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Abstract We consider a class of cure rate frailty models for multivariate failure time data with a survival
fraction. This class is formulated through a transformation on the unknown population survival function.
It incorporates random effects to account for the underlying correlation, and includes the mixture cure
model and the proportional hazards cure model as two special cases. We develop efficient likelihood-based
estimation and inference procedures. We show that the nonparametric maximum likelihood estimators for
the parameters of these models are consistent and asymptotically normal, and that the limiting variances
achieve the semiparametric efficiency bounds. Simulation studies demonstrate that the proposed methods
perform well in finite samples. We provide an application of the proposed methods to the data of the age at

onset of alcohol dependence, from the Collaborative Study on the Genetics of Alcoholism.
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1 Introduction

Cure rate models, which are used for modeling time-to-event data incorporating a survival fraction, have
become increasingly important in biomedical and genetic studies. The commonly used cure rate models
include the mixture cure model and the proportional hazards cure model. To introduce these models, we
let Spop(t|Z;,X;) be an improper population survival function, lim; o Spop(t|Z;, X;) > 0, and S(¢|X;) be
a proper survival function, lims—, ., S(¢|X;) = 0, where Z; and X; are two covariate vectors for subject i
(i=1,...,n). Note that Z; includes 1 and may share common components with X;. The mixture cure model
(Berkson and Gage, 1952) is composed of a certain fraction of the population that will be cured or that is
not susceptible to the event of interest, 1 — 6(Z;), and a remaining proportion that will not be cured or that

is susceptible to the event of interest, 6(Z;), such that
Spop(t|Zi, X)) = 1 —0(Z;) + 0(Z;)S(t|X,), (1)

where S(t|X;) is the survival function for the uncured/susceptible population. A logistic regression formula-

tion is usually assumed for 6(Z;) so that

L exp(B7Zy)
‘ 1+ exp(ﬁTZi)'

The mixture cure model (1) has been extensively studied in the literature, which includes the work of Gray
and Tsiatis (1989), Kuk and Chen (1992), Taylor (1995), Sy and Taylor (2000), Peng and Dear (2000), and
Betensky and Schoenfeld (2001), among others. A comprehensive discussion of the mixture cure model is
given by Maller and Zhou (1996).

The proportional hazards cure model, an alternative definition of a cure rate model, has been proposed
and investigated by Yakovlev et al. (1993), Tsodikov (1998), Chen et al. (1999) and Tsodikov et al. (2003),

among others. Its population survival function is given by
Spop(t|Zi) = exp{—0(Z;)F(t)}, (2)

where F(t) is a distribution function and 6(Z;) = exp(8”Z;). The hazard function corresponding to

(2) is Apop(t|Z;) = 6(Z;)f(t), where f(t) = dF(t)/dt. The cure rate for subject ¢ under model (2) is



limy 00 Spop(t|Z;) = exp{—60(Z;)}. In more general settings, Yin and Ibrahim (2005), Zeng et al. (2006),
and Cooner et al. (2007) proposed several general classes of cure rate models that include the mixture, the
proportional hazards, and the proportional odds cure models as special cases.

A critical assumption common to the aforementioned methods is the independence of the survival times;
however, this may not be true in practical applications. In biomedical research, we often encounter multivari-
ate failure time data for which the correlation may be induced by natural or artificial clustering effects. Such
examples include experiments with litter-matched mice, family studies of genetic diseases, or ophthalmo-
logic research. In these cases, the underlying correlation needs to be adjusted to ensure valid estimation and
inference. A natural way to account for the underlying dependence is to introduce a frailty that is specific
to each cluster. For subject j in cluster ¢ with a covariate vector X;; (i = 1,...,n;j = 1,...,n;), the usual

Cox-type shared frailty model is given by

/\(t|XZ‘j, Wz) = )\(t)Wl exp(ﬁTXij), (3)

where A(t) is the unknown and unspecified baseline hazard function and W; is the unobservable frailty induced
by the ith cluster. Conditional on W;, the failure times in cluster ¢ are assumed to be independent. Typically,
the W;’s are assumed to be independent and identically distributed (i.i.d.) from a gamma distribution with
mean one (Clayton, 1978). If a positive stable distribution is assumed for W;, the proportional hazards
structure would be preserved after integrating out W;. Recently, Zeng and Lin (2007) and Zeng et al. (2008)
proposed a general class of semiparametric transformation models with random effects for clustered failure
time data. This class includes proportional hazards and proportional odds models as special cases and
accommodates a variety of random-effects distributions.

Limited research has been conducted on cure rate models with multivariate failure time data. Chatterjee
and Shih (2001) proposed a marginal approach using bivariate copula models. Yau and Ng (2001) and Price
and Manatunga (2001) imposed frailty to account for correlation under parametric model assumptions. Chen
et al. (2002) proposed a multivariate proportional hazards cure model using a positive stable frailty in the

Bayesian framework. More recently, Peng et al. (2007) and Yu and Peng (2008) proposed a marginal regression
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Fig. 1 Kaplan-Meier estimates of the disease-free probabilities stratified by the genotype of SNP rs1972373 on chromosome 14
for the age at onset of alcohol dependence in the COGA data.

approach by using sandwich variance estimators and one-step jackknife variance estimators, respectively,
without theoretical justifications. All the above methods except Chen et al. (2002) were based on the mixture
cure model (1). An interesting example involves data from the Collaborative Study on the Genetics of
Alcoholism (COGA, Begleiter et al., 1995). COGA is a nine-site national collaboration with the goal of
identifying genetic factors that affect susceptibility to alcohol dependence and characterizing the related
phenotypes. The data provided at the Genetic Analysis Workshop 14 (Bailey-Wilson et al., 2005), represented
a total of 1,614 individuals in 143 multi-generation families, with family sizes ranging from 5 to 32. As it
is known that alcoholism has a genetic component, the observations from members of the same family
were considered to be dependent. In the application of our model, we examined the age at onset of alcohol
dependence, and set the ages at interview to be the censoring times for the unaffected individuals. Among

the 1,614 individuals in the study, 643 were affected with alcoholism, 626 of whom had known ages at onset.



Thus, the final data set for our analysis consisted of 1,371 individuals without missing genotype data: 626
who were affected with alcoholism and 745 who were unaffected. Of the 626 affected individuals, 424 were
males; and of the 745 unaffected individuals, 229 were males. Figure 1 depicts the Kaplan-Meier survival
curves for the alcoholism age-at-onset data for each genotype group at SNP rs1972373 on chromosome 14.
We can see that a stable plateau is reached at the tail of each survival curve, which indicates that a cure
rate model would be suitable for the data.

To enhance model flexibility, we consider a general class of cure rate frailty models that contains the
mixture and proportional hazards cure models as two special cases. This class of models is built through a
transformation (Box and Cox, 1964) on the population survival function. The Box-Cox transformation in
linear models improves the normality of the errors, under which the transformed response variable is defined
as Y@ = (Yo —1)/aif a # 0, and log(Y) if @ = 0. In our case, by adding an extra transformation parameter,
the two main formulations of cure rate models are unified together and the resulting model structure allows
for a much richer class of cure rate structures. In the Bayesian paradigm, Yin (2008) investigated a different
class of cure frailty models which involves the proportional odds model as a special case, but not the popular
mixture cure structure.

The rest of this article is organized as follows. In Section 2, we introduce the notation and the class of cure
rate frailty models based on the transformed population survival function. In Section 3, we describe the model
assumptions, formulate the likelihood function and derive the asymptotic theories. We present simulation
studies to examine the finite sample properties of the proposed method in Section 4, and illustrate the
proposed methodology through the analysis of COGA data in Section 5. We conclude with a brief discussion

in Section 6.

