentally confirmed by establishing, for ex-
ample in NbSe2, that the superconducting critical field is
significantly higher when applied in-plane versus out-of-
plane, and much larger than the Pauli limit [3].

Interaction of IS with impurities is highly nontrivial
compared to the standard s-wave superconductors and
has recently attracted considerable attention [6, 11, 12].
A particularly intriguing regime is magnetic impurities
with sufficiently large characteristic scattering lengths
and in-plane magnetization. This regime can be real-
ized in a material close to ferromagnetism (superpara-
magnet) where a magnetic impurity generates a long-
range ferromagnetic polarization. The scattering poten-
tial generated by such an impurity, in the momentum
space, will be strong, but also strongly peaked at small
momenta. As we discuss below, scattering momenta
smaller that the spin-orbit splitting of the Fermi con-
tours, ∆kF = ξSO/vF , where ξSO is spin-orbit splitting,
and vF is the Fermi velocity, are not pair-breaking in
the Abrikosov-Gor’kov regime[13]. On the contrary, ran-
domly oriented impurities are liable to generate strong
scattering at the wave vectors q ∼ 2π/d, where d is the
average distance between impurities.

This observation offers an intriguing opportunity:
imagine an IS that hosts magnetic defects whose mag-
netic moment is out-of-plane in the ground state. If the
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concentration of such defects is sufficiently small (the
characteristic scale depends inversely on the scattering
rate γ), the critical temperature Tc will exhibit the usual
linear decline with increasing concentration, and super-
conductivity will disappear at the critical concentration
nc ∼ Tc0/γ, where Tc0 is the value of Tc in the clean
material. Suppose the concentration is just above criti-
cal (n ≳ nc), and the system is subjected to an in-plane
external magnetic field H. The defect spins will then
make an angle α = cos−1(HM/2∆E) with the plane,
where M is the magnetic moment of the defect and ∆E
the magnetic anisotropy energy (MAE) per spin. At the
saturation field Hs = 2∆E/M the spins complete their
reorientation into the plane.

Suppose that the impurity-induced polarization m(r)
is slowly varying so that most of the spectral weight
µ(q) =

∫
d2rm(r) exp(iqr) resides at q ≲ ∆kF . Then

the pair-breaking scattering rate will be reduced com-
pared to the impurity spins oriented perpendicular to the
plane. If the characteristic scale of the induced magneti-
zation is larger than the inter-impurity distance, the ef-
fective magnetic scattering will be considerably reduced.

At this point, this becomes a game of numbers, a do-
main of computational materials science. Indeed, if the
saturation fieldHs is larger than the in-plane critical field
Hcx, nothing interesting happens. However, if Hs < Hcx,
then it may be possible that superconductivity at zero
temperature, which is absent at zero field, will sponta-
neously appear at some Hs < H < Hcx. Examples of
superconductivity triggered by magnetic field, especially
of the conventional type, are extremely rare. A canonical
example is the Jaccarino-Peter effect [14], which occurs
through fine tuning of the external field to precisely com-
pensate the existing ferromagnetic exchange field. Some
heavy-fermion systems [15] feature reentrant (but not
newly emerging) superconductivity, which is usually in-
terpreted in terms of triplet pairing.

Magnetic field-triggered superconductivity in IS would,
therefore, be rather unusual. By far, the best-studied IS
is the NbSe2 monolayer. The critical field there, while
varying from sample to sample, can reach up to 40 T.
This makes Hs = Hcx at ∆E ∼ 1.2 meV/µB , and the
effect should be observable, say, for ∆E ≲ 0.6 meV/µB

at H ≈ Hcx/2. Typically, MAE of 3d ions is smaller
than that. Another piece of information is that bulk
transition-metal diselenides, including NbSe2, can be eas-
ily intercalated with 3d transition-metal atoms of Cr,
Mn, Fe, and Co [16–18]. At sizable concentrations the
latter order magnetically, forming interesting and non-
trivial magnetic patterns. At small concentrations they
behave, in the bulk, as magnetic pair breakers, as ex-
pected. Upon exfoliation, a lightly intercalated sample
would create a monolayer dozed with magnetic ions. To
our knowledge, so far this procedure has not been per-
formed intentionally, and the superconducting properties
of such dozed monolayers have not been studied.

In this paper we present a quantitative assessment of
the possible response of the Ising superconductor NbSe2

dozed with Cr, Mn, Fe, or Co to the in-plane magnetic
field. Section II presents a general theory of magnetic
pair-breaking in IS. Section III describes first-principles
calculations of the magnetic moments and MAE for these
ions, enabling the selection of a promising candidate sys-
tem for the observation of field-induced superconductiv-
ity.

