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Abstract

We establish limit theorems involving weak convergence of multiple generations of critical
and supercritical branching processes. These results arise naturally when dealing with the joint
asymptotic behavior of functionals defined in terms of several generations of such processes.
Applications of our main result include a functional central limit theorem (CLT), a Darling-Erdos
result, and an extremal process result. The limiting process for our functional CLT is an infinite
dimensional Brownian motion with sample paths in the infinite product space (Co[0,1])°°, with
the product topology, or in Banach subspaces of (Cy[0,1])*° determined by norms related to
the distribution of the population size of the branching process. As an application of this CLT
we obtain a central limit theorem for ratios of weighted sums of generations of a branching
processes, and also to various maximums of these generations. The Darling-Erdos result and
the application to extremal distributions also include infinite dimensional limit laws. Some

branching process examples where the CLT fails are also included.
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1 Introduction

Our interest in limit theorems for multiple generations of branching processes is motivated by both
practical and theoretical considerations. The practical side stems from the use of branching processes
to model certain aspects of scientific experiments. One such problem area is Polymerase Chain
Reaction (PCR) experiments. In such an experiment, an initial amount of DNA is amplified for
use in various biological experiments. The PCR experiment evolves in three phases; an exponential
phase, a linear phase, and a pleateau phase, with branching processes and their variants frequently
used to model the exponential phase. One of the goals of such experiments is to “quantitate” the
initial number of DNA molecules in a sample or equivalently, estimate the number of ancestors in a
branching process [5]. The statistical estimate of the initial number of ancestors is a function of the
estimate of the mean of the branching process [5], and in order to make this estimate, data are used
from the last few cycles (generations) at the end of the exponential phase. Since the cycle(generation)
corresponding to the end of exponential phase is somewhat arbitrary, it is natural to consider the
joint distributions of the generations involved to determine whether two different scientists with
different choices for the end of the exponential phase obtain consistent results. Furthermore, these
joint distributions can also be used to estimate the end of the exponential phase.

Theoretical motivation for our results involves the desire to understand analogues of classical
functional limit theorems for i.i.d. sequences that hold for multiple generations of the stochastic
processes arising in the branching setting. What we present here deals with weak convergence results.
Theorem 1 is our main result, and allows a large number of applications, a few of which are presented
explicitly as Applications 1-3, and Theorems 2 and 3 in Section 2. Application 1 is a functional CLT,
yielding a Donsker type result, Application 2 a Darling-Erdds result, and Application 3 an extremal
process result, all obtained under best possible conditions. For example, in the functional CLT we
use only second moments, and in the Darling-Erdos result we use the moment condition shown in
[3] to be necessary for this result for i.i.d. sequences. A similar comment applies to the application
to extremal processes. Here the regularly varying tail condition assumed is precis ely that required
for the limiting maximal distribution at ¢ = 1 to exist for an i.i.d sequence. Other applications
are also possible once one has Theorem 1 available, but in Theorems 2 and 3 we turn to some
applications of our functional CLT. Theorem 2 yields a strengthening of the functional CLT to the
Banach spaces ¢g,x(Co[0, 1]). Another consequence of Application 1 is a new proof of the CLT for
the non-parametric maximum likelihood estimate of the mean of a supercritical branching process.
A previous proof of this in [9] involves a martingale CLT, whereas the proof herein is an elegant
application of our functional CLT result with ¢ = 1, and the asymptotic independence obtained in
the coordinates of the limiting process. Moreover, our proof allows us to extend this result to allow
the application of a broad range of weights on the various generations. In [9] all the weights are
equal to one.

In order to describe our results in more detail we begin with a brief description of the branching
process. Let {{,;,j > 1,n > 1} denote a double array of integer valued i.i.d. random variables
defined on the probability space (£, F, P), and having probability distribution {p; : j > 0}, i.e.
P& 1 = k) = pg. Then {Z,, : n > 0} denotes the Galton-Watson process initiated by a single



ancestor Zg = 1. It is iteratively defined on (2, F, P) for n > 1 by

Zn—1
Ly = Z €n.j-
Jj=1

Let m = E(Zy). It is well known that if m > 1 (i.e. the process is supercritical), then Z, — oo
with positive probability and that the probability that the process becomes extinct, namely ¢, is
less than one. The complement of the set US2,{Z,, = 0} is the so called survival set, and is denoted
by S. If m > 1, then P(S) =1—¢q and Z, — o0 a.s. on S. Also, ¢ = 0 if and only if py = 0.
If m < 1, then assuming p; # 1 when m = 1, the process becomes extinct with probability one,
ie. P(S) = 0. To avoid degenerate situations we assume throughout the paper, without further
mention, that pg + p1 < 1.

The paper is organized as follows: Section 2 develops the basic notation and states the main
results of the paper. Section 3 contains the proof of Theorem 1, and Sections 4 and 5 that of the
CLT applications in Theorem’s 2 and 3, respectively. Section 6 contains examples providing some
insight into the CLT for subcritical processes, and also for supercritical processes when one uses
deterministic normalizations. In this latter example one does not get a Gaussian limit law, but a
certain mixture of Gaussian laws. This mixture can be anticipated from the Kesten-Stigum result,
but its precise expression requires some interesting analysis. In particular, these examples show
precisely why the random normalizations used in our theorems are possibly the ”best choice” if one

wants classical results to persist in limit theorems for multiple generations of these processes.