2 A Class of Cure Rate Frailty Models

Suppose that there are n independent clusters, and n; subjects within cluster i. For ¢ = 1,... n, and
j=1,....n;, we observe {Y;; = min(T;;,Ci;), Ai; = I(Ti; < Cyj),Zsj,Xi;}, where T;; is the failure time

for member j in cluster i, Cj; is the censoring variable, Z;; and X;; are di- and dz-dimensional vectors



of bounded covariates, respectively. The first component of Z;; is 1, and Z;; and X;; may share common
components. The right-censoring time Cj; is assumed to be conditionally independent of T;; given Z;; and
X,; and has a finite hazard rate almost everywhere.

Define

Ga(x) =

e if a =0,

{(l—l—a:r)l/o‘ ifa>0

and let the W,;’s be i.i.d. gamma random variables with mean one and variance 7. We consider a class of

cure rate frailty models
Spop(t|Zij, Xij, Wi) = Ga(=0(Zij|o, W) F (| Xi5, W) (4)

When a — 0, model (4) becomes log{Spop(t|Zi;, Xij, Wi)} = —0(Z;;]0, W;)F(t|X;;, W;), and thus reduces

to the proportional hazards cure model; and when o« = 1, it has the mixture modeling structure,
Spop (t|Zij, Xij, Wi) =1 = 0(Zi; |1, Wi) F (¢ X5, Wi),

where F(t|X;;, W;) = 1-5(t|X;;, W;). The corresponding cure rate for subject j in cluster ¢ is lim; oo Spop (t|Zi;, Xij, Wi) =
Gao(—0(Z;j|a, W;)). Thus, we can model a broad class of improper survival functions with a variety of cure

fractions based on different values of a.. In (4), we need the constraint
0 < ab(Zijla, W;)F(t| X5, W;) <1
to be satisfied for all ¢, 7 and ¢, which can be further simplified to
0 < ab(Zijlo, Wy) <1,

since 0 < F(t|X;;,W;) < 1. Constrained parameter problems often make computation and analysis much
more complicated. It is noteworthy that the improper population survival function in (4) is defined at the
cluster-specific level.

To accommodate various model structures, we propose a general form of the covariates,

W; exp(8” Z;;)
1+ OLWi GXp(ﬁTZij) '

9(Zw‘|0&, Wl) =



When a = 0, (5) has the exponential form as in the proportional hazards cure model, i.e., 8(Z;;|0,W;) =
Wi exp(B8Y Zi;); and when a = 1, it has the logistic structure of the mixture cure model, i.e., §(Z;;|1, W;) =
Wi exp(BT Zi;)/ {1+ Wi exp(B” Zij)}. More importantly, the parameter constraints are automatically satisfied

with (5), and thus it reduces to an unconstrained parameter problem since

O[Wi GXp(ﬁTZij)

< <1, i=1
1+ O[Wi exp(,@ le)

, sy g =1,...,n,.

This covariate structure completely eliminates the burden due to the parameter constraints, and nicely
facilitates the estimation procedure.

Based on the Cox-type shared frailty model, we incorporate the covariates X;; through
F(t{Xij, Wi) = 1 — S(t)We o0 X ©)

where S(t) = 1 — F(t) is the baseline survival function. Let ¢ = (3,7, 7, F) and W = (Wy,...,W,)T. Then

the conditional likelihood function given W is

n o n; Ajj
TTTI|{ G002 o Wy 35 1 20)0( 0, 920 £ 5,190

i=1j=1
1=A571(Yi;<o0) I(Yij=00)
<{Ga-o@lamorosxswn) | |Gu-o@sawy]

where f(¢|X;;, W;) is the first derivative of F'(¢|X,;;, W;) with respect to ¢, and G/, (z) is that of G4 (x). We

can obtain the observed-data likelihood for ¢ by integrating out the frailty in the complete-data likelihood,
N oo s M Aij
T [ (TT|{ a0l w0 70 s )00 90 £ . 0 |
i=1 j=1
1—A¢j 1(1/7:]-<oo)
X {Ga(—9(zij|aaWz‘)F(EﬂXijaWi))} ]

I(Yij=00)
<[Gat-o@tamn| T Yuomman,
where ¢(W;|n) is a gamma density function with mean 1 and variance .
In order to estimate the unknown parameters, we need to maximize the observed-data likelihood. However,
this maximum does not exist because one can always choose f(Y;;) = oo for some Y;; with A;; = 1, where
f(t) = F’(t) is the baseline density function. Thus, we take a nonparametric maximum likelihood approach,

in which F is allowed to be a right-continuous function. Specifically, we replace f(Y;;) with F{Y;;}, the jump



size of F(Y;;) at Yi;, and the jump size of F (¢|X;;, W;) at Y;; is F{Y;;|X;;, W;}. The resultant nonparametric
likelihood function is denoted by L., ().

We maximize the logarithm of L,,(¢), denoted by ,,(¢), to obtain the nonparametric maximum likelihood
estimators (NPMLE) of ¢, q?)n = (ﬁn,ﬁxn,ﬁn, ﬁn) It is easy to show that F, must be a step function with
jumps only at the observed failure time points, and that a&n depends on the Y;;’s only through their ranks.
Let Y1) < -+ < Y(,,) denote the ordered distinct observed failure times. We can show that ﬁn must satisfy
the constraint

S AV} =1,

k=1
where F\n{Y(k)} denotes the jump size of ﬁn at Y(y). This constraint presents both numerical and theoretical
challenges in terms of maximizing the nonparametric likelihood and deriving the asymptotic properties of the
NPMLE. We reparameterize the unknown parameters and consider the baseline cumulative hazard function
A(t) = —log(1 — F(t)). Therefore, we estimate the jump sizes of A(t), denoted by A{t}, at t = Y3y, k =
1,...,m — 1. The jump size of A(t) at t = Y{,,) is fixed at co. Let A, denote the NPMLE of A, then we can
estimate F by F,(t) = 1 — exp(—A,(t)) for t < Y(m) and E,(t) =1for t > Y(im)-

Following the argument of Murphy and van der Vaart (2000), we can estimate the covariance matrix of
(Bn, .., In) by using the profile likelihood function for (3,-,7n), which is defined as the maximum likelihood
of L, (¢) for any fixed (3,~,n). Alternatively, we may estimate the asymptotic covariance by simply inverting
the observed information matrix for all the parameters including 3,~,n, and the jump sizes of ﬁn or /Tn
With this approach, we can estimate the asymptotic variance for ﬁn as well. Our simulation studies indicated

that both approaches work very well in practical situations.

3 Asymptotic Properties

We first impose the following assumptions:

(C1) Covariates X;; and Z;; are bounded with probability one. Furthermore, if there exist constant vectors 3
and ~ such that

BTZi; =0 and ~TX;; =0,



almost surely, then 3 =0 and v = 0.
(C2) Conditional on X;; and Z;;, the right-censoring time Cj; is independent of T;; and random effect W,
and P(O” = o0 and Tij = OO|XZ'J', ZZJ> > 0.

(C3) The true values of (3,7, n), denoted by (By,7q,70), belong to the interior of a known compact set,
Bo ={(8,7,n) : |B] < B and |v| < B for some constant B, is bounded away from 0 and co}.

(C4) The true baseline cumulative distribution function for the uncured population Fy is differentiable with
fo(t) = Fj(t) >0 for all t € R*.
(C5) The cluster size is completely random. In addition, there exists a positive integer ng such that 1 < n; < ng

and P(n; > 2) > 0.