II. CRITICAL TEMPERATURE CALCULATION

Here we compute the critical temperature of IS in the
presence of the long range magnetic impurities with a
prescribed magnetization axis. The direct pair-breaking
effect of the in-plane Zeeman field is negligible thanks to
the protection due to Ising spin-orbit coupling (SOC), for
H ≪ ξSO. We also neglect the effect of scalar disorder
which becomes pair-breaking at finite field. Indeed, for
H ≪ ξSO the pair breaking scattering rate is small.
We consider two configurations, with impurities mag-

netized out-of-plane or in-plane. For short-range scatter-
ing, Tc is the same for both polarizations [19]. Here we
specifically consider the situation when the typical range
of impurity potential, ϱ, is comparable with or exceeds
the length scale vF /ξSO associated with SOC-induced
splitting: ϱ ≳ vF /ξSO. We extend the standard quasi-
classical approach in order to describe this case.
We consider a magnetic atom such as Cr or Fe placed

on top of a NbSe2 monolayer, which is responsible for
the magnetic scattering of the conduction electrons. Its
magnetic moment M induces spin-dependent potential
both directly, through hybridization with the orbitals of
the nearby host atoms and the resulting local interac-
tion JLMσ of the Schrieffer-Wolff type, and indirectly,
via the induced magnetization of the host atoms near the
impurity. The latter adds an exchange term −

∑
k Jµkσ,

where J is the Hund parameter and µk are the magnetic
moments of the host atoms k, which can be quite delo-
calized in space.
The input for the quasi-classical description are the

scattering rates off the magnetic impurities. We write
(half of) the rate of scattering on the i-th component of
the magnetization as σi(q) = ζiP(q), where q is the mo-
mentum transfer and P(0) ≡ 1. The parameter ζi char-
acterizes the overall strength of the scattering, and P(q)
is a dimensionless form-factor reflecting the delocalized
character of the induced magnetization in the host. Ac-
cording to Fermi’s golden rule, for a random distribution
of impurities,

σi(q) = πnmN0 |JLMi − Jµi(q)|2 (1)

and ζi = σi(0), where nm is the areal impurity density
and N0 is the density of host states at the Fermi level per
spin. Because the orientation of the induced moments µk

relative to M is determined by the sign of JL, the two
terms in the scattering amplitude typically add up. We
will discuss the case of Cr/NbSe2 in Sec. III.
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Finally we specify the band structure model adequate
for the present discussion. The Fermi surface of the TMD
monolayer consists of the hole pockets centered at Γ as
well as a pair of pockets at K and K ′ related to each
other by time reversal. Although the effect of impurity
spin reorientation is qualitatively similar for these two
types of pockets, it is more pronounced for the pockets
at K and K ′. Indeed, SOC is nodeless at K and K ′ but
has a node at Γ. The Fermi surface is connected at Γ and
disconnected at K, K ′. We will treat the two types of
pockets separately. For conciseness, we present the basic
steps of the calculation for the K (K ′) model in Sec. II A.
Technical details of this calculation and a similar calcula-
tion for the Γ model are relegated to App. A and App. B,
respectively.

A. The K (K′) model

In this section we present the results for the critical

temperature T
⊥,∥
c for magnetic impurities polarized out-

of-plane or in-plane for the K (K ′) model illustrated in
Fig. 1. To highlight our results, in the present section
we present the simplified isotropic version of the K (K ′)
model, where we treat the two pockets as isotropic, ne-
glecting trigonal warping. In particular, we regard N0

as unaffected by SOC. Under these simplifying assump-

tions, we state the closed result for T
∥,⊥
c formulated in

a way that is similar to the Abrikosov-Gor’kov theory
[13]. The details of the calculations for a more general
anisotropic model are relegated to the App. A.

We disregard intervalley scattering for the following
reasons. First, the states at K and K ′ have orthogo-
nal orbital characters: dxy + idx2−y2 and dxy − idx2−y2 ,
respectively. Therefore, scattering by a C3-symmetric
impurity potential between the corresponding valleys is
strongly suppressed [20]. Furthermore, even moderate
intervalley scattering does not change the results quali-
tatively. Indeed, the key feature for the proposed effect is
the absence of spin-flip scattering with small momentum
transfer. This feature is unaffected by the inclusion of
scattering to other distant regions in the Brillouin zone.
This conclusion is confirmed by the calculation of the
critical temperature for the Γ model in App. B.

Within the K (K ′) model, the electronic states at the
Fermi level, |ϕk, η, β⟩, are labeled by the valley η and spin
β indices and the angle ϕk formed by the momentum k
relative to the K (K ′) point with the unit vector x̂. The
valley index η = ±1 refers to K and K ′ pockets, and
β = ±1 refers to the spin up and spin down polarization.

The valley-dependent Ising SOC has the following
form: γη = ηξSO, which splits the originally spin-
degenerate Fermi surface with the Fermi momentum kF

as shown in Fig. 1a. The Fermi momenta of the two
spin polarized Fermi surfaces are kFβη = kF − ηβξSO/vF .

Hence, in our notation, the electron in state |ϕk, η, β⟩ has
momentum k = kFβηk̂ with k̂ · x̂ = cosϕk.

As discussed above, the scattering rate of an electron
off the magnetic impurity from the initial state |ϕk, η, β⟩
into the final state |ϕk′ , η′, β′⟩ reads:

W η,η′

kβ,k′β′ = δη,η′

3∑
i=1

ζiP(qη
ββ′)|σi

ββ′ |2 , (2)

where, since the scattering occurs at the Fermi surface,

k = kFβηk̂, the scattering momentum qη
ββ′ depends on the

valley and spin indices:

qη
ββ′ = kFβηk̂− kFβ′ηk̂

′. (3)

Let us introduce valley- and spin-dependent total
scattering-out rates,

Γη
ββ′ =

∫ 2π

0

dϕk′

2π
W η,η

kβ,k′β′ . (4)

The rates (4) are not independent. We have two indepen-

dent spin-conserving scattering rates, Γβ = Γη=1
ββ . The

spin-conserving scattering rates for the other valley are
related to Γβ by time-reversal symmetry: Γη

