MaTH 114 ExAM 2 ANDREW SAMUELSON

This is a two hour exam. Show all work for full credit. No electronic devices or
formula sheets are allowed.

Problem 1 (10 points): Evaluate [ sin®z cos®x du.

oo [ (1) (L),
_ %/(1 ~ cos?(20))de = ;1/ (1 - (% + cos(4x))) dz
5

sin(4x)
2 T C

Problem 2 (10 points): Evaluate / tan z sec z dx.

/tanxsec4x dx = /tana:(l + tan® x) sec® z dx

Let u = tan = so that du = sec? xdxz Then we have

U2 U4
/u(1+u2)du:/(u+u3)du= 5t +C
tan’?z  tan*zx
= C
2 + 4 +

Problem 3 (10 points):
In2

(a) (5 points) Evaluate / ve**dw.
0

2x

Let u = z,dv = e**dx so that du = dz,v = R

In2 In2
6233 n e21n2 1 4 1 3

=1 — =9n2-°2
n?2 5 46 —i—4 2In2 1

2z

In2

n In2 6290 ZL’@2I
Then we have — dr =

0

. 2 2

1
— —e
4

0 0

(b) (5 points) Evaluate /ez sin zdz.

Let u = sinz, dv = e*dx so that du = cosxzdx,v = €e*.
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Then we have sin xe® — /ex cosxdr. Let u = cosz,dv = e*dx so that du = —sinzdzx,v = e*.

Then we have / e’ sin xdr = sin ze® — cos re® — / e’ sin xdx

. sin ze® — cos ze”
= /ezsmxdm: 5 +C

Problem 4 (10 points):

Let m and n be integers with m # n. Use the fact that

cos(mx) cos(nx) = % [cos((m — n)z) + cos((m + n)x)]

to show that / cos(mx) cos(nx)dx = 0. This relation is useful for generating Fourier series.
0
T T 1
/ cos(mx) cos(nx)dx = / 5 [cos((m — n)x) + cos((m + n)x)]
0 0
Let u = (m —n)z,v = (m+n)z

so that du = (m — n)dz,dv = (m + n)dz,u(0) = v(0) = 0,u(n) = (m — n)m,v(r) = (M + n)7.
Then we have

1 1 (m—n)m 1 (m+n)m
— / cos udu + / cos vdv
2{m-—nJ, m—+n Jy

1 1 : m—n)mw 1 : m+n)mw
zé{m_nsmuh() ) —|——m+nsmv|é )}:0
Problem 5(10 points): Find the partial fracti ion of 11
roblem oints): Find the partial fraction expansion of ————.
p p p 2210

41 A B Cz+D

22(22 4+ 4) z+z2+ 22+ 4
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We have z + 1= Az(2> +4) + B(z* +4)+ (Cz+ D)z* = (A+ C)2* + (B + D)2*> + 4Az + 4B

1 1 1
so that 4B =1 — B:Z,élA:l = A:Z,A—l—C:O — C:—Z,B—i—D:O =
1
D=—-.
4

Thus 21 _1(1+i z—i—l)

2(z2+4) 4\z 22 2244
Problem 6 (10 ‘t)Elt/4 da
roblem oints): Evaluate _
P 1 2 =2x+5
4 dzx 4 dx 1 z— 1\
Completing the Square y1€1dS [ m = [ m = 5 arctan < 2 ) X
1 3 1 1 3
= —arctan [ = | — = arctan(0) = = arctan | —
2 2 2 2 2
Problem 7 (10 't)Elt/ dy for y > 3
roblem points): Evaluate | ———— for .
Y2/ 9y? — 81 Y

/ dy _1/ dy
y2y/9y2 — 81 3 J 42 y2—9'

Let y = 3secf so that y? = 9sec? 0, dy = 3secltan0df, \/y? — 9 = 3tanb.

2 _
Thenwehave%/ d0 :isin@—l—C:i (y—9> +C
)

9secf 27 27
223 + 2% — 62 + 7
Problem 8(10 points): Evaluate / ’ —|—2x v dx.
4+ x—06
223 + 2% — 1

Long division shows that v o brtT =2r—1 s .

2+1x—6 (x —3)(z+2)

Tx +1 A B

We write = = Tr+1=A(x—-2)+B(z+3) = A=4,B=3.

(x —3)(z+2) x+3+x—2
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223 4+ 2% — 4
Thus/ v 6x+7d:1::/ 20 — 1+ + 5 dx
2 4+x—6 r+3 x—2

=2’ —z+4ln|r+3|+3njz—-2[+C

Problem 9 (10 points): Given a function f(¢), the Laplace transform is a new function F(s)
defined by

F(s) = / T e ()t

0

where we assume s is a positive real number. Find the Laplace transform of f(t) = t.

b e—st

F(s) = blim e Stdt. Let u = t, dv = e *'dt so that du = dt,v = —
— 00 0 S

b 6—st
— lim
0 b—oo 32

b _ _
. b e st . e st
+ lim dt = lim ( —

0 b—oo 0 S b—oo S

) te—st
Then we have F(s) = lim | —

b—oo S

Problem 10 (10 points):

[e.9]

(a) (5 points) Determine whether / e~ 1#ldz converges or diverges.

—00

0 0 b

_ . . _ . 0 . _1b

e ldz = lim e'dr + lim [ e *dr= lim (¢’|, + lim (e™*| =2
PN a——o0 J. b—oo [ a——00 b—o0 0

o

Therefore / e 1?ldz converges.

1
d
(b) (5 points) Determine whether / —f converges or diverges.
1z

1

= —00+

1 a 1
d
- lim + lim = lim (——1
2 b

_1 3 a—0= J_1 b=0T Jp a—0~ 2

a . . 1
im | ———
b—0+ 212

-1
1

T ..
Therefore — diverges.
1

< d
Extra Credit (10 points) Determine whether / o converges or diverges.
o Vat+a?
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/°° dx . /1 dx i /b dx
— = 1IN _— 1m —_—.
0 \/E -+ :C2 a—0t a \/E + :C2 b—o00 1 \/E + x2

1
We use the limit comparison test on each interval. Compare the integrand with — on (0, 1]

VT

) 1
and with —on (1, 00).

2 2
We have lim M =1 and lim M =1.
z—07F \/E T—00 2

< d Ld < d
Therefore, /0 ﬁ converges if and only if /0 \/—2 and /1 x—f both converge.

1 1
dx 1 1
Now, lim — = lim (2Vz| =2 = / —= converges
. VT (2val, 0 VT

a—0 a—07t

b b
and lim d—f = lim (—1

<1
=1 = / —; converges.
x
1 1

Therefore ———— converges.
/0 VT + 27 g