Condition (C1) is equivalent to the linear independence of X;; and the linear independence of Z;;. The
condition P(Cj; = oo and Tj; = 00|X;;, Z;;) > 0 in (C2) ensures that at least some subjects are cured and
are not right-censored. If (C2) is not true, one would need to impose one of the following three assumptions
as noted by Li et al. (2001): (1) regression parameters excluding intercept in B3 cannot all be zero; (2)
there exists a constant 7 such that P(C;; = 7|Xj,Z;;) = P(Cy; >= 7|X4j,Zi;) > 0 and F(1) = 1; (3)
F(t) has a parametric form. The first assumption implies that the model is not identifiable if there are
no covariate effects. The second assumption is essentially the same as (C2) and 7 can be treated as oco.
The third assumption does not apply in our case since F(t) is unspecified in the proposed semiparametric
model. Condition (C5) implies that the cluster size is bounded and some clusters have at least two subjects.
Conditions (C1), (C2) and (C5) ensure the identifiability of the unknown parameters ¢.

We first show that the maximizers of the nonparametric likelihood function L,,(¢) exist. For any (3,~,n, F)

in the parameter space, L, (¢) is bounded by
max 14+ aW;ex TZi» A”} W;|n)dW; < oo,
I, 8500, /) {11 (87 24)) L (Wil

where the inequality follows from the boundedness of X;; and the compactness of By.

The following statements provide the asymptotic properties of the proposed estimators.
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Theorem 1. Under conditions (C1)-(C5), ||Bn—ﬁ0|| — 0,17, =Yl = 0, |7 —mn0| — 0, and sup,c p+ | P (1) —

Fy(t)| — 0 almost surely, where | - || is the Euclidean norm.

Theorem 2. Under conditions (C1)-(C5), vii(B,, — Bo:Jn — Yor T — Mo, Frn — Fo) converges weakly to a
zero-mean Gaussian process in the metric space [*°(H), where
H ={(hy,hy, hs, hy) : hy € RY hy € R™ hs € R,

hq(+) is a function on [0,00); [|h1|| < 1, ||he|| < 1, k3] < 1, ||hallv < 1}

and ||ha|lv denotes the total variation of h4(+) in [0, 00). Furthermore, (,@n, Y s e ) are asymptotically efficient.

Theorem 1 establishes the consistency of the NPMLEs. The basic idea to prove Theorem 1 is as follows.
Suppose that (/;\Bn converges to ¢*. We construct a distribution function ﬁn converging to Fy. Then, because
Ln(Boys ™,y Tins F) /n — 1n(Bos Yo, M0» Fn)/n > 0, this difference diverges to the negative Kullback-Leibler
divergence between ¢* and ¢,. Next we prove that ¢ is identifiable and then the identifiability result gives
¢" = ¢y. Once the consistency of the NPMLEs is established, the asymptotic distribution of the NPMLEs
stated in Theorem 2 can be derived by verifying the four conditions in Theorem 3.3.1 of van der Vaart and
Wellner (1996). The key steps in the proof are verifying some Donsker classes and proving the invertibility
of the information operator. The proofs of Theorems 1 and 2 are given in the Appendix.

The inference is based on the selected model with the transformation parameter fixed. To select the best
model or estimate the transformation parameter «, we may minimize the Akaike information criterion (AIC),

which is defined as twice the negative log-likelihood function plus twice the number of parameters.

4 Simulation Studies

We conducted extensive simulation studies to examine the finite-sample performance of our proposed method-
ology. In the first set of simulation studies, we investigated the properties of the proposed NPMLEs and their
variance estimates. We generated data from model (4), where Z;;; = 1, Z;;2 was a Bernoulli random variable
with a success probability of 0.5, X;;1 was a standard normal random variable, and X;jo = Z;j2. The true

parameter values of 31, B2, v1 and 2 were set to be 0.5, —0.5, 0.5 and 0.5, respectively. The gamma random
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variable W; had mean 1 and variance = 1. The baseline survival function was from an exponential distribu-
tion with mean 1, i.e., S(t) = exp(—t). We considered four different models by varying the values of a from
0 to 1. The median lifetime for uncured subjects ranged from 0.24 to 0.54 and the average cure rate ranged
from 0.37 to 0.50 as « changed from 0 to 1. The censoring time was generated from a uniform distribution
on (0, 20) and then censoring times greater than 15 were treated as oo. Subjects who were not cured had
an approximately 10% chance of being right-censored. We considered different combinations of sample sizes
and cluster sizes. For each simulation set-up, we generated 1,000 data sets. As there was no closed form
for the observed-data likelihood, we used the Gauss-Laguerre quadrature to numerically approximate the
likelihood function. Our experience indicated that a Gauss-Laguerre quadrature with 40 abscissae would
provide a very accurate approximation. We maximized the observed-data likelihood by directly using the

quasi-Newton algorithm in Press et al. (1992).

In Tables 1 and 2, we summarize the estimation results for each value of a: “SE” is the sampling standard
error of the parameter estimator; “SEE” is the average of the estimated standard errors based on the

)

asymptotic normal approximation; and “CP(%)” is the coverage probability of the 95% confidence interval.
The biases of the proposed estimators appear to be negligible. The estimate of the standard error reflects
accurately the true variation, and for moderate sample sizes and cluster sizes the confidence intervals have
proper coverage probabilities. As the sample size becomes larger (either by increasing the number of clusters
or the cluster size), the variances of the parameter estimates decrease, and the coverage probabilities improve.
The asymptotic variances of the NPMLEs were obtained by inverting the observed information matrix. We
also applied the profile likelihood approach, and obtained similar results for (3, ~, 7). For the nonparametric
estimation of F(t), we evaluated its estimates at ¢ = 0.5 and ¢ = 1.0. The biases of F,(t) are very small,
and the standard error estimates are quite close to the sampling standard errors. The coverage probability

of the 95% confidence interval is slightly low for small sample sizes, however it improves substantially as the

sample size increases.

The simulation results in Tables 1 and 2 were obtained by fixing the transformation parameter « at the

true value. In practice, we may choose the transformation that minimizes the AIC. In our situation, the
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Table 1 NPMLEs under the proposed transformation cure frailty model with « =0 and = 1

a=0 a=1
n n; Parameter  Bias SE SEE CP%) Bias SE SEE CP%)
50 3 51 0.001 0.229  0.222 94.1 -0.013  0.312 0.304 92.7
B2 -0.009 0.172 0.168 95.1 -0.013 0.24 0.233 94.5
1 0.006  0.198 0.206 96.3 0.010 0.190 0.181 94.9
Y2 -0.005 0.333 0.330 94.4 0.003 0.363  0.335 93.5
n 0.022 0.335 0.305 91.7 0.004 0.444 0412 90.1
F(0.5) -0.006 0.098 0.096 93.4 -0.003  0.095 0.089 92.1
F(1.0) -0.002 0.121 0.114 89.4 0.003 0.111  0.104 91.0
50 4 £ -0.001 0.216 0.198 92.0 -0.023 0.280 0.262 92.2
B2 -0.006 0.143 0.140 94.9 -0.008 0.203 0.199 95.4
Y1 0.009 0.174 0.171 95.0 0.013 0.157  0.150 94.7
Y2 -0.004 0.277 0.272 93.4 -0.008 0.294 0.279 93.9
n 0.028  0.305 0.270 90.9 -0.003  0.354 0.339 90.6
F(0.5) -0.004 0.083 0.084 94.7 -0.002 0.080 0.079 93.5
F(1.0) 0.000 0.104 0.101 92.5 0.001 0.096  0.092 92.7
100 3 Joi -0.006 0.166  0.156 93.7 -0.018 0.219 0.214 93.8
B2 -0.007 0.121  0.117 95.1 -0.017 0.161  0.163 94.9
Y1 0.014  0.150 0.143 93.4 0.006 0.130  0.125 94.4
Y2 -0.003 0.224 0.230 96.7 -0.012  0.242 0.233 93.8
n -0.007 0.222 0.211 93.4 -0.014 0.295 0.287 91.8
F(0.5) -0.006 0.069 0.068 93.5 -0.004  0.065 0.063 93.8
F(1.0) -0.004 0.084 0.083 92.6 -0.004 0.079 0.074 93.0
100 4 51 -0.010 0.147 0.141 94.1 -0.022 0.186 0.187 94.2
B2 -0.013  0.100 0.099 94.5 -0.020 0.143 0.140 94.7
Y1 0.013  0.124  0.120 94.3 0.011 0.105 0.105 94.4
Y2 0.007  0.194 0.191 95.0 -0.016  0.197 0.195 94.7
n 0.017  0.206 0.191 94.1 0.006 0.246  0.241 93.1
F(0.5) -0.002 0.061  0.060 94.8 -0.003 0.056  0.056 93.8
F(1.0) -0.001 0.074 0.073 94.7 -0.002  0.067  0.066 93.2