ββ = Γη̄

β̄β̄
,

where we denote β̄ = −β, and η̄ = −η. All the spin-flip
scattering rates are equal thanks to the detailed balance
condition for intravalley scattering: Γη

ββ̄
= Γη

β̄β
, com-

bined with time-reversal symmetry. We denote the spin-
flip scattering rate as Γf .
We express the pair-breaking effect for the out-of-plane

or in-plane impurity polarization via the scattering rates
introduced above:

ln

(
Tc0
T⊥
c

)
=

1

2

∑
β

ψ

(
1

2
+

Γβ

πT⊥
c

)
− ψ

(
1

2

)
, (5a)

ln

(
Tc0

T
∥
c

)
= ψ

(
1

2
+

Γf

πT
∥
c

)
− ψ

(
1

2

)
. (5b)

Here ψ is the digamma function. These results reflect the
fact that the impurities polarized out-of-plane conserve,
and in-plane flip, the electronic spin.
In a standard situation, without SOC and/or with

a short-range scattering potential the pair breaking is
isotropic, we have Γf ≈ Γβ , and hence the spin ori-
entation of impurities plays no role in the Tc suppres-
sion. In the present case, because of the SOC splitting,
spin-flip scattering requires a finite momentum transfer,
|qη

ββ̄
| ≥ ξSO/vF . For the spin conserving transition, how-

ever, |qη
ββ | = kFβη[2(1− k̂ · k̂′)]1/2 can be arbitrarily small.

Therefore, for ϱ ≳ vF /ξSO, Γ
η
ββ ≫ Γη

ββ̄
. This amounts

to Γβ ≫ Γf and to T
∥
c > T⊥

c . As a result, field-induced

superconductivity occurs at T⊥
c < T < T

∥
c .

Note that Eq. (5a) contains an average of two digamma
functions while usually, when more than one pair-
breaking mechanisms are present, the pair-breaking pa-
rameters are instead added in the argument of a single
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FIG. 1. In a K(K′) model the two hole pockets are centered at the two corners of the hexagonal Brillouin zone. (a) Fermi
surface spin splitting due to the SOC. The original Fermi momentum kF for the spin unpolarized Fermi surface turns to a two
distinct Fermi momenta k±

F = kF ± ξSO/vF . (b) Pair breaking processes active for magnetic impurities polarized out-of-plane.
(c) The same as in (b) but for in-plane polarized impurities.

digamma function [21]. This difference is due to the spe-
cial feature of the spin-conserving scattering, which oc-
curs separately on two distinct spin-split Fermi surfaces.
We also note that formally the above results are consis-
tent with the results of Ref. [22]. The latter, however,
cannot be applied as is because, if viewed as a two-band
problem, each band contains electrons with a definite
spin making up only “half” of a Cooper pairs.

III. FIRST-PRINCIPLES CALCULATIONS

Since no experimental data are available for transition-
metal ions deposited on monolayer NbSe2, we first gauge
our methodology against intercalated bulk NbSe2, where
a limited amount of data is available. We consider a
3× 3× 1 supercell constructed from the unit cell of bulk
NbSe2 (a = 3.44 Å, c = 12.55 Å) intercalated with one
transition-metal (TM) atom (Cr, Mn, Fe, or Co) per su-
percell in its lowest energy position on top of a Nb atom
[23]. The impurity concentration is thus 1.8%. The struc-
ture is optimized using the projector-augmented wave
(PAW) method [24] implemented in the Vienna Ab Ini-
tio Simulation Package (VASP) [25, 26]. The general-
ized gradient approximation of Perdew-Burke-Ernzerhof
(PBE) [27] is used as the exchange-correlation functional.
The atomic positions are relaxed using a 3 × 3 × 2 Γ-
centered k-point grid until the forces on all atoms are
less than 0.01 eV/Å. The monolayer structures are ob-
tained by removing one of the NbSe2 layers from the bulk
structure and relaxed using the same criterion.

To speed up the calculations, the electronic struc-
ture and MAE of the resulting structures was studied
using the OpenMX code utilizing a pseudo-atomic or-
bital basis set [28, 29]. The charge and spin densities
were obtained from a self-consistent calculation with-

out SOC and kept fixed in the subsequent MAE calcu-
lations. MAE is determined as the difference in band
energies calculated with the magnetization aligned in-
plane and out-of-plane. Positive MAE corresponds to
easy-axis anisotropy. We have compared our results us-
ing OpenMX without LDA+U in monolayer NbSe2 dozed
with different impurities with the results using VASP.
The agreement is excellent for Co and Mn. For Cr and
Fe, the agreement is good for MAE but OpenMX gives
15% larger magnetic moments.
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FIG. 2. Dependence of magnetic moments and MAEs on Ueff

for bulk NbSe2 intercalated with Cr, Mn, Fe, or Co.
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We use the LDA+U method [30] to better account for
the correlation effects on the 3d ions. Figure 2 shows
the total magnetic moments and MAE for bulk NbSe2
intercalated with different impurities as a function of
Ueff = U−J , where U and J are the on-site Coulomb and
exchange parameters. The magnetic moments monotoni-
cally increase with Ueff . Note that Fe-intercalated NbSe2
is magnetic only if a small but finite Ueff is included.
The effective magnetic moments for Co0.012NbSe2,

Mn0.0012NbSe2, and FexNbSe2 were reported at 0.6, 4.2,
and 3.2 µB , respectively [17, 18]. Reasonable agreement
with these data for Mn and Fe can be obtained with
Ueff = 4 eV, while for Co the best agreement is obtained
without LDA+U. This is in line with the general expec-
tation that Co is the least, and Mn the most, correlated
of the three ions. MAE also depends monotonically on U
and retains the same sign for all intercalants except Co,
where it changes sign at a small value of Ueff . Because
the results for Cr (where no experimental data are avail-
able) depend little on Ueff , we set Ueff = 0 for Cr in the
following.