2 Notation and Main Results

In this section we state the main result of the paper. This result allows us to obtain a wide variety
of limit theorems for branching processes based on r(n)-generations, where 1 < r(n) < n. Following
its statement we present some interesting consequences and applications. In particular, in these
applications the integer sequence {r(n)} may approach infinity as n goes to infinity. As will be seen,
they all follow rather immediately from our main result when combined with various classical limit
theorems for i.i.d. sequences.

Throughout (M, d) is a complete separable metric space with distance d, and M denotes the
infinite product of copies of M with the product topology, metrized by

doo(%,7) = > L _dlws,gn) (2.1)

1 281+ d(xk, yk)

In our applications M is the real line or some function space. If M is the real line, then the distance
is the usual one, and for our functional CLT application M denotes the set of all continuous functions
on [0,1] that vanish at 0, which we denote by Cy[0, 1]. Of course, then Cy|0, 1] is a Banach space in

the supremum norm

q(f) = sup [f(t)], (2.2)

0<t<1

and the distance used is d(f, g) = ¢(f — g9), f, g € Cp[0,1]. Application 3 below contains a different
choice of M, and others are certainly possible, but these suffice to provide a sampling of possible

consequences of our main theorem.



Since we want to study the asymptotic behavior of r(n) generations of the branching process,

and r(n) may well converge to infinity, it is useful for these purposes to define

Xn,r(n) = (Xn,anl s anl,Zn,ga c 'anr(n)Jrl,Zn,,_(n) y Ry Ryt ')a (23)

where z is a fixed element in M,

Xn—ji1,2,; = Hz, (n—ji11, 2 6n—jt1,20_;) (2.4)

and the mappings Hy(-) take R* into M are Borel measurable. Hence Xn,r(n) is an element of the
infinite product space M°°. Moreover, in our applications M always contains a zero element which
we denote by 0, and if we take the fixed element z € M in (2.3) to be this 0, then we have

Xn,r(n) = (Xn,anlaanl,Zn,ga c 'anr(n)Jrl,Zn,r(n) ) Oa Oa o ) (25)

We will use = to denote weak convergence of probability measures. Our main theorem for the

random vectors X, () is the following.

Theorem 1. Let m > 1, assume 1 < r(n) < n with lim, . r(n) = 0o, and that X,, ;) is defined
as in (2.3)-(2.4). Also assume that if {&; : j > 1} are i.i.d. non-negative integer valued random
variable with L(&1) = L(Z1), then the M-valued random elements {Hy : k > 1} used to define
Xon,r(n) are such that

Hy(§, - &) = H (2.6)

n (M, d). Then the probability measures
pn = L(Xyy r(n)| Zn-1 > 0) (2.7)
converge weakly on (M, d), i.e. we have
pn = L(B1, B, -+ ), (2.8)

where the B;’s are independent copies of H.

Next we present three immediate applications of Theorem 1. They include a functional CLT,
a Darling-Erdés Theorem, and also an extremal process result. It is interesting to observe that
the limiting distributions of the coordinates of X, ,.(,) are asymptotically independent, whereas the

generations of the branching process itself are correlated.

Application 1: Let m > 1, 0 < 0? = E(Z?) < oo, and assume 1 < 7(n) < n with
lim, oo 7(n) = co. Take M = (y[0,1] with the sup-norm ¢, define Hy(§ ---,&)(0) = 0, and
for 0 <t <1 set

Ltk ]
Hy (& - &)(t a\/_ Z + (tk — [tk]) \/—(fttkjﬂ m). (2.9)

Then Donsker’s Invariance principle implies (2.6) holds with £(H) the probability measure induced

on Cy[0,1] by a standard Brownian motion starting at zero when ¢ = 0. If X,, () is defined as in



(2.3-5) with Hj, as in (2.9), and (Cy[0, 1])*° has the product topology induced when using the norm
g on Cy[0, 1], then an immediate consequence of Theorem 1 is that the probability measures

Wn = L‘(Xnm(n)|Zn,1 > 0) (2.10)
converge weakly there, i.e. we have
pn = L(B1, Bz, -+ -), (2.11)

where the B;’s are independent Brownian motions.

Application 2: Let m > 1, 0 < 0% = E(Z%) < oo, limy_,oo LLtE(Z?1(|Z1| > t)) = 0, where
Lt =log,(t Ve) and LLt = L(Lt). In addition, assume 1 < r(n) < n with lim,,_,. r(n) = oo, and
take M = R!. Define

I (& —m
Hy (&, -+, &) = ax éljagk %

where aj, = (2LLk)? and by, = 2LLk + 2LLLk — LL(47). Then the Darling-Erdés Theorem as
in Theorem 2 of [3] implies (2.6) holds with £(H) the probability measure induced on M by the

cumulative distribution function

— by, (2.12)

G(z) =exp{—e 7}, —o00,z < 0. (2.13)

If X, r(n) is defined as in (2.3-5) with Hj as in (2.12), and M> = R has the product topology ,

then an immediate consequence of Theorem 1 is that the probability measures
pn = L(Xpy r(n)|Zn—1 > 0) (2.14)
converge weakly there, and we have
tn, = L(B1,Ba, ), (2.15)

where the B;’s are independent random variables with cumulative distribution function G(z) given
by (2.13).