numbers of unknown parameters are the same for different transformation models. Therefore, minimizing
the AIC is equivalent to maximizing the log-likelihood function. Figure 2 depicts the average of the profile
log-likelihood functions over 1,000 replicates of 100 clusters with size four for different transformations. As
expected, the transformation that maximizes the average of the profile log-likelihood functions is close to

the true transformation.

In a hypothesis testing framework, we evaluated the effect on the inference of the regression parameter
if the within-cluster correlation is ignored. In particular, we were interested in testing the hypotheses Hy :
B = 0 and Hy : v2 = 0, respectively. We considered the proportional hazards cure model, and set other
parameter values to be the same as in the previous simulation studies. For making inference on 2, we set
Y9 = 0.6 and varied (2 from 0 to 0.3; for making inference on 7, we set J2 = 0.3 and varied v, from 0 to

0.6. For each set-up, we generated 1,000 data sets, each with 100 independent clusters of size four. Figure 3
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Table 2 NPMLEs under the proposed transformation cure frailty model with o = 0.25 and o = 0.75

a=0.25 a=0.75
n n; Parameter  Bias SE SEE CP%) Bias SE SEE CP(%)
50 3 51 0.003  0.264  0.252 93.8 -0.019 0.233  0.219 92.9
B2 -0.008 0.200 0.190 94.5 -0.007  0.154  0.159 95.7
Y1 0.009  0.187 0.178 94.6 0.001 0.152  0.149 94.7
Y2 0.001 0.334 0.327 94.6 -0.008  0.278  0.272 95.4
n 0.026  0.365 0.346 91.6 0.021 0.322  0.293 91.4
F(0.5) -0.008 0.094 0.090 92.5 -0.002  0.083 0.079 93.4
F(1.0) -0.001 0.111  0.108 92.2 0.002 0.100  0.095 92.1
50 4 Joi 0.002 0.306  0.286 92.1 -0.028  0.259  0.248 93.1
B2 -0.015 0.218 0.219 95.5 -0.026  0.195 0.185 93.9
Y1 -0.005 0.188 0.177 94.1 0.014 0.158  0.147 93.8
Y2 0.006  0.351 0.331 93.3 0.002 0.287 0.275 94.4
n 0.003  0.412 0.386 91.6 0.007  0.353 0.325 90.3
F(0.5) -0.004 0.091 0.088 92.6 0.002 0.080 0.078 92.2
F(1.0) -0.003 0.107 0.104 92.0 0.006 0.096  0.092 91.5
100 3 £ 0.002 0.178 0.175 94.9 -0.008 0.162 0.155 94.5
B2 -0.012 0.136 0.132 94.5 -0.009 0.118 0.112 93.4
Y1 0.011 0.129 0.123 94.7 0.013 0.105  0.103 95.6
Y2 0.004 0.231 0.227 95.2 -0.002  0.190 0.189 94.2
n 0.006  0.247  0.237 92.9 -0.002 0.206 0.204 94.2
F(0.5) -0.004 0.067 0.063 92.5 -0.004  0.056 0.056 94.9
F(1.0) -0.003 0.082 0.077 92.9 -0.004 0.068 0.068 94.1
100 4 51 -0.002 0.214 0.202 93.7 -0.017 0.18 0.177 94.3
B2 -0.010 0.159 0.154 93.9 -0.022 0.131 0.131 95.5
Y1 0.008 0.124 0.123 94.3 0.007  0.103 0.103 94.8
Y2 -0.011  0.240 0.230 93.5 -0.005 0.199 0.192 94.3
n 0.000 0.291 0.270 91.9 0.016 0.247  0.232 92.7
F(0.5) -0.004 0.063 0.063 93.5 -0.002  0.055 0.056 95.1
F(1.0) -0.005 0.076  0.075 93.6 -0.002  0.067 0.067 93.4

depicts the type I error rates and powers of the Wald tests of B2 and 7- at the nominal significance levels
of 0.05 and 0.01, respectively. The proposed test has an accurate control of the type I error rate and has

substantially more power than the naive method ignoring the within-cluster correlations.

Finally, we conducted simulation studies to evaluate the performance of the proposed approach when the
frailty distribution was misspecified. Specifically, we used the same simulation setting as above except that
the frailty was generated from a log-normal distribution with mean 1 and variance 1. Simulation results are
summarized in Table 3. Although the variance parameter 7 is underestimated, the estimation and inference of
regression parameters are relatively robust to the misspecified frailty distribution. For regression parameters,
the proposed estimators appear to be unbiased; the estimated standard errors agree well with the sampling

standard errors; and the coverage probabilities are accurate. We observed similar patterns as in Figure 3



14

-1443

Log-likelihood
-1444

Log-likelihood

Fig. 2 Average of the profile log-likelihood functions over 1,000 replicates with n = 100 and n; = 4, for different transformations.
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Table 3 Sensitivity analysis under a misspecified frailty distribution

Parameter Bias SE ~ SEE CP(%)
51 0.026 0.130 0.120 92.2
B2 0.001  0.090 0.085 94.9
Y 0.001 0.107 0.106 95.3
Y2 0.009 0.180 0.181 95.1
n 0.378 0.129 0.134 24.9

for the test size/power comparison. The proposed test still controls the type I error rate accurately and is

True a=0.25
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
a
True a=1
T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
a

substantially more powerful than its counterpart ignoring correlations.
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Fig. 3 Type I error rate and power of the Wald test of Hp : B2 = 0 and Hop : 2 = 0, respectively.

5 COGA Data

As an illustration, we applied the proposed methods to the COGA data. We considered a subject as “cured”
or insusceptible to alcoholism if the subject was censored at 62 years of age or beyond. In the data set, 107
individuals had a censoring time longer than or equal to 62 years. Using a semiparametric transformation
model with random effects for right-censored data, Diao and Lin (2006) found a significant association be-
tween genotype at SNP rs1972373 on chromosome 14 and the age at onset of alcoholism. In our analysis, we fit

the proposed model and included the subject’s sex, the between-family genotype score and the within-family
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Fig. 4 Akaike information criterion versus transformation parameter « for the COGA data.

genotype score at SNP rs1972373 as covariates, i.e., Z;; = (1, X;TZ-)T, and X;; = (Sex;;, Bscore;;, Wscore; ;)T
The sex of the subject was coded as 1 for male and 0 for female, and the genotype score was coded as 0, 1,
and 2 for 1/1, 1/2, and 2/2, respectively. We used the between-family genotype score to account for spurious
association introduced by population admixture (Abecasis et al., 2000). We compared different models within
the proposed general transformation class, including the proportional hazards cure model and the mixture
cure model. According to the Akaike information criterion (see Figure 4), we selected the mixture cure model,
the results of which are reported in Table 4. We can see that the sex of the subject significantly affected both
the cure fraction and survival probability for the uncured subjects. Particularly, female subjects were more
likely to be “cured,” that is not to have alcoholism. We also found significant associations between the SNP
genotype and the cure fraction and the survival probability for uncured individuals. The subpopulation with
genotype 2/2 appeared to be at a higher risk of developing alcoholism and to have a lower cure fraction.