Having determined the optimal Ueff from the bulk cal-
culations, we evaluate the MAE, the total magnetic mo-
ments, and spin-flip fields for monolayer NbSe2 dozed
with different impurities. The results are listed in Table
I. Here Co, Cr, and Fe have larger magnetic moments
compared to the intercalated bulk, and they all have pos-
itive MAE with a spin-flip field that is less than 30 T.
For Co, the magnetic moment is close to the low-spin
3d7-electron configuration of Co2+ (S = 1/2). For Mn,
it is close to the 3d4 configuration of Mn3+ (S = 2). Cr
and Fe are potentially suitable candidates as they have
experimentally accessible spin-flip fields.

Impurity Ueff MAE ∆E Total moment TM moment Hs

eV meV µB µB T
Co 0 1.30 1.57 1.83 28
Cr 0 1.44 3.58 4.31 14
Fe 4 1.04 3.47 3.59 10
Mn 4 −0.67 4.56 4.89 —

TABLE I. Calculated MAE, total magnetic moments, TM
magnetic moments, and in-plane saturation fields in mono-
layer NbSe2 dozed with magnetic atoms.

We now examine the distribution of the induced
magnetic moments on the Nb atoms in Fe/NbSe2 and
Cr/NbSe2 systems. As shown in Ref. [23], the exchange
coupling between TM adatoms on NbSe2 is rather long-
ranged. Therefore, we use a 15×15 supercell to minimize
interaction between the impurities, although even at this
large size the results may not be fully converged. We also
note that the use of the PBE exchange-correlation poten-
tial results in a longitudinal remnant of the spin density
wave (SDW) in NbSe2; we suppress it by using the local
density approximation (LDA) in this calculation (with
Ueff included for Fe), which is performed in VASP.
Figure 3 shows the total magnetic moment induced on

Nb atoms within a circle of radius r from the one di-

rectly underneath the impurity. In Fe/NbSe2 there is a
strong cancellation between positive and negative spin
moments, and, as a result, the Fourier transform µ(q) is
expected to peak at finite q. In contrast, in Cr/NbSe2 the
induced magnetization is accumulated, almost monoton-
ically, over several coordination spheres. This behavior
produces µ(q) that is peaked at q = 0, which is favor-
able for field-induced superconductivity. The difference
between Fe and Cr is likely due to the different hybridiza-
tion patterns. In the following we focus on the Cr/NbSe2
system.

FIG. 3. Total spin moment induced on Nb atoms in Fe/NbSe2
and Cr/NbSe2 within a circle of radius r centered at the Nb
atom directly underneath the impurity.

According to Eq. (1), the scattering amplitude has
contributions from local interaction with the impurity
and from the delocalized interaction with the spin mo-
ments induced on the Nb atoms. The relative magnitude
of these two terms can be estimated from their contribu-
tions to the exchange splitting ∆ near the Fermi level in
the 15×15 supercell. The total magnetic moment of this
supercell is 3.54 µB , which includes 5 µB contributed by
the five filled majority-spin bands deriving from the deep
3d states of Cr. The remaining −1.46 µB reflect the mag-
netization of the native bands of NbSe2. It includes the
magnetization induced on Nb ions as well as an admix-
ture of the minority-spin Cr orbitals. ∆ can be found by
dividing this number by the DOS N0 per spin in the up-
doped layer (1.35 eV−1/f.u.), which gives ∆ = 4.8 meV.
Direct matching of the majority- and minority-spin DOS
near the Fermi level suggests a somewhat smaller ∆ ≈ 4
meV.
On the other hand, the contribution of the induced

Nb moments to ∆ in the 15 × 15 supercell can be esti-
mated as Jµtot/15

2 ≈ 0.8 meV, where J ≈ 0.6 eV and
µtot = −0.29 µB is the total spin moment induced on
the Nb atoms. Thus, we estimate that Hund exchange
with the induced moments on the Nb atoms contributes
about 20% to the total scattering amplitude near the
Fermi level, and hence Jµ(0) ≈ −0.2JLM . (Note that
JL < 0 in Cr/NbSe2.) The scattering form-factor P(q)
for Cr/NbSe2 is then obtained from Eq. (1) and shown
in Fig. 4.
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FIG. 4. Scattering form-factor P(q) for Cr/NbSe2 plotted in
the first Brillouin zone. Contours are drawn between 0.7 and
0.975 in intervals of 0.025.

IV. THE EFFECT OF SPIN REORIENTATION

In this section we estimate the suppression of Tc in
NbSe2 dozed with magnetic ions which occurs due to the
magnetization induced in NbSe2. As discussed in section
II, the crucial information is contained in the Fourier
transform of the induced magnetization, µ(q).