Application 3: Let m > 1, assume F(x) = P(Z; < ) < 1 for all z € R', and that 1 — F(x)
is regularly varying at co with exponent —« where o > 1. In addition, assume 1 < r(n) < n with
lim,, o (1) = co. Then by Theorem 6.3, p.455 of [4], there exists a; > 0 such that

lim P(i max{0,&1, -+, & < x) =exp{—z"%}, = >0, (2.16)

j—00 Qj

and zero for z < 0. Now define the extremal process my(t) which is zero in [0, 2) and

1 ] |+ 1
mk(t) = _ma’X{Oagla"' 5§j}5 i St< ‘ia ]: 15 ak_ 15 (217)
ak n k
and
1
my(t) = a—max{(),fl, s &g, t> 1. (2.18)
k



Let M denote the finite, non-decreasing functions z(t)on [0, 00) such that z(0) = 0 and z(t) = z(1)
for t > 1.Then M is a complete separable metric space in the Levy metric dy, on M, and if

Hi (61,5 &)(t) = my(t), 0 <t < oo, (2.19)

then by Theorem 2.1 and 3.1 of [7] we have (2.6) where {H(¢) : 0 < t < oo} is a Markov extremal
process with sample paths in M. Therefore, if X, ,.(,,) is defined as in (2.3-5) with H}, asin (2.19), and
M®° has the product topology, then an immediate consequence of Theorem 1 is that the probability

measures
pn = L(Xpy r(n)|Zn—1 > 0) (2.20)
converge weakly there, and we have
tn = L(B1,Ba,-+), (2.21)

where the B;’s are independent copies of the Markov process {H(t) : 0 < ¢ < co}.

As is easily seen, Theorem 1 combined with other classical limit theorems for i.i.d sequences
provides many possible limit theorems for suitable choices of the random elements X, ;). However,
what we turn to next are some applications and extensions of the functional CLT of application one.
The first involves a functional CLT in Banach subspaces of (Cy[0,1])*° determined by weighted
analogues of the g-norm. That is, let A = {); : j > 1} be a sequence of strictly positive numbers,
and for £ = (f1, fa,--+) € (Cp[0,1])> define

A (F) = sup N[ f;l], (2.22)
j>1
where || - || is the supremum norm on Cy[0, 1]. Also, let ¢o,A(Co[0, 1]) be the subspace of (Cy[0, 1])>°
given by
co.x(Col0,1]) = {f = (f1, fo, -+ +) € (Col0, 1))+ lim A;f[ ]| = 0} (2.23)
Then ¢, (f) is a norm making the subspace cg x(Co[0, 1]) a Banach space.

As before we will use = to denote weak convergence of probability measures. Our functional
central limit theorem in ¢y x(Co[0, 1]) is the following.

Theorem 2. Let m > 1 and assume 1 < r(n) < n with lim,_,» r(n) = co. Also assume that
the offspring distribution L(£) = L(Z1) is such that 0 < 0 = E(£%) < oo and satisfies one of the

following conditions:

P(l¢—=m|>x) < Be=%" for all 2 > 0, or (2.24)

E(|€ — m|”) < oo for some p > 2, (2.25)

and that r(n) = o(n). Let X,, r(n) e defined as in (2.3-5) with Hy(&1,--- &) as in (2.9). If (2.24)
holds and we take A = {\;} where A\; = (J; log(j + 3))"2 and lim; . d; = 0o, then on the Banach
space co A(Co[0, 1]) the probability measures

Wn = E(Xn,r(n)|anl > 0). (2.26)



are such that
pn = L(B1,Ba,---), (2.27)

where the B;’s are independent standard Brownian motions. If instead we assume (2.25) and A =
1446
{A\;} where \; = jf( 7 and 6 > 0, then we again have (2.27) on coA(Co[0, 1]).

If G is Gaussian random variable with mean zero and variance one, then for all z > 0

P(Oigng(t) <z)=P(|G| < ).

Hence Theorem 2 and the continuous mapping theorem applied to the processes {X,, ,n)(-) : n > 1}
with values in ¢p A (Cp[0, 1]) immediately imply the following result.

Corollary 1. If (2.24) or (2.25) holds with corresponding {\; : j > 1} as indicated, then the
conditions of Theorem 2 imply that

(Zn,jJrl — mZn,j)

lim P( max \;j - <z)=P(sup \;G; < x),
n—00 1<j<r(n) UZE,J' j>1
where G1,Ga, - -+ are i.i.d. N(0,1) random variables. In addition, we also have

(OVSF (njiri—
lim P( max )\j(maxlﬁkSZnﬂ( > ic1(n—jt1,i —m))

<x)=P(sup\;|G;| <x).
n—oo  1<5<r(n) UZH%,J- ) <) (jzrl) Gl < )

Remark 1. If one wants results similar to those of the corollary with \; = 1, then Theorem 2, or
application one applies, as long as we restrict the maximum to be over only finitely many j’s, say

]6{15255d}

In Theorem 3 below we obtain a CLT for ratios of weighted sums of a supercritical branching
process {Z, : n > 1}. When the weights are all one the result appeared in [9] using a martingale
CLT for the proof. Our proof is completely different. It uses Application 1 in an important way and

allows the ratios to consist of weighted sums. We begin with some notation.

Throughout we assume {b; : j > 1} is a sequence of non-negative numbers with b; > 0, and

sup,>1 bj < oo. Now set

where
Nn = blzn + b2Zn71 +-- bnzla

Dy, =b0Zp 1+b3Zp_o2+ -+ b2,

and we understand X,, to be zero if D,, = 0. Then we have the following CLT.