These results agree very well with the empirical observations in the Kaplan-Meier curves.
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Table 4 NPMLEs under the mixture cure frailty model for the COGA data

Parameter Estimate SE Est/SE  p-value

Bintercept -0.719 0.092 -7.815 < 0.001
Bsex 1.906 0.101 18.871 < 0.001
BBscore 0.266  0.096 2.771 0.006
Bwscore 0.574 0.111 5.171 < 0.001
VSex 0.271 0.090 3.011 0.026
Bscore 0.150 0.079 -1.899 0.058
n 0.100 0.036 2.778 0.003

6 Discussion

We have considered a class of cure rate frailty models by imposing the Box-Cox transformation on the pop-
ulation survival function. Even though a nonlinear parameter constraint arises from this model formulation,
our general covariate form removes the constraint completely. This class of transformation models makes the
cure rate modeling scheme much more flexible and general than other methods. It nicely links the two main
formulations of cure rate models, i.e., the mixture and the proportional hazards cure models. This family of
cure rate frailty models has great potential in modeling multivariate survival data with a cure fraction. In
contrast to the marginal models by Peng et al. (2007) and Yu and Peng (2008) that yield population-average
estimates, our frailty model takes a subject-specific approach.

In this paper, we have considered the shared frailty model, i.e., all subjects from the same cluster are
assumed to share a common frailty. As one referee pointed out, the shared frailty model is ideal when
the cluster sizes are large and subjects within the same cluster are exchangeable. As family members are
usually not exchangeable in the COGA data, it would be more desirable to use correlated frailty models. For
example, Locatelli et al. (2007) studied genetic and environmental factors in susceptibility to breast cancer

in a correlated frailty-mixture model. More specifically, we may accommodate family structures through
At Xz, Rij) = A1) exp(v" Xij + Ryj),
and

exp(B8” Zi; + Rij)
1+ aexp(8” Zij + Rij)

0(Zij|o, Rij) =
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where R; = (R;1, ...,Rim)T is a vector of normal random variables with mean values of 0 and variance-
covariance matrix X;. To take into consideration of the family structure, we can let X; = nV;, where
V,; is the kinship coefficient matrix for the ¢th family. The kinship coefficient between two individuals is
the probability that two genes sampled at random from each individual are identical and is often used in
genetic literature to measure the relatedness between individuals. Such modeling is commonly used in the
association analysis of quantitative traits in genetic family studies and can accommodate arbitrary family
structures (Abecasis et al., 2000). For not too large family sizes, we can use the Gaussian-Hermite quadrature
to approximate the marginal likelihood function. However, the Gaussian quadrature approximation may be
computationally intensive with large families as the computation burden increases exponentially as the family
size increases. Alternatively, one may consider less accurate approaches such as the Laplace approximation
or the Monte Carlo method. Future research along this direction is warranted.

We have assumed gamma frailty in the proposed cure rate models, as gamma frailty is commonly used in
the analysis of clustered time-to-event data. Unlike in the Cox model with gamma frailty, there is no closed
form for the marginal likelihood under the cure rate gamma frailty model because of the involvement of the
cure fraction. However, the gamma frailty model can be easily generalized to different frailty distributions,
including the log-normal distribution or positive stable distribution. It would be worthwhile to consider a
variety of frailty distributions and examine them empirically (Glidden, 2007).

We have developed free-downloading computer software for the new methods, which computes the
NPMLE very fast, and can also handle large clusters. For the COGA data with 1,371 observations and
the largest family size of 32, it took less than one minute to obtain the NPMLE on a Dell PowerEdge 2900
server. With cluster sizes ranging from 3 to 4, and n = 100, in the simulation studies, the computation took
less than one second.

The proposed class of models is fundamentally different from that of Zeng et al. (2006). The latter does
not include the mixture cure model, which, however, is one of the most commonly used cure models in
the literature. In addition, their method requires independent observations and thus is not appropriate for

the COGA family genetic data. We used reparameterization of the constrained parameter F'(t), whereas
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Zeng et al. (2006) applied the Lagrange multiplier method. Our approach greatly facilitates the theoretical
development of the asymptotic properties of the NPMLE.

Our numerical experience indicates that with a small sample size, the likelihood function under the
proposed model tends to be quite flat for the transformation parameter o. Moreover, the computation may
not be stable if we simultaneously estimate all the unknown parameters including «. Instead, we suggest to
use the grid search technique to choose the transformation parameter according to the AIC. The proposed
inference procedure is based on model selection after fitting each model with the transformation parameter
fixed. It would be desirable to account for the additional variation that is introduced by the data-based

selection of a.. Future investigation is warranted along this direction.

7 Appendix

7.1 Proof of Theorem 1

We first prove that under conditions (C1)-(C5), the parameters ¢ = (3,~,n, F') are identifiable. Suppose
that two sets of parameters ¢ and ¢* give the same likelihood function for the observed data, then we
claim that ¢ = @". Let 0*(Z;;|a, W;), F*(Y;;|Xi;, W5), and f*(Y;;]1X;;, W;) have the same expressions as

0(Z;j|lo, Wy), F(Y351X45, Ws), and f(Y5;]1X,5, W;), respectively, but with ¢ replaced by ¢*. Since

/OOO (ﬁ HG;(—9(ZU|&, Wi) F (Y3 | Xz, Wi))0(Zij o, W) £ (Vi1 Xy, Wz‘)}Aij

J=1

l—Aij I(Y¢j<oo)
x{Ga<—9<zz—j|a,W»waz—j,Wm} }
I(Y;j=00)
x [Ga<—e<zij|a, W»)} )w<wi|n>dw;-
0o s M Aij
- / <H[{G’a(—e*(zma,W»F*(Yiﬂxij,Wz->>o*<zz-j|a,an*wxij,wa}
j=1

1-A;571(Y;;<00)
x{%(—o*(zma,W»F*mnxij,wz-))} }

[ Gal-0° @l w0 mrw))wmm*)dwi ™)
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for an integer k such that 1 < k < n;, according to condition (C2) we let Y;; = oo for j =1,...,k; for those
j >k, we perform the following action on the jth term on both sides of (7). If A;; = 0, then we replace Y;;

with oo; if A;; = 1, then we integrate Y;; from 0 to co. Then we obtain

/ooo{ﬁl G“<“’<Zij|a=Wz‘))}{jjl:[H(Ga(—e(ziﬂa,Wiml—%

% (1~ G —0(Zis|or, W3))) 2 }¢<Wl-|n>dwi

— /Ooo{jf[l Ga(_e*(zma’Wi))}{jﬁl@a(_e*(zz‘jla,Wz-)))l—Au

X (1= G (6 (Zaglor, W3))) 5 }wwz-m*)czwi-

We sum the above equalities over all possible {A;; : j =k +1,...,n;}. Thus, it holds that