0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.2

0.4

0.6

0.8

1.0

q(Å-1)


(q
)

FIG. 5. Isotropic approximation for the form-factor P(q)
in Cr/NbSe2 obtained by averaging P(q) shown in Fig. 4
over the azimuthal angle. This approximation is applied and
shown here for q < G/2 where G = 4π/(

√
3a) ≈ 2 Å−1 is the

length of the shortest reciprocal lattice vector.

We have computed the critical temperature for the
K(K ′) model for out- and in-plane orientation of impu-
rities. The calculation was performed using the isotropic
approximation of the form-factor shown in Fig. 5. This
approximation is sufficient because the actual momen-
tum transfer does not exceed twice the Fermi momentum
of the electronic pockets, which is about 0.7 Å−1 < G/2.
Trigonal warping can be neglected for such momenta. We

0.0 0.1 0.2 0.3 0.4 0.5 0.6
0.0

0.2

0.4

0.6

0.8

1.0

ζi/Tc0

Tc

Tc0

ζ1 (2)

ζ3

FIG. 6. The critical temperature Tc as function of ζi with the
magnetic impurities in-plane (blue line) and out-of-plane (red
line), calculated by solve Eqs. (5b) and (5a) respectively.
The form factor is shown in Fig. 5 and the parameters are
2mEF /ℏ2 = 0.075Å−2, ξSO/EF = 0.5. Tc0 is the critical
temperature without magnetic impurities

have checked that this approximation produces a negli-
gible error in the calculations of Tc. The results are con-
tained in Eqs. (5) and are presented in Fig. 6.
The magnitude of the effect, namely the difference be-

tween the values of Tc for two spin orientations, follows
from the magnetic interaction rather localized in space.
The source of this localization is the direct interaction
with the magnetic ion. We have checked that the effect
is much stronger if the magnetic form-factor is less local-
ized (see App. A, and Fig. 7). In addition, the increase
in Tc caused by the magnetic field occurs also in the Γ-
model of the electronic dispersion. The results for the
Γ-model are presented in Fig. 8 of App. B.
We can estimate the impurity concentration needed to

achieve field-induced superconductivity as follows. For
the exchange splitting ∆ = 4.8 meV we find, using
Eq. (1), that the critical temperature 4 K of a clean sys-
tem is suppressed to zero at the impurity concentration
of 1.4×1010 cm−2. At this concentration the typical dis-
tance between the impurity atoms is on the order of 100
nm, and our analysis assuming isolated impurities is well
justified.

V. CONCLUSIONS

We predicted a novel effect presenting another mani-
festation of the unique nature of Ising superconductivity:
a parametric regime where superconductivity is strictly
absent at zero field in the presence of dilute, easy-axis
magnetic impurities but can be “turned on” by a moder-
ate in-plane magnetic field. Such “incipient” supercon-
ductivity, which requires a magnetic field to reveal itself,
is unique and counterintuitive.
We presented a microscopic theory and quantitative

DFT calculation of this effect, demonstrating that mono-
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layer NbSe2 lightly dozed with Cr atoms is a promising
material platform for its observation. Since Cr can be
easily intercalated into bulk NbSe2, experimental verifi-
cation of our prediction should be feasible.

The physical meaning of the effect of field-induced su-
perconductivity is quite transparent and is similar to the
famous “Ising protection” against the uniform in-plane
magnetic field. Indeed, in the limit of a dominant forward
scattering, that is, a small q scattering, the pair-breaking
effect of impurities is analogous to the pair-breaking ef-
fect of Zeeman splitting (in a way, a uniform magnetic
filed can be thought of as a giant impurity with scatter-
ing limited to q = 0). “Small” here means smaller than
ξSO/vF . In NbSe2 the effect is relatively weak, albeit
expected to be detectable, because of the proximity to a
spin density wave at Q ≈ (0.2, 0, 0)[31, 32], which trans-
fers some weight for small q to q ∼ Q. On the other
hand, NbSe2 is also close to a ferromagnetic (q = 0)
instability[31, 33], albeit not as close as to the SDW. Po-
tentially, an Ising superconductor that retains proximity
to a ferromagnetic instability, but not to an SDW, would
be an even better candidate to discover this effect.
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Appendix A: Details of the calculation of the critical
temperature for the K(K′) model

Here we present a more detailed derivation of the re-
sults, (5). We start with the model Hamiltonian pre-
sented as a sum

H = H0 +HSOC +Hp +Hs
dis +Hm

dis . (A1)

In Eq. (A1), H0 =
∑

k,η,β ξka
†
ηkβaηkβ , where a

†
ηkβ is the

operator creating an electron in the state, |ϕk, η, β⟩, and
ξk is the kinetic energy counted from the Fermi energy,
EF . The SOC Hamiltonian reads,

HSOC =
∑
η

∑
k,β,β′

γη · σββ′a†ηkβaηkβ′ (A2)

where the Ising SOC polarizes spin out-of-plane, γη =
ẑγη. We assume the pairing interaction to be active in a

spin singlet channel,

Hp =
1

2

∑
η,η′

∑
β1,2,β′

1,2

∑
k,k′

vK [iσy]β1β2
[iσy]

∗
β′
1β

′
2

× a†ηkβ1
a†
η̄k̄β2

aη̄′k̄′β′
2
aη′k′β′

1
. (A3)

Scalar disorder represented by the Hs
dis term is incon-

sequential as expected from the Anderson theorem, and
the interaction of electrons with the magnetic impuri-
ties placed at random locations Ri is contained in the
exchange coupling:

Hm
dis =

∑
Ri,k,k′

eiRi(k−k′)
∑

ηβ,η′β′

[Jµ(k− k′) + JLM]·σββ′

× a†ηkβaηk′β′ . (A4)

The crucial feature of Eq. (A4) is that for M ∥ ẑ (and
hence µ ∥ ẑ) the transitions caused by Hm

dis are spin-
conserving, while for M ⊥ ẑ (and µ ⊥ ẑ) they are spin-
flipping. Equation (A4) gives rise to the scattering rate
stated in Eq. (2).