Theorem 3. Let m > 1, 0 < 0? = E((Z1 —m)?) < oo, and assume {b; : j > 1} is a sequence of

non-negative numbers with by > 0 and sup;~, b; < co. For k > 2, let

_ - [
Hk = bk(blmk L + -+ bk,lm + bk + Z bjm) 1, (228)
J=k+1
and when k =1 set
0, = by (b1 + ijm) : (2.29)
=2
If
A2 = Z 9jbj0’2,
j=1
then A% < co, and for all real x we have
lim P(X, <z|S)=P(G < x), (2.30)
where G is a mean zero Gaussian random variable with E(G?) = A?.
We also have the following corollary.
Corollary 2. Ifby =by=---=bg=1andb; =0 forj >d+1, orb; =1 for all j > 1, then in
both situations
lim P(X, <z|S)=P(G < x), (2.31)

n—oo

where G is a mean zero Gaussian random variable with E(GQ) = o2,

Remark 2. If we condition on {Z,—1 > 0} instead of S in Theorem 3, or its Corollary, the limit

1s the same.

3 Proof of Theorem 1

The proof of Theorem 1 is based on a lemma for weak convergence in infinite product spaces, and

an iterative technique developed in Lemma 2 below.

Let (M, d) be a complete separable metric space, u a Borel probability measure on (M, d), and
w: M — M Borel measurable. Define,

i (4) = u(r (4))

for all Borel sets A of (M, d). Let M denote the infinite product space with the product topology
and typical point s = (s1, s2,- - ). If z is a fixed point in M, we define the mapping m; : M — M,
for Il > 1, by

mi(s) = (81,82, ,81,2,2," "+, ).
We now indicate a lemma concerning weak convergence in product spaces. Its proof is easily antic-
ipated.



Lemma 1. Let M be as above and assume {uy, : n > 1} and poo are Borel probability measures
on M with the product topology. Then {u, : n > 1} converges weakly to poo if and only if u™

converges weakly to pZt for all 1 > 1.

The results of the next lemma are used several times in the proof of Theorem 1, and hence we
combine them in an easily accessed form, When m = 1 the result follows from Theorem 2, p. 20, of
[1], and when m > 1 a minor modification of Theorem 3 of [1], p. 41, suffices.

Lemma 2. Let {Z, : n > 0} be a Galton-Watson process with Zg = 1. If m = 1, then for each
J € [1,00)

. P<Zz,<J)
1 —— =~ =0. 1
niee  P(Z, > 0) 0 (3.1)

If m > 1, then there exists a constant v € (0,1) such that

lim P(Z, =k)/y" = vg, (3.2)

n—oo

where 0 < vy < oo for allk > 1.

Proof of (2.8) Let u denote the probability measure induced by H on M, and o be the
infinite product measure formed by p on M. Also let y,, denote the law of X,, ;.(,) when Z, 1 is

conditioned to be stricty positive,i.e. for A a Borel subset of M*° we have
,UJn(A) = P(Xn,r(n) € A|Zn71 > O)

By Lemma 1 it is sufficient to establish, for each [ > 1, the weak convergence of u7! to pZl. If we
identify the range space of m; with M' in the obvious way, then it suffices to show that on M' we
have that

)\n - E(Xn,anlaanl,anza e ;Xn7l+l,Zn,l |Zn71 > O)
converges weakly to (i)', the I-fold product of x on that space.

To establish weak convergence of \, to (u)!, it is sufficient by Theorem 2.2 of [2] to show for
arbitrary continuity sets E; of the measure p on M that
!
lim A, (Ey x By x -+ x Ey) = [ u(E). (3.3)

n—oo
j=1

We will now verify

Lemma 3. Ifm > 1 and r(n) — oo, then (3.3) holds.
Proof Set .
0 =Ml ] Ej)-
j=1
Then

3

l
On = E(H IAn,j)/(P(Zn71 > O))a



where
Anj={Xn—jr1.2,_;, € Ej, Zn_j >0}

for 1 <j <l Let Fo ={¢,Q}and F,, =o({&;:7>1}:1 <k <n)forn>1. Also, to simplify
the notation, write A, ; = A;, for 1 < j <. Therefore,

l
HHP(Zn 1>0 HIA |-7:n 1 IA1|-7:" 1 H

Setting 8, = E(1a,|Fn-1), and writing
Bn = An + ,UJ(E1>;

where A,, = E(Ia,|Fn-1) — u(E1) we have
!
00 P(Zn—1 > 0) = p(ED)E(J[(1a,) + €n, (3.4)

where

!
en = E([] 1a,40)-
J
We will now show that lim, . €,/P(Z,—1 > 0) = 0. To this end, let ¢ > 0 and note that

limsupe,/P(Z,_1 > 0) < limsup E(|An|Iz, ,>0)/P(Zn_1>0)<T+1I,

n—oo n—oo

where

I =limsup E(|P(A1|Fn-1) — p(E)|L(z,_,>0, 2,_2>0))/P(Zn-1>0),

and
I = limsup E(|P(A1|Fn-1) — p(E)| (2, =0, 2,_»>0))/P(Zn-1 > 0).

Using the Markov property and branching property of {Z,,} we have
P(A1|Zy1=j)=P(Xnz,_, € E1|Zn1=j) = P(Hj(&1,--+,&5) € Er).
Hence, given € > 0, and that F; is a p-continuity set, (2.6) implies
|P(Hj(&1, -+, &) € E1) — p(Er)| < e

for j > jo(e, F1) independent of n. Therefore,

I = limsup E(|P(A1]Zn—1) — (B (7, >0 2,_2>0))/P(Zn-1>0) (3.5)
< lmsup(S1, + S20)/P(Zuy > 0), (3.6)

where

Yin= Z Z |P(A1]Zpn—1 = j1) — (B P(Zn—1 = j1, Zn—2 = Ja),

1<51<jo j22>1

Yoy = Z Z |P(A1|Zn—1 = j1) — p(E1)|P(Zn-1 = j1, Zn—2 = ja2).