/Ooo{ﬁ Ga(=0(Zijlo, Wi))}w(WiM)dWi

. /“{ﬁ (=02 W) O

When a = 0, we obtain

When o > 0, we obtain
o k
/ {H(1 + aWieﬁTZ”)_l/"‘}w(WiM)dWi
o U
o k -
= / {H(l —I—OZWZ'GE* Zij)l/a}ﬂ)(Wim*)dWi
o U
Note that the left-hand side of (8) is a strictly monotone function of E?Zl B"Z;;. Therefore there exists a
unique function ¢(-) such that 2521 BYz;; = q(Z?Zl B Zi;|n,m*). Since (8) holds for arbitrary 1 < k < n;
and arbitrary Z;;,j = 1,...,k, ¢ must satisfy ¢(x + y) = ¢(z) + ¢(y) for arbitrary z,y € R. Therefore ¢
takes the form ¢(z) = cx, where ¢ is a constant. It can be show that (8) cannot hold for all possible values
of ﬁTZij if ¢ # 1. It follows that ﬁTZZ-j = ﬁ*TZij. By condition (C1), we prove that 8 = 8*. Immediately,

we can obtain n = n*. We can prove this result in a similar way when a > 0.
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Next, we let A;; = 1,Y;; = 0 for j < k, and perform the same action as shown previously for j > k to

obtain

o s k
/O {HG(Ziﬂa,Wi)Wie“’ X”f(o)}WWim)dWi
j=1

o) k
- / {H 0" (Zis o, W»Wiev”xiﬂ'f*<o>}w<wi|n*>dwi. (9)

j=1
The index set {1,...,k} in (9) can be replaced by any subset of {1,...,n;}. Furthermore, by assumption
(C4), £(0) > 0. Thus, it is easy to derive from (9) that v = «* and f(0) = f*(0).
To show that F' = F*, we let A;; = 1 in (7) and integrate Y;; from 0 to y; we perform the same action
as shown previously for j > k to obtain

Am{ﬂ(l = Ga(=0(Zij |, W3) F(y[ X5, Wl)))}ﬂJ(WlM)dWZ

j=1

= /O {H(l = Go(=0"(Zijlo, W) F™ (y| X35, Wi)))}?ﬁ(WiM*)dWi-
j=1
As both sides of the foregoing equation are strictly monotone in F(y) and F*(y), we have F(y) = F*(y) for
any y.

We next prove that ﬁn(t) is bounded in [0, 1] with probability 1. By differentiating l,,(¢) with respect to

A{Yi;} for Yi; < Y{,,) and setting the derivative to 0, we see that /Tn satisfies the following equation:

Ay —~ [ s 5 = ~
iy - / R (B Frs B Wie) Ren (Yig By Foo . W) (Wi )W
Wl =170

-1

y { JRECRE: wmwkmn)dm}
0

where

le(/gu'YaFa Wk)

ng Agi
=11 HG;(—WZM lot, Wi ) F'(Yit | Xoot, Wie))0(Zit v, W) f (Yir| Xr Wk)}
=1
1=Apiq I(Yii<o0)
x {Ga(—e(zk”avWk)F(Ykl|Xk17Wk))} }

)

I(Y;j=00)
X |:Ga(—9(zkl |a, Wk)):|
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and

RQk(t7B577F7 Wk)

Nk T
_ Z Wke,YTXMI(t S Ykl < OO) |:Ak[ + 9(Z[gl|0¢, Wk)€7Wk87 xklA(Ykl)
=1
{Akl o (=O0(Zyy |, W) F (Yt | Xt , W)
( H(Zkl|a Wk) (Ykl|Xkl7Wk))
! (=0(Za |, Wi ) F (Yt | Xt W) H
(—0(Zyi |, Wi ) F (Yia | Xger, Wi))

G!
+(1- Akl)Ga
Ng T
= ZWke7 X"ZI(t <Yy < OO)
=1
 An(l = ab(Zya|a, W) +0(Za o, Wie) (1= F (Yt [ Xt W)
1 — af(Zyi| o, Wi) F (Vi | X, Wi

It is easy to show that /Tn{Y(l)} > 0 for < mand o > 0. Therefore, Fn(Y(l)) = 1—exp(—//1\n(Y(l))) is bounded
with probability one. Thus, by choosing a subsequence, still indexed by {n}, we assume that F, converges
pointwise to a cumulative distribution function F* in [0, 00). Because Bn,fyn, Tn belong to a compact set,
by choosing a further subsequence, we can assume that B — B%,7 =~ 0 —n*.

Next, we show that 8% = By, v* = vo.m* = 0, and F*(t) = Fy(t). To do so, we construct another

function A,, which only has jumps at Y;; such that A;; = 1 and satisfies

Ajj
S _Z/ le /807’707F07Wk)R2k( 1]7707ﬁ07F07Wk) (Wk|770)de
{Yw} pst
e} —1
X {/ le(607707F0aWk)7/}(Wk|770)de} ;
0
for Y;; < Y(m. Then we define A,(t) = 37 S 1Yy < A {Yi;} and F,(t) = 1 — exp(—A,(t)) for
t < Yy and F,(t) = 1 for t > Y.

We show that F, (t) converges to Fy(t) uniformly in ¢ € [0, 00) with probability 1. To this end, we wish

to show that the following two classes
[ R Ewu
(8,7.n) € By, F' is a cumulative distribution function in [0, oo)}
and

C2 :{/ le(ﬁ?’YaFg Wk)ng(y,ﬁ7fy,F, Wk)¢(Wk|n)de :
0

(B,7,n) € By, F is a cumulative distribution function in [0, c0),y € [0, oo)}
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are P-Donsker. For any (8,7, m) and (85,74, 72) € By and any cumulative distribution functions F; and

F5 in [0, 00), we have
|R1k(615717F15Wk) _le(625727F25Wk)|
ng
< 0(1){||ﬁ1 =Bl + 71 = Yol + D 1P (Vi) — Fz(Ykl)|}(301 + W)

=1

and
1 W
[W(Wilm) = (Wilnz)| < O()WPe2 = e™ Foa |y — g,
where By, p = 1,2, 3, are positive constants. It follows that

‘ / Run(Byavy Fua Wi (Wil AW, — / Run(Bas Yo Fos Wi (Wi o)W
0 0

< 0(1){|ﬁ1 = Boll + llv1 = Yol + I — 2l + D |Fa (Vi) — F2(Ykl)|}-
=1

Since the following class
By x {F : F is a cumulative distribution function in [0, c0)}

is a Donsker class, we conclude that C; is P-Donsker. Note that I(y < Yj; < oo) is P-Donsker. By the same
argument for C;, we can show that C; is also P-Donsker. It is easy to verify that C; and C; are bounded from
below and above. Thus, {logg : g € C1}, {logg: g € C2}, and {g2/g1 : g1 € C1,92 € C2} are all P-Donsker.
Since a P-Donsker class is also a Glivenko-Cantelli class, by the Glivenko-Cantelli theorem (van der Vaart

and Wellner, 1996, p.122), A, (t) converges almost surely to E{Z?:l I1(Y;; <t)A;;/u(Yi;)}, where

wy) = E[/O R1(Bo, Y0, Fo, W) Rak (Y, Yo, Bo, Fo, Wi )b (Wi |1n0)dW
- 1
X {/ le(/B07'707F07Wk)1/}(Wk|770)de} ]
0

ng
= E[Z Wke%TX“E{I(y < Yiy < )
=1
" A (1 — abo(Zy|a, W) + 00 (Zyg |, Wi ) (1 — Fo (Y| X, Wi)) ’n’fH
1 — abo(Zyi| oo, W) Fo (Y | Xaa, W) ’

and 0o (Zy|o, W) and Fy(Yy | X, Wi) are evaluated at ¢,.
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Denoting by S¢ (| Xk, Zy;) the survival function of Cy; given (X, Zg;), we have

Akl(l — a@o(Zkl|a, Wk)) + 90(Zk1|04, Wk)(l — Fo(Ykl|X;gl, Wk))
1-— Oz@o(zk”a, Wk)FO(Ykl|Xkl; Wk)
_ E{/OO 1-— aoo(zk”a, Wk) + oo(zk”a, Wk)(l — Fo(t|Xkl, Wk))
v 1 — abo(Zgi| o, W) Fo (t| X ki, W)

E{I(y <Yy < OO)

3
.