We have approached the current problem by extension
of the quasi-classical formalism used by two of us previ-
ously to study the magnetic disorder [19]. In the case of
the K(K ′)-model we extend the usual four-dimensional
space including the particle-hole (Nambu) and spin de-
grees of freedom to the eight dimensional space which
includes in addition, the valley degree of freedom. We
denote the three sets of Pauli matrices ρ, σ and τ oper-
ate in Nambu, spin and valley spaces, respectively. We
also denote by ρ0, σ0 and τ0 the unit matrices operating
in these spaces. A quantity, O defined in this extended
eight dimensional space is denoted by the check sign, Ǒ.
The basic object is the Green function defined as follows,

Ǧ (ηk, ωn) =

[
Ĝηη (k, ωn) Ĝηη̄ (k, ωn)

Ĝη̄η (k, ωn) Ĝη̄η̄ (k, ωn)

]
, (A5)

where ωn = (2n+ 1)πT are the Matsubara frequencies
with integer n, and the four by four Green functions have
a form,

Ĝηη′
=

[
Gηη′

(k, ωn) F ηη′
(k, ωn)

−[F ηη′
(−k, ωn)]

∗ −[Gηη′
(−k, ωn)]

∗

]
, (A6)

with each entry being a two by two matrix in spin space,

Gηη′

ββ′(k, ωn)=−
∫ T−1

0

dτeiωnτ
〈
Tτakηβ (τ) a

†
kη′β′

〉
, (A7)

where aηkβ(τ) = eτHaηkβe
−τH . Within the mean field

approach, the Green function, Eq. (A5) satisfies the
Gor’kov equation,[

iωn1̌ − ȞBdG − Σ̌
]
Ǧ = 1̌ , (A8)
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where 1̌ = ρ0σ0τ0. The Bogoliubov-de-Gennes (BdG)
Hamiltonian takes the form

ȞBdG= (A9)
ξk+γη ·σ 0 0 ∆

0 −ξk−γη ·σT ∆† 0
0 ∆ ξk+γ η̄ ·σ 0

∆† 0 0 −ξk−γ η̄ ·σT


where for shortness we write ξkσ0 as ξk, and the OP is a
singlet, ∆ = ψ0iσ2.

The self-energy Σ̌ in the Gor’kov equation, (A8) incor-
porates the effects of scattering on the magnetic impuri-
ties:

Σ̌ (ηk, ωn) =N
−1
0 π−1

3∑
i=1

ζi

∫
d2k′

(2π)
2P (k− k′)

× V̌iǦ (ηk′, ωn) V̌i , (A10)

where V̌1 = ρ3σ1τ0, V̌2 = ρ0σ2τ0, and V̌3 = ρ2σ3τ0 de-
scribes the structure of the disorder scattering matrix
elements due to the i-th component of the impurity spin
polarization. In Eq. (A10) and throughout the paper
we have neglected the scattering between the K and K ′

pockets.
The form of the BdG Hamiltonian, (A9) suggests that

the dimension of the Hilbert space can be reduced. In-
deed, we show that it can be reduced to two decoupled
problems in the four-dimensional space that is a product
of the particle-hole and spin spaces. The above reduction
can in principle be made impossible because of the self
energy, (A10). Yet, one can readily check by way of it-
erations that with this self-energy the blocks of Eq. (A6)

satisfy, Gηη̄ = 0 and F ηη = 0. The matrix blocks, Ĝ take
the form,

Ĝηη =

[
Gηη(k, ωn) 0

0 −[Gηη(−k, ωn)]
∗

]
, (A11a)

Ĝηη̄ =

[
0 F ηη̄(k, ωn)

−[F ηη̄′
(−k, ωn)]

∗ 0

]
. (A11b)

Equation (A11) shows that we can limit the consideration
to the four dimensional BdG Hamiltonian comprized of
the (1, 1), (1, 4), (4, 1) and (4, 4) two by two blocks of the
original BdG Hamiltonian, (A9),

ĤBdG=

[
ξk+γη ·σ ∆

∆† −ξk−γ η̄ ·σT

]
(A12)

The same blocks of the Green function, (A5) according
to Eq. (A6) comprize the reduced Green function,

Ĝ(kη, ωn) =

[
Gηη(k, ωn) F ηη̄(k, ωn)

−F η̄η∗(−k, ωn) −Gη̄η̄∗(−k, ωn)