Jj12jo+1j22>1

10



Thus,

I <limsup[2P(1 < Z,—1 < jo)/P(Zn-1>0) +¢| =€, (3.7)

n—oo

since lim,, oo P(1 < Z,,—1 < j0)/P(Z,-1 > 0) = 0 is immediate by Lemma 2 if m > 1, i.e recall
P(Z,>0)—1—qg>0whenm>1.

As for 11, observe that

1T < 2limsup Y P(Zy—2 =4, Zn-1=0)/P(Zy-1>0) (3.8)
n—oo i>1

= 2limsup » pyP(Zn—2=j)/P(Zn_1 > 0) (3.9)
e >

= 2limsup[fn—2(po) — frn-2(0)]/P(Z,—-1 > 0), (3.10)

where f,_o(:) is the generating function of Z,,_5. Thus for m > 1 we have IT = 0 since f,,—2(po)
and f,_2(0) both converge to ¢ and P(Z, > 0) — 1 —¢ > 0 when m > 1. If m = 1, then since
0 < 02 < oo by assumption in Theorem 1, we have by [1], p19, for all £ > 1 that

lim P(Z,—x >0)/P(Z, >0)=1. (3.11)
In addition, we have
ko
[fn72(p0) - fn72(0)] S Z P(Zn72 = k) +p§+1P(an2 Z kO + 1)
k=1

Thus by Lemma 2 and that ko can be taken arbitrarily large we see

lim Sup[fn72(p0> - fn72(0)]/P(Zn72 > O) =0. (312)

n—oo

Therefore, when m = 1, we also see 11 = 0.

Since e, > 0, the conditions of Theorem 1 imply
lim e, /P(Z,-1>0)=0

for all m > 1.

Now returning to (3.4) and iterating we get,

-1 -2
0uP(Zor > 0) = [[ (ENEULa) + > p(E))en—;. (3.13)
j=1 =0

where Fg = M and e,_; = E (]_[2:2 +j1a,An—). Furthermore, using an argument similar to the
one used to prove e, /P(Z,_1 > 0) — 0, one can also show that

lim e,—;/P(Z,-1>0)=0.

11



Finally, note that

E(Ia) = P(Xn-141,2,-, € B, Zy—1 > 0) (3.14)
= D P(H&, &) € E)P(Zn-t = j) (3.15)
i>1
= I, +1I, +1II,, (3.16)
where
Jo(e, Ev)
In= > P(Hj&, &) € E)P(Zy_i = j). (3.17)
j=1
Iy= Y (P(H(&,- &) € Bi) = p(E))P(Zn— = j), (3.18)
Jj>jo(e,Er)
and
111, = W(E)P(Zpn_1 > jo(e, E)); (3.19)

and jo(e, Ey) is such that for all j > jo(e, Ey)
|P(H;(&1,- -, &5) € Bi) — p(Er)| <e. (3.20)

The existence of jo(e, E;) follows from (2.6), and that F; is a continuity set of p.
Using (3.11), which holds for m > 1, we have by Lemma 2 that
lim P(l < Zna < jo(e, EZ))/P(anl > O) =0,

n—oo

and hence it follows that I,,/P(Z,—1 > 0) — 0 as n — oo. Furthermore, using (3.20) and that here
we also have P(Z,_; > jo(e, E1))/P(Zn—1 > 0) — 1, it follows that

limsupI1,/P(Z,—1 >0) <e.
Finally, similar ideas imply III,/P(Z,—1 > 0) — p(E;). Thus, lim, . E(14,)/P(Zp-1 > 0) =
w(Ep), and hence (3.13) implies lim,, o0 60, = H;Zl w#(E;). Thus (3.3) holds and Theorem 1 is

proven. W

4 Proof of Theorem 2

Application 1 of Theorem 1 implies (2.27) on (Cy[0, 1])* with the product topology. Now we turn
to its proof for the spaces ¢y x(Cp[0,1]) and their stated norms gx. Given that weak convergence
in the product topology implies the finite dimensional distributions of any finite set of coordinates
converges in correct fashion, it suffices to show the probability measures of (2.26) are tight on the

spaces ¢, A(Co[0, 1]). This is the content of our next lemma. Its proof establishes Theorem 2.
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Lemma 4. Let {p, : n > 1} be as in (2.26), assume m > 1, and that r(n) — oco. If (2.24) holds
and \j = (0, log(j +3))"2, where lim;_,o §; = 00, then the {p, : n > 1} are tight on co 1 (Co|0, 1]).
Simalarly, if (2.25) holds and A\; = jf(ltfé) for § > 0, then we also have {u, : n > 1} tight on

Coy)\(C()[O, 1])

Proof. Since the finite dimensional distributions of any finite set of coordinates of { ., } converge
weakly to the corresponding ones for £(Bj, Ba, - -+ ) , standard arguments allow us to finish the proof
by showing the {u,} are tight on ¢y x(Co[0, 1])).

