Exercises 1.1

1. @ [BB] [pTq[-a[ (=) VP [PA((—9) VD)
T|T|F T T
T|F| T T T
F|T|F F F
F|F|T T F

® [pJa[P2[(P—=a][pra] A V(D) =9
T|T| F T T T
T|F| F T F T
FlT| T T F T
F|F| T F F F
© [p]a]avr[pA@Vp) [~ (A@@VD) [~ (A(aVP) op
T|T| T T F F
T|F| T T F F
FlT| T F T F
F|F| F F T F
) BBl [p{q[r [a[pV(=Q) [~V (=) [P [P Vr ][ (=@®V(E)A(=p) V)
T|T|T|F T F F T F
T|F|T|T T F F T F
FlT|T|F F T T T T
FlF|T|T T F T T F
T|T|F|F T F F F F
T|F|F|T T F F F F
F|T|F|F F T T T T
Fl|F|F|T T F T T F
12 Solutions to Exercises
@ [plalrla=r[po@—n) [pAg | @A) Vr[(Po(a—=T) = (PAQVT)
TiT|T| T T T T T
T|F|T| T T F T T
FlT|T| T T F T T
FlF|T| T T F T T
T|T|F| F F T T T
T|F|F| T T F F F
F|T|F| F T F F F
FlF|F| T T F F F

2. (a) If p — q is false, then necessarily p is true and q is false. (This is the only situation in which
p — g s false.) We construct the relevant row of the truth table for (p A (=q)) V ((-p) — g).

Pla[—9|pA(-q)[-P]|(-p)—q

T|F| T T F T

(pA(=9) V ((=p) = q)
T

(b) [BB] There are three situations in which p — ¢ is true. The question then is whether or not the
truth value of (p A (—q)) V ((—p) — g) is the same in each of these cases. We construct a partial
truth table. :

pla]-9][PA(=9) [P (P —=q] (PA(=9)) V ((=p) — )
T|T|F F F T T
F|F|T F T F F

As shown. (v A (=a)) V ((=1n) — a) has different truth valies on two occasions where n —s i<




Section 1.1

(b) [BB]
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pla|p|(p)Ag|-q|[pV(-9) [ (-p)Ag)A(pV(-9))
T|T|F F F T F
T|F|F F T T F
FlT|T T F F F
F|F|T F T T F

The final column shows that ((—p) A q) A (p V (—q)) is false for all values of p and g, so this
statement is a contradiction.

6. @ [plg[p—gla—(P—0 _ ‘
rlr T T Since ¢ — (p — q) is true for
| F F T all values of p and g, this
FlT!|l T T statement is a tautology.
F | F T T

® [p]alpAa[-»[-a[(=P)V(=a) [ A Al=p)V (=a)]

T|T T F | F F F

T|F F F | T T F

F\|T F T | F T F

F|F F T| T T F

Since (p A @) A ((—p) V (—q)) is false for all values of p and g, this statement is a contradiction.
7. (a) [BB]

pla p—glg—r|(pogA(g—or) porT
T|T T T T T
T|F F T F. T
F|T T T T T
F|F T T T T
T|T T F F F
T|F F T F F
F|T T F F T
F|F T T T T

(P—=aA(g—=r)—[p—1]

e R e e e I I N A | O A C R C O I

Since [(p — q) A (@ — )] — [p — r] is true for all
values of p, g, and r, this statement is a tautology.

(b) [BB] If p implies g which, in turn, implies r, then certainly p implies 7.

8. We must show that the given “or” statement can be both true and false. We construct truth tables for
each part of the “or” and show that certain identical. values for the variables make both parts 7" (so that
the “or” is true) and other certain identical values for the variables make both parts F' (so that the “or”

is false).
plr|s|r|-s (‘17‘) — ("8) pV [(—'7') — (_‘3)]
T|T|T)| F | F T T
F|F|T| T | F F F
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9. We are given that A is false for any values of its variables.

10.

11.

Solutions to Exercises

(a) [BB] An implication p — gq is false only if p is true and q is false. Since A is always false, A — B
is always true. So it is a tautology.

(b) An implication p — q is false only if p is true and q is false. Since A is false and the tautology B
is true for any values of the variables they contain, B — A is always false. So it is a contradiction.