]
(A13)

which has a standard form with the added information
that the normal state Hamiltonian is diagonal in the val-
ley index, while the pairing term of the Hamiltonian is off
diagonal. The four dimensional equivalent of Eq. (A8),[

iωn1̂ − ĤBdG − Σ̂
]
Ĝ = 1̂ , (A14)

where 1̂ = ρ0σ0.
As is the case of the Abrikosov-Gor’kov problem, the

further reduction of (A13) down to the particle-hole
space is possible. Specifically, we have two coupled prob-
lems defined for the inner and outer blocks of Eq. (A13)
and labeled by the spin-index, β = ±1,

Ḡ(β)(ηk, ωn)=

[
Gηη

ββ(k, ωn) F ηη̄

ββ̄
(k, ωn)

−F η̄η∗
β̄β

(−k, ωn) −Gη̄η̄∗
β̄β̄

(−k, ωn)

]
(A15)

Let us introduce the standard definition of the quasi-
classical Green function,

ḡ(β)(ηk̂, ωn) =

∫
dξk
π
iρ3Ḡ

(β) (ηk, ωn) . (A16)

The quasi-classical Green function satisfies the Eilen-
berger equation,

[(
iωnρ0 − S̄(β)

η − Σ̄(β)(ηk̂, ωn)
)
ρ3, ḡ

(β)(ηk̂, ωn)
]
= 0

(A17)
where

S̄(β)
η = β

(
γη ψ0

ψ∗
0 −γη

)
, (A18)

and the self-energy follows from Eq. (A10) by reducing it
to the two-by-two matrix in the same way as we did it for
the Green function. Namely, for the contribution to the
self energy from the jth component of the magnetization
we have for the in-plane polarized impurities, j = 1, 2

Σ̄
(β)
j = −iζjρ0

〈
ḡ(β̄)(ηk̂′, ωn)P(qη

ββ̄
)
〉
k̂′
ρ3, (A19)

and for the impurities polarized out-of-plane we get

Σ̄
(β)
3 = −iζ3ρ3

〈
ḡ(β)(ηk̂′, ωn)P(qη

ββ)
〉
k̂′
ρ0. (A20)

As explained above the self-energies, (A19) and (A20)
describe spin flipping and spin conserving scattering, re-
spectively.
To solve Eq. (A17) we use the following parametriza-

tion of the quasi-classical Green function,

ḡ(β)(ηk̂, ωn) = ig
(β)
0 (ηk̂, ωn)ρ0 + g

(β)
3 (ηk̂, ωn)ρ3

+ if
(β)
1 (ηk̂, ωn)ρ1 + if

(β)
2 (ηk̂, ωn)ρ2. (A21)
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The functions introduced in Eq. (A21) satisfy the rela-
tions,

[g
(β)
0,3 (η(−k̂), ωn)]

∗ = g
(β̄)
0,3 (η̄k̂, ωn),

[f
(β)
1,2 (η(−k̂), ωn)]

∗ = f
(β̄)
1,2 (η̄k̂, ωn) . (A22)

For our purposes it is sufficient to find the functions, f1,2
to the linear order in OP. The linerization of the Eilen-
berger equation, (A17) results in the following equations,
omitting the Matsubara frequency argument for short-
ness,

ζ3

〈(
f
(β)
1 (ηk̂′) + f

(β)
1 (ηk̂)

)
P(qη

ββ)
〉
k̂′

− (ζ1 + ζ2)
〈(
f
(β̄)
1 (ηk̂′)− f

(β)
1 (ηk̂)

)
P(qη

ββ̄
)
〉
k̂′

= − |ωn| f (β)1 (ηk̂), (A23a)

ζ3

〈(
f
(β)
2 (ηk̂′) + f

(β)
2 (ηk̂)

)
P(qη

ββ)
〉
k̂′

− (ζ1 + ζ2)
〈(
f
(β̄)
2 (ηk̂′)− f

(β)
2 (ηk̂)

)
P(qη

ββ̄
)
〉
k̂′

= − |ωn| f (β)2 (ηk̂)− βiψ0 . (A23b)

Equation (A23a) yields f
(β)
1 (ηk̂, ωn) = 0. Equation

(A23b) is easily solved in the case of the isotropic pock-
ets and isotropic scattering assumed here. Thanks to

the isotropy assumption, the functions f
(β)
2 (ηk̂, ωn) are

independent of the momentum direction, k̂. Hence
Eq. (A23b) becomes an algebraic equation.
We consider separately the case of out- and in-plane

polarized magnetic impurities. In the case of out-of-plane
impurities ζ1,2 = 0, and Eq. (A23b) gives,

f
(β)
2,⊥(η) = − iβψ0

2Γη

ββ̄
+ |ωn|

, (A24)

and for the in-plane impurities

f
(β)
2,∥ (η) = − iβψ0

2Γη
ββ + |ωn|

. (A25)

These results has to be substituted into a linearized self-
consistency conditions,

πT
∑
ωn,η

 ψ0

|ωn|
− i

2

∑
β

βf
(β)
2⊥,∥(η)

 = 2ψ0 ln

(
Tc0
Tc⊥,∥

)
,

(A26)
The scattering rates are quadratic in the magnetization,
in result, the time reversal symmetry implies Γη

ββ′ =

Γη̄

β̄β̄′ . We also have a detailed balance condition, Γη
ββ′ =

Γη
β′β . As a result we can eliminate the summation over

the valley index in Eq. (A26),

πT
∑
ωn

 ψ0

|ωn|
− i

2

∑
β

βf
(β)
2⊥,∥(η = 1)

 = ψ0 ln

(
Tc0
Tc⊥,∥

)
,

(A27)