To establish tightness we apply the remark in [8], p. 49. To show this remark applies we use the
fact that the distributions of any finite set of coordinates are tight (since they are convergent), and
therefore it suffices to show for each € > 0 that there exists a d(e) such that d > d(e) implies

lim SupP(Q)\(Qd(Xn,r(n))) > 6|anl > 0) <e (41)

n—oo

Here Qq(f) = (0,---,0, fat1, faye, ) for £ € (Cp[0,1])*°. Since we are assuming r(n) tends to
infinity, for all n sufficiently large we have

r(n)
P(Q)\(Qd(Xn,r(n))) > €|Zn 1> 0 Z In g

j=d+1
where l
I,,;= 1<1lrré%x ] |kzl En—jt1e —m)| > Zn%ﬂ-e)\;ﬂZn,l > 0).
Setting Jy, ; = I, ;P(Zp—1 > 0) we see
) l
;P 11£1lzl<xr|kZ:1(§n,j+Lk —m)| >r2 e)\ Zp—j=1,Zp_1>0). (4.2)
Thus
oo l
i € 3P 3 €y =l 2 PN oy 0Py =) 4
and by the branching property we see
SiP(max |Z§k_ N = 2N P (Znj =1), (4.4)

1<I<r

where {{ : k > 1} are i.i.d. with law that of the offspring distribution. Since A; — oo there exists
a jo = jo(€) such that j > jo and Ottavianni’s inequality implies

%e)\.ﬁl
Jnj < ZZP |Z = 2J VP(Zp_j = 7). (4.5)
r=1

Now under (2.24), Lemma 4.1 of [6] implies for all » > 1,5 > 1 that

-1

r rEEN
P(IY (6 —m)| = —57=) < 2Bexp{~6eA;/4} = 26(j +3)”

6e252
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and hence for j > jo we have

6e252

I <4B(j +3)" % P(Zn_j >0)/P(Zy_1 > 0). (4.6)

When m =1 and 0 < Var(Z;) = 0% < oo, we have by Theorem 1, p.19, of [1] that lim,, o nP(Z, >

0) = 2/02. Hence for n — j > ng we have

P(Zy_j>0) (n—5)P(Zp_j>0)(n—1) _(1—-4%) 2
P(Zy1>0) (n—1)P(Z,_1>0)(n—j) = 2(1 -4 = (1—24y (4.7)
Thus for j = o(n),j > jo, we have
L, <1600 +3) 5. (15)

Now take j1 = ji(e) such that j > ji implies §e*67 > 2. Given € > 0,7(n) = o(n) and d > do(€) =
max(Jo, j1, @ + 1), we have
r(n)
lim sup P(ga(Qa(Xp r(n))) = €/ Zn—1 > 0) < limsup Z I,;<e
Hence the lemma is proven under (2.24) if m = 1. If m > 1, then (4.8) is an even easier consequence
of (4.6) since lim,_,oc P(Z, > 0) =1 — ¢ > 0. Hence if r(n) = o(n) , the lemma also holds in this
case.

If (2.25) holds, then for all » > 0 and p > 2 we have a constant B, < oo such that an application
of Markov’s inequality and Corollary 8.2 in [4], p.151, implies

- T%e)\fl —m
P(|Z(§k —m)| > Tﬂ) < Bp@(gilm'
. ()

(1+5)
Hence the arguments can be completed as before, since under (2.25) we have )\;1 =7 =~ Thus

the lemma is proven. W

5 Proof of Theorem 3

Before we turn to the proof of Theorem 3 we provide a brief lemma, and recall that if m > 1
and 0 < 0% = E((Z1 —m)?) < oo, then the Kesten-Stigum theorem, [1], p. 20, implies that with
probability one that

lim W, =W, (5.1)

n—oo
where W,, = %, and W > 0 almost surely on the survival set S.

Lemma 5. Under the given assumptions, we have almost surely that

Furthermore, for k > 1 almost surely on S we have
. b Zn—g
im — ks (5.3)

n—oo n

where Oy is given as in (2.28) and (2.29).
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Proof. Observe that

D, " by Zp "L by " by Znk
=Y =) WY e W),
k=1 1 k=1

and since lim,, o, Z, /m™ = W almost everywhere by (5.1), an elementary argument easily implies

limy, oo Dopey %(iﬁi’; — W) = 0 almost everywhere. Thus (5.2) holds. Combining (5.2) and (5.1)

with W > 0 almost surely on S, we thus have (5.3). Hence the lemma is proven. W

For the proof of Theorem 3 recall that if D,, = 0, then we understand X, to be zero. Furthermore,
if D,, > 0, we then have

Lp—jt1
anj - m)a

" [b;Z,;
X":Z JD ’ Vij"*j(
j=1 "

and for 1 < d < n we define

d
b; Zn— L
Xn,dzz 7JD J\/ijn,j( 7 Jfl —m)
=1 n n—j

Of course, when D,, = 0, we understand X,, and X, 4 as given in these formulas to be zero. We also

- | D,, ~ | Dy,
X, =1/ —X,, and Xna=1\ —Xnd,
mn mm ’

and their formulas analogous to those above for X,, and X, 4.

use

Proof of Theorem 3. Take ¢ > 0, and to simplify the notation set y,, = (%)%. Then
P(X, < z|S) = P(X, < 27,]9), (5.4)
P(Xn < amlS) < P(Xn,d < (@ +e)mlS) + P(|Xn - Xn,d| = enlS), (5.5)
and
P(|1 X, — Xp.al = eynlS) < P(| Xy — Xpn.a| > €0]S) + P(0 < v, < 3|S). (5.6)