X G, (=00 (Zyi| o, W) Fo (¢ X1, W) 00 (Zier | o, W) fo (81 Xiet, Wi ) S (61X kr, Zigr ) dit

- E{/@O 00(Zyi |, Wi ) (1 — Fo(t| X, Wi))
y 1-— a@o(Zkl|a,Wk)F0(t|Xkl,Wk)

X Go(—00(Zyi|ot, W) Fo (t| X k1, Wi ))dSe (6| X, Zia)

_ E{ O0(Za| o, Wi ) (1 — Fo(y| Xy, W)
1 — abo(Zii|o, W) Fo (y| Xk, W)

.
ol

where fo(t|Xki, Wi) is the first derivative of Fy(t|Xgi, W) with respect to ¢ and the second equality follows

X Go(=00(Zi| o, Wi ) Fo(y|Xnt, Wi))Sc (y| X, Zit)

from integration by part. Thus,

— [(Yi; <A
APy

J=1

. ! Xij, Zij
= E[Z E{/ MG;(—%(ZUW, Wi)Fo (Y1 X5, Wi))
J=1 0

1(y)
]

X 00(Zijla, W) Wie?0 X5 (1 — Fo (Vi [ X5, Wy))d Ao (y)

- / do(y) = Ao(t).

Consequently, F,(t) uniformly converges to Fy(t),t € [0, 00).
As the observed log-likelihood function at (,@n, Yvs s ﬁn) is larger or equal to the observed log-likelihood

function at (B, g, M0, Fn), we have

1. -~ . . = 1 ~
Eln(ﬁm’Yn,Han) > Eln(ﬁ077077707Fn)'

By taking limits on both sides, we obtain —K ((8*,v*,n*, F*), (B0, Y0, M0, F0)) > 0, where K (-, -) denotes the
Kullback-Leibler information of (3%, 4*, n*, F*) with respect to the true parameters. Therefore, the following
equality

/ Rur(Bos Yos Fos Wiy (Wi o)Wy, — / Run(B, 7, F*, Wiy (Wil ) AW,
0 0
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holds almost surely. According to the identifiability of the model, we obtain 8" = B,v* = ¥4, 7" = 1o, and
F* = Fy. Because every subsequence of n contains a further subsequence for (ﬁn, Nous T F ) which converges
uniformly to (B, ¥o, M0, Fo), we have the convergence of the entire sequence. Hence, with probability one,
B, — BosFn — Yo T — Mo and F,(t) — Fy(t) for every t € [0, 00). Particularly, we have sup |F},(t) —

t€[0,00)
Fy(t)| — 0 due to the continuity of Fp. O

7.2 Proof of Theorem 2

We first define a neighborhood of ¢, denoted by U, as

=B, F) 1B = Boll + v = voll + [n =m0l + sup IF() Fo(t)] < eo}

te[0,00)

for a very small constant ¢g. Based on the consistency theorem, q?)n belongs to U with probability close to 1
when the sample size n is large enough. We define a sequence of maps U,, mapping U into (*°(H) as

Un(¢) [hl ’ h2; h3a h4]

d
B d (/3+€h177+6h2777+6h’37 / QF h4 )dF( )>

e=0

Apihy] + Apalho] + Apslhs] + Analha),

where Qp[hy](t) = ha(t) — [J° ha(s)dF(s), and A,,,p = 1,...,4 are linear functionals on R™, R% R,
and BV[0, 00), which is the space of functions with finite total variation in [0, 00). Let lg(¢), (@), 1, (¢),
and lr(¢)[[ Qrlha]dF] denote the score functions for 3,4,7n, and the score for F' along the path F(t) +

efot Qrlha](s)dF(s), respectively, for a single cluster. Then

Un(@)[h1,ho, hs, ha] = Pn{thlﬁ(@ +h3 1y (@) + haly(¢) + lF(¢)[/ QF[h4]dF]},

where P,, denotes the empirical measure based on n independent clusters. Define

Go(=0(Zijlo, W)
Ga(=0(Zsjla, W))

Go(=0(Zij|a, W) F(Yi; | X5, Wi))
Y”<OO){ VG (~0(Zis o, W) F(Yi | X7, Wi))
G (= (Zw|a Wi F (E‘j|Xij=Wi))}

Go(=0(Zijla, W) F (Y| X5, Wi)) |

Qij(/@u’% F7 WZ) :I(lej - OO)

+ (1 - Aw)
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The explicit expression of the functionals A,,,p =1,...,4 are given as follows

Aualh] =n 12{ | a8 F W) Ry, W Wil
A [ mtor an(Wiln)dWi}_l,

Auslho] = Z{/ Rai(B. 3, P90 R (B, W)l OV ) |
A [ rur W»w(Wim)dWi}_l,

An3 [h3] :nil Z{‘/O Rli(ﬁa Y F7 Wl)Rnl (777 Wz)h3¢(Wz|77)sz}
=1

-1

x{ / Rliw,v,F,Wi)w(Wim)dWi} ,
0

and

Apalha] =n 12{/ R1i(B,~, F,W:)Rri(B,, F, W) /QFh4dF] (W|77)dW}

1
x{ / Ru(ﬁ,v,F,Wi)wWim)dWi} ,
0

where
Rﬁl(ﬁ? v, F7 Wl)[hl]

- Z Zz;hl(l — a@(Zij|o<, Wl))

P
{105 < 50) 25 = Qu By P WI(Zis o WP (¥ X5, W0 .
Roi(B,, F, W) b
= S X nat(v < 00 { 4,1+ log(1 — FYXer,90)
~
:Qz‘j (B, F,Wi)0(Zijla, Wi)(1 — F(Yi5] X5, Wi))
x log(1 — F(Yi;[Xy5, Wi))},
Res(8.7,F. W) [ QrlhalaF)

ij 1

= Z{ Qij (8,7, F, Wi)0(Zij | o, W) Wie X3 §(vi)Wee”
+1(Yij < 00) Ay (Wie X — 1)}

Yi;
x / Qrlhal(y)dF(y) + 1(Yiy < 00) Ay Qrlhal (Yig),
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and R,;(n, W;) is the first derivative of log(W;|n) with respect to 7. Correspondingly, we define the limit
map U : U — [°(H) as
U(¢)[hi, ha, h3, hy
= Ai[hy] 4 Az[hy] + Az[hs] + Aylha)

= P{0T1a(0) + B0 ) + haly () + 151 [ Qelialar},

o~

where P denotes the expectation of the empirical measure. It is easy to see that U, (¢,,) = 0 and U(¢,) = 0.

We shall prove the theorem by verifying the following four properties stated in Theorem 3.3.1 of van der

Vaart and Wellner (1996):

(P1) Va(Un—U)(,,) —v/n(Un—U)(by) —op<1+ﬁ||ﬁn—ﬁo|+\/ﬁ||%n—vo|+\/ﬁ|ﬁn—no|+ sup | F(y) —

y€[0,00)
Fo<y>|).

(P2) n(U, — U)(¢,) converges to a tight random element &.
(P3) U(¢) is Fréchet-differentiable at ¢ .

(P4) The derivative of U(¢) at ¢, denoted by U’'(¢,), is continuously invertible.