T

Tc0

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=5.0, ξSO/EF=0.0

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=5.0, ξSO/EF=0.1

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=5.0, ξSO/EF=0.2

ζ1 (2)

ζ3

T

Tc0

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=7.5, ξSO/EF=0.0

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=7.5, ξSO/EF=0.1

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=7.5, ξSO/EF=0.2

T

Tc0

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=10.0, ξSO/EF=0.0

ζi/Tc0

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=10.0, ξSO/EF=0.1

ζi/Tc0

0 2 4 6 8
0.0

0.2

0.4

0.6

0.8

1.0
A=10.0, ξSO/EF=0.2

ζi/Tc0

FIG. 7. Calculated Tc as a function of the parameters, ζi,
i = 1, 2, 3 proportional to the impurity concentration for the
K(K′) model. In the calculation, only one of ζi is non-zero.
For the blue lines ζ1(2) ̸= 0 and we solve Eq. (5b). For the red
lines ζ3 ̸= 0 and we solve Eq. (5a). Both axes are plotted in
units of Tc0. Along the rows the parameter ξSO/EF increases.
Along the columns the parameter A = ϱ2mEF /ℏ2 increases.
Here we take an isotropic Gaussian model for the form factor
P (q) = exp

[
− (ϱq)2 /2

]
.

Substituting Eqs. (A24) and (A25) into Eq. (A27) we
obtain Eqs. (5). The summation over β in Eq. (A27)
signifies that the Cooper pairs form spin singlets. The
reason we treat separately the two parts of these singlets
is that the long range magnetic impurities affect them
differently in the Ising superconductor.

As discussed in the main text, the difference between
the critical temperatures crucially depends on the range
of the magnetic scattering. To illustrate this point we
have plotted the critical temperature for the two spin ori-
entations for the different range of the magnetic scatter-
ing, see Fig. 7. As is clear from these plots, the more de-
localized the magnetic moments are the more pronounced
is the effect.

Appendix B: The Γ model

The Γ pocket is singly connected and the analysis in
this case is similar to the standard Abrikosov-Gor’kov
theory. The momentum dependent spin splitting is writ-

ten in the form of ξSOγ(k̂), and for the Γ-pocket we can

take γ(k̂) = cos(3ϕk̂). The pair-breaking equation that
controls the critical temperature, is almost identical to
Eq. (A27),

πT
∑
ωn

 ψ0

|ωn|
− i

2

∑
β

β
〈
f
(β)
2 (k̂)

〉
k̂

 = ψ0 ln

(
Tc0
Tc

)
,

(B1)
where, as before ⟨. . .⟩ stands for the averaging over the

directions, k̂, and the index β = 1(−1) refers to Cooper
pairs with the ↑↓ (↓↑), respectively. In contrast to the
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FIG. 8. The critical temperatures for the same set of param-
eters as in Fig. 7 for the Γ model. The calculation is done by
numerically solving Eqs. (B1) and (B2) of the Fredholm type
without resorting to the isotropic approximation.

K(K ′) model the valley index is omitted.

The two functions f
(±1)
2 (k̂) satisfy the linear integral

equations,

ζ3

〈(
f
(β)
2 (k̂′) + f

(β)
2 (k̂)

)
P(qββ)

〉
k̂′

− (ζ1 + ζ2)
〈(
f
(β̄)
2 (k̂′)− f

(β)
2 (k̂)

)
P(qββ̄)

〉
k̂′

= − |ωn| f (β)2 (k̂)− βiψ0 . (B2)

which parallels Eq. (A23b). As before, ∆kββ′ is the mo-

mentum change of an electron resulting from the elastic
collision off a magnetic impurity.
In the spin-SU(2) invariant limit, the pair-breaking

effect is isotropic with respect to the polarization of
magnetic impurities. For finite SOC and for the long-
range impurities it becomes anisotropic. For the spin-
conserving processes, described by the terms ∝ ζ3 in

Eq. (B2), qββ , reaches zero for k̂ = k̂′ as the both the
initial and final states belong to the same Fermi surface.
This is true for any initial momentum.
For the spin flip processes described by the terms

∝ ζ1, ζ2, qββ̄ remains finite and on the order of ξSO/vF .
For this reason the Tc is anisotropic for both K(K ′) and
Γ models. Since in the Γ model the spin splitting van-
ishes along ΓM directions, the transferred momentum
∆kββ̄ becomes small for the momenta along these sym-
metry lines. For this reason the Tc anisotropy is more
pronounced for the K(K ′) model than for the Γ model.
The SOC and more generally, the band structure intro-

duces anisotropy in the problem, and the constant func-

tions of k̂ are no longer solutions of the equation (B2).
This linear integral equation of Fredholm type can be
solved numerically, and the result of the numerical solu-
tions for a particular Γ-model are shown in Fig. 8. These
plots demonstrate that the general trend for increasing
difference, Tc,⊥−Tc,∥ with the scattering range holds for
the Γ and K-models alike. However, the comparison be-
tween the Figs. 7 and (8) shows that the effect for the
K-model is stronger. The reason for this is the vanishing
of the spin-orbit coupling along ΓM directions for the
Γ-model.
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[19] D. Möckli, M. Haim, and M. Khodas, Magnetic impuri-
ties in thin films and 2d ising superconductors, Journal
of Applied Physics 128, 053903 (2020).
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