Since € > 0 is given, we choose § > 0 sufficiently small that P(0 < W < 262)/P(S) < e. Since
limy, oo Yn = W3 > 0 almost surely on S, there exists ng = ng(d) such that n > ng implies

P(0 <, <d]S) <e. (5.7)
Once €, > 0 are fixed, we choose dy = do(€,0) such that d > dy implies that uniformly in n
P(1%— Xodl > ed]S) <. (5.8)

To obtain dy we observe that P(|X,, — X,.4| > €3|S) < P(|X,, — X,..a] > €5)/P(S), and since the
branching property easily implies

n

E((Xn _Xn,d)2) = Z 7’)’LinbjE’(Zn,jfl)o'2 = Z 0—2bjm*(j+1),
j=d+1 j=d+1

15



we have

~ ~ 2Mm7(d+1)
B(X, - X, ) <2 2™m
(( )% < CE

(5.9)
where M = sup,>; b; < co. Hence Markov’s inequality, (5.9), and the above reasoning allows us to
choose dy independent of n, so (5.8) holds.

Since P(X,, 4 < x4+ ¢€]S) = P(Xpn.a < (z + €)7,|5), by combining (5.4)-(5.8) we have for d > dj
that

P(X, < 2[8) < P(Xpq <z +¢€|S) + 2. (5.10)

Similarly, we also have for d > dy that

P(X, <z|S)>P(Xna<x—¢€S)—2e. (5.11)
Now let
d 7 )
Xna=Y O Zn ;*”_1 —m), (5.12)
j=1 "

and observe that by setting ¢ = 1 in the functional CLT of Application 1, the continuous mapping

theorem immediately implies the uniform stochastic boundedness of

Ly .
WhiZaj( 2 —m) 1< j<dn =1}

n—j

when these variables are conditioned on the event {Z,,_1 > 0}. Therefore, for each fixed d we have

from (5.3) of Lemma 5 and the previously mentioned uniform stochastic boundedness that

lim P(| X4 — X, 4 > €|S) = 0. (5.13)

n—oo

In addition, by the CLT provided by Application 1 we easily have

lim P(X, 4 < )= P(Gy<uz) (5.14)

n—oo

. . . . . d
for all real z, where G4 is a mean zero Gaussian random variable with variance A2 = "%_, 0;b;02.

Combining (5.10), (5.13), and (5.14) we have for all d > dy and all real x that ~
limsup P(X,, < z|S) < P(Gq < x + 2¢) + 3e. (5.15)
Using (5.11), a similar argument implies for all d > dy and all real = that
linrgg.}fP(Xn <z|S) > P(Gqg <z —2¢) — 3e. (5.16)
Now take d; = dj(¢) sufficiently large such that d > d; implies for all real x that
P(Ga<)—e<P(G<2)< PGa<a)+e (5.17)
where G is as in the proposition. This condition follows easily since A2 — A% < oco.
Letting d tend to infinity in (5.15) and (5.16), (5,17) implies for all z that
limsup P(X,, < z|S) < P(G <z + 2¢) + 3¢, (5.18)

n—oo
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and

liminf P(X,, < z|S) > P(G < x — 2¢) — 3¢ (5.19)

n—oo

Letting € | 0 in (5.18) and (5.19), the theorem is proven. W
Proof of Corollary 2. Given the postulated b;, (2.28), (2.29), and simple calculation implies

(m —1)md—J

b= o)

ajzla"'ada

or
0, = (m—l)mfj, j>1.

Hence the conclusion of Theorem 3 implies (2.31) with E(G?) = Zd:

6 Examples

In this section we provide some examples where the CLT fails. We focus on the CLT as it is perhaps
the result one might expect would be most likely to persist under suitable modifications of our basic
assumptions. In the first example failure results from our branching process {Z, : n > 0} being
subcritical. Hence, even though one has the same conditional independence structure as in the
critical and supercritical cases, its behavior is quite different. In the other example the CLT fails

through the use of deterministic normalizers.

Subcritical Branching Fails the CLT: Our result concerns the limit of

£zE (2 iz 0
(231 (2 = )| s > 0),

and shows that even for this single distribution the CLT always fails. This is easy to see since the

distribution of all the H}'s of the following lemma are discrete.

1
Lemma 6. Assume that E(Z%) < co and set L,, = Z?_,(Z~ —m). Then, for any z € IR,

n n—1

lim P(L, < x|Z,1>0)=> P(VkHy < )b, (6.1)

n—oo i1
where Hy = %Zle(& —m), {& 1 > 1} are ii.d. with L(&) = L(Z1), and {0 : k > 1} is a
probability distribution.

Proof of Lemma 6. Let © € IR. Then, by the branching property we easily have

P(Ly <@|Zy1>0) = Y P(Lp <2 Zy1=k|Zy1>0) (6.2)
k>0

= Y PWkHy <2)P(Zy1 = k| Zy 1 > 0). (6.3)
k>1

Since m < 1, Yaglom’s Theorem on p.18 of [1] implies that lim,, o P(Z,—1 = k|Zn—1 > 0) = 0,
where {0 : k > 1} is a probability distribution. Thus, by the generalized dominated convergence

theorem, it follows that

lim P(L, <x|Z,>0) = Y P(VkH,< ). (6.4)

n—oo
k>1
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This completes the proof of the lemma. W

Deterministic Normalizers Prevent the CLT: Even when m > 1, the next example shows
the spatial finite dimensional distributions related to Application 1 fail to be Gaussian when we
use canonical deterministic normalizations m™= instead of ZE?1 in our CLT results. Of course,
the motivation for these normalizations results from the Kesten-Stigum result, see (5.1), and in this
situation the limit laws are a mixture of Gaussian laws and the random variable W that appears in
that result.