To verify property (P1), we first note that based on the explicit expressions of lg, Iy, l,;, and {r, we have

{ta(81) + 01, 80) + 1 (00) + (@0 | Qi 1l

—{h? 15(62) + E 1 (682) + Pl (9) + 12 (6] [ @ [mdm}\

< 0(1){|B1 —Ball — s — el + I — ol + 3 1B (Vi) — Fa(Yig)] + /Om Iy (1) — F2<t>|dt},

Jj=1

for any pair ¢; and ¢, € U. Therefore

wp  E thTlg(qﬁ) ©BIL () + haly (@) + Lr(e)] / Qrlhu]dF]

(h1,ha,h3,hy)eH

2
— 0T la(h0) — hT L (o) — hal(do) — Lr(bo) / On, [h4]dFo]} }
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converges to zero if |3 — Byl + |7 — Yoll + 17 —nm0| + sup |[F(y) — Fo(y)| — 0. In addition, by the same
y€[0,00)

arguments as in the consistency proof, the class of functions
{15(8) 4 131,(0) + t,(0) + 16(0)] [ Qe frar]
= 1T p(0) ~ WL (64) ~ haly(90) ~ Le(00)] [ QrylhaldF]
(hy,hy, hs, hy) € H,¢p € u}

is P-Donsker. Therefore, according to Lemma 3.3.5 of van der Vaart and Wellner (1996), property (P1) holds.

Property (P2) holds again because of the P-Donsker property of the class

{hrirlﬁ(d’o) + 13y (@) + hsly (o) + ZF(¢0)[/ Qry[ha]dFo] : (hy,hy, hs, hy) € H}-

Furthermore, the limit random element £ is a Gaussian process indexed by (hi, ho, hs, hy) € H and the

covariance between €(h11; 1'1217 hgl, h41) and g(hlg, }1227 hgg, h42) is equal to
B |{ufiia(60) + WLy 90) + harly(90) + 1e(00)] [ Qi) }

 {Wa1a(0) + Wty (60) + Tt (00) + 1r(00)] [ Qi fhslaFil ||
The Fréchet differentiability can be directly verified by using the smoothness of U(¢).
It remains to show that the derivative of U is continuously invertible at ¢,. For convenience, we abbreviate
U'(¢y) as U'. We note that U’ is a map from the set U’ = {(B8— By, ¥ —Yo,1— 10, F — Fo) : (B,v,n, F) € U}

to {°°(H). With straightforward calculations, we obtain

U/(/B - /6077 — Yo,M — Mo, F— FO)[hlv h27 h’37 h4]
= (6 - /BO)TQI(hla h27 h’37 h’4) + (7 - 7O)TQ2(h17 h27 h’37 h’4)
407~ ) Qa(br bz o, ) + [ Qult b, by h)d(F ~ o),
0

where
Qi(hy, ho, hs, hy) = E{lga(do) thi + E{lgy (o) tha + E{lgy(Pg) ths + E{lﬂF(%)[/ Qr, [haldFpl},

Qa(hy, ho, hs, hy) = E{lyg(Po) thi + E{ly~(dg) tha + E{ly,(¢o)}hs + E{HF(%)[/ Qr, [haldFy]},

Qs(hy, ha, hs, ha) = E{ly5(d¢) thi + E{lyy (o) tha + E{ly,(dg) s + E{lnF(¢o)[/ Qr, [ha]dFyl},
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and

Qa(hy, hy, by, ha) = E{lra(do)[F — Folthy + E{lpy (o) [F — Fol}he
+ E{lrg(9)lF ~ Fullba+ E{Ler(90)] [ QrilhaldFo. F ~ Fo),

where lga (@), g~ (®), I3, (@), and lgr(¢)[ [ Qr[ha]dF] denote the first derivatives of Ig(¢) with respect to 3,
v, 1, and F along the path F + € [ Qr|ha]dF, respectively; lyg(@), ly (@), lyn (@), and lyp (@) [ Qr[hadF]
denote the first derivatives of I,(¢) with respect to 3, v, n, and F along the path F + € [ Qp[h4]dF,
respectively; 1,3(P), Ly~ (@), Ly (P), and 1, (@) [ Qr[ha]dF] denote the first derivatives of I, (¢) with respect
to 3,7, n, and F along the path F+¢ [ Qp[ha]dF, respectively; and lpg(@)[F'—Fy), Lp~ (@) [F —Fo), Ly (@) [F—
Fyl, and lpp(@)[[ Qrlha]dF, F — Fy] denote the first derivatives of lp(¢)[F — Fy| with respect to 8, ~, 7,
and F along the path F + € [ Qp[ha]dF, respectively.

If we treat (8 — Bg, Y — 0,1 — N0, F' — Fp) as an element in I°°(H) by defining its value at (hy, ha, hg, ha)

as
(8 — Bo)Thy + (v — 7o) Tha + (1 — 10)hs + / Qry[hald(F — Fy),

then the operator Q = (Q1, Qa, Qs, Q4) can be considered as a sum of a continuously invertible linear
operator and a compact operator from [°°(H) to [°°(H). Thus it suffices to prove that Q is a one-to-one map
(Rudin, 1973, pp. 99-103); that is, there exists some (hy, ho, hs, hs) € H such that Q(hy, ha, hs, hy) = 0, and

then we need to show that hy = 0,hy = 0,h3 = 0, and Q g, [ha] = 0. If so, then
U'(B = Bo,¥ —Yo:1 — 10, F = Fo)[hy, ha, by, ha] =0
for any ¢ € U. In particular, we choose
B=By+ehi, 7 =7+ cha,

0=+ chs, Fly) = Foly) + e / " Qr hal (s)dFo (s)

for a small constant e. By the definition of U’, we obtain

| {1 1a(00) + W1 (60) + (60 + 1560 [ Qi [h4]dFo]}2] ~o.
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Thus hiig(¢g) +hi 1y (pg) + hsly(Py) + Lr(dg)| [ Qrylha]dFy] = 0 almost surely. Equivalently, the following

equation holds
/ R1i(Bo, Yo, Fo, Wi){Rﬂi(IBoa'Yoa Fo, Wi)[hi] 4+ R~i(Bo, Yo, Fo, Wi)[ha] + Ryi(no, Wi)hs
0

R (B0 o W)L [ [h4]dFo]}1/)(Wi|77)dWi 0. (10)

We will show that this equation yields that h; = 0,hs = 0, h3 = 0, and Q g, [h4] = 0. We follow the ideas
of proving the identifiability in the proof of consistency. Specifically, we let Y;; = oo for j =1,..., k, for any
integer k such that 1 < k < n;; for those j > k, we perform the following action on the jth term on the
left-hand side of (10). If A;; = 0, then we replace Y;; with oo; if A;; = 1, then we integrate Y;; from 0 to .
Then we sum the resulting quantity over all possible A;; : j =k +1,...,n; and we can obtain h; = 0 and
hs = 0. Next, we let A;; =1 and Y;; = 0 for j < k and perform the same action for j > k to obtain hy = 0.
Finally, we let A;; = 1 for j < k and integrate Y;; from 0 to y; and we perform the same action described
previously for j > k to obtain Qp,[ha] = 0. Therefore, we have shown the invertibility of U’(¢y).

By Theorem 3.3.1 of van der Vaart and Wellner (1996), we conclude that \/E(Bn = BosAn — Yo, In —

7o, E, - Fy) converges weakly to —U’€. Specifically, for any (hy, ha, hs, hy) € H, we have
VR{ (B = B0 + G = 70 b+ G = s+ [ Qi [haJd(Fr - )
0

= —ﬁ{zﬁwofﬁl + 1y (o) Tha + Ly () B3 + L () (@, M]} +0p(1), (11)

where (hy, hy, hs, hy) = (Q1, Q2, Qs, Q1) *(hy, hy, hs, hy). By choosing hy = 0 in (11), we conclude that
B:hl, 'T/Zhg, and Nhs are asymptotic linear estimators of ﬁOThl, ~v&hy, and nohs, respectively, and the cor-
responding influence functions are on the linear space spanned by the score functions. This implies that
,@n,fym and 7),, are semiparametrically efficient by the semiparametric efficiency theory (Bickel et al., 1993,

Ch. 3). 0
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