Proposition 1. Let m > 1, 0 < 0® = E((&,1 —m)?) < co. Fori = 1,--- .1, set Hy_j11 =
mﬁ?L (% —m) when Z,_; >0, and zero otherwise, and let
Bni={Hn—it1 < ti}, (6.5)
where t1,- -+ ,t; € (—00,00) . Then
lim P(BpaN N By N{Zyo1 > 0}) = E(@(t,WY?) ..o, WYIs,), (6.6)

where Sy = {limy, 00 % =m} and W is as in (5.1).

1
2
Proof of Proposition 1. For Z,_; > 0 set G,, = %(ZZ—:LI —m), and when Z,_; = 0
define G,, = 0. If ®(+) is the standard Gaussian cumulative distribution function, then under the
assumptions of the proposition for ¢ € (—o0, 00), we have almost surely that
lim P(Gn S t|Zn,1) = (I)(t)ISD + I{Ogt}IS(/)' (67)

n—oo

Furthermore, we have almost surely on Sy that

lim P(G, <tW'2|Z,_1) = o(tW'/?)Is,, (6.8)

n
n—oo

and on S’ that

lim P(G, <tW/?

n—1
n— oo

|Zn,1) = IS/- (69)
To verify (6.7-9) we observe that by the branching property

P(Gn S t|anl) - h/(anla t)a

where h(k,t) = P(X2F_ (& —m)/E"/? < t) and {& : i > 1} are i.i.d random variables independent
of the branching process with law that of Z;. Since m > 1, on the set Sy we have Z,_; — oo, and
hence by the classical CLT on Sy we have

lim P(G, <t|Z,-1) = lim h(Z,_1,t) = ®(t)Ig,. (6.10)

n—oo
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On the the complement of the survival set, namely S’ = U2, {Z,, = 0}, we eventually have for

n sufficiently large that G,, = 0. Thus on S’ eventually in n we have
P(Gn <t|Zp—1) = P(0 < t)lsr = Ijo<qyIs.

Thus (6.7) holds as it is known that P(SASp) = 0.

On Sy, from (6.10) and that ®(-) is continuous, we have uniform convergence in t as n — oc.

Therefore, on Sy, as n — co we have

|P(Gn < W)/ Zy 1) — @(tW)/?)] = o(1), (6.11)

n

where as usual o(1) means the term goes to zero. Since ®(-) is continuous, as n — oo, (5.1) implies
with probability one that

|D(EW?) — dEWL2)| = o(1), (6.12)

Hence (6.8) holds.
On S’ we eventually have as n gets large that Z, 1 = 0, and hence G,, = W,,_1; = 0. Therefore,

on S’ eventually in n we have

P(G, <tW)2|Z,_1) = P(0 < 0)Ig,

n

and (6.9) follows.

Fori=1,---,1 we set
Api={Gn-it1 < tlwifi}, (6.13)
where t1,- - ,t; € (—00,00). Then we will show
lim P(Ap1 N0 Ayy) = E(®(tWY?) . o, WY)Is,) + P(Sh), (6.14)
and that
dim P(An1 000 Ay N {Znr > 0}) = E(®HLWY2) . oW )Is,). (6.15)

Since the sets A, ; = By, we thus have (6.6) from (6.15), and the proposition will be proven.
Arguing as above, we see that lim, .o Ia, ;ns’ = s/ almost surely. Since P(S’ASj) = 0, the
bounded convergence theorem then implies

lim P(A,1N---NA,; NS, = P(S).

n—oo

Hence it suffices to show that

lim P(A, 10N Ay NSo) = E(®HWY2) . o, W?)Is,). (6.16)

n—oo

Since limy, oo E(|Is — I{z,_,>03]) = 0 for each integer k, the bounded convergence theorem
easily implies (6.16) provided we show

lim P(Ap1 NN Auy N {Zp 1 > 0}) = B(@(HWY?) - a6, WY)Ig,). (6.17)

n—oo
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Now
P(An,l NN An,l n {anl > O}) = E(IAm2 .- 'IAn,zI{Zn71>O}E(IAn,1|-7:nfl>) (6.18)

and since lim, oo E(|Is, — I{z,_,}|) = 0 for each integer k, the bounded convergence theorem and
(6.8) together easily imply that as n tends to infinity

P(ApiN-NAy i N{Zp_1>0}) = E(la,, - 1a, Is,®(tW2)) + o(1). (6.19)
By the bounded convergence theorem, that lim,, ... E(|Is, — Iz, _,>03|) = 0, and
lim ®(LW, ) = (W),

we have as n tends to infinity that
E(La, - Ta, s, ®(0W?) = B(La, -+ Ta, Iz, 501 @6 W,/5)) +o(1), (6.20)

Now
Bt Ta iz, 25080 7,/5))
= B, Ta, I(z, >0 @0 W, ) B4, | Fav2)),
and by the Markov property and (6.8) we can iterate the previous steps to show
Bt Tay Iz, 250 (0 W, ) B(La, | Fams))

= E(La,, I, Iz, 550y R0 W 2) (0 Wr2) + o(1)

as n tends to infinity. Continuing in this way, using the bounded convergence theorem to modify

things as we go along, we eventually obtain (6.17) and the proposition is proved. W
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