(a) The tables below show that when all three variables p, q and r are false, p — (g — r) is true,
whereas (p — ¢) — r is false. Thus these statements have different truth tables and hence are not
logically equivalent.

p

q

rlig—or

p—(g—r)

F

F

F T

T

(b) The compound statement is false.

(a) [BB]

glr|p—q|llp—=q —r

F T F

The truth table shows that
(pV q) — (pV q) is true for all
values of p and ¢, soitis a

Columns three and five are the same.
So the truth values of p V ¢ and
- (p < gq) are the same for all values

pla|pVg
T|T| F
T|F| T
FlT| T
F|F| F
® [pla[»[EPAd]pV (=P A0 [ V(=P Ad) Vg
T|T|F F T T
T|F|F F T T
FlT|T T T T
FlF|T F F F
© BBl [pTqg[pVa][pVa|[(PVa— PV
T|T| F | T T
T|F| 7 | T T
FlT| 7 | T T
FlF F F T tautology.
D [ple[pVa]peod][-(Pea)
T|T| F T F
T|F| T F T
FlT| T F T
FIlF| F T F

of p and q. Thus these statements are
logically equivalent.



Since p V [=(p A q)] is true

for all values of p and q,
this statement is a
tautology.
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(b) By one of the laws of DeMorgan, the negation is (—p) A (p A g). By associativity, this is logically
equivalent to [(—p) Ap] Ag <= 0 Ag <= 0. So the negation is a contradiction.

3. (a) [BB] Using one of the laws of De Morgan and one distributive property, we obtain

(eAg)V(=((-p)VQ)] <= [PAQ)V(PA(=9))]
< [pPA(gV ()] < (PA1) < p.

(b) The given compound statement is of the form 2 — (y — z) which is equivalent to z — ((-y) V
z) <= (-z)V (-y) V z. (By associativity, no further parentheses are required here.) So the
given statement is equivalent to (=(p V 7)) V ((—g) A7) V (p V r). By commutativity, this is
(=(pVvr))V(pVr)V((-g)Ar) <= 1V ((—gAr) <= 1. The given statement is a tautology!

(c) Using associativity to avoid extra parentheses, the left side of the given statement is

(p—=a)V(g—r)] < (-p)VaV(-q)Vr
< (-p)V1iVr < 1.

The given statement is equivalent to [1 A (r — s)] which is logically equivalent to r — s.

4. @I[BB] [plq[pAa]pV(PAq)
T|T| T T
T|F| F T
FlT| F F
F|F| F F

(b

pla|pVe|pA(PVy
T|T| T T
T|F| T T
F|T| T F
F|F| F F

5. (a) [BB] Distributivity gives [(pVg)A(-p)] <= [(PA(=p))V(aA(=p))] <= [0V((-p)A9)] <

[(=p) A q].

18

Solutions to Exercises

(b) Wehave (p— (¢ — 7)) <= (p—=((mg)Vr)) <= (-p)V(~g) VT
< (p)VrV(~q) <= ~(pA(-1)V(~g) <= (pA(-7)) — (—9).

© (-peq) = (= A@—p)) <= (((-p)VaA(-q9) VD))

< ((pA(=9) V(gA(-p)))

= (A () Va) A((pA(=9) V (-p))

= (Ve A((—g) V) A(eV (=p)) A((—a) V (=p)))
= (VAL ADA((—9)V (-p)))
< (V@ A((=g)V(-p)
< ((-p)V(-9))A(gVp)
= (p— (-9)A((-g) = p) = (p< (79)

(d) BBl-[(p < q)V(pA(=g)] <= [~(p < q) A=(pA(=9))]

< [(p « (—9)) A ((—p) V q)), using Exercise 5(c).

(e) This is an immediate application of absorption law 4(b) with p A (—¢q) in place of p and g A ()

in place of q.

(f) Using property 12 and associativity, [p — (g er)] < [(-p)VqVr] <= [~(pA(mg)]VT

(by De Morgan) <= [p A (—q) — ] using 12 again.

® ~(pVaV(-p)Ad <= [(-p)A(=9)]V [(-p) A g] DeMorgan) <= (-p) A[(~q) V
q] (distributivity) <= (-p)V1l < -p

6. [(pA(—q)) = q] <= [(~(pA(~9)) V4] <= [((-p)Vq)Vg] < [(-p) V4]
(@A (~9)) = (-p)] <= [(=(A(~9)))V (-p)] <= [(-p) VeV (-p)] <= [(-p) V4]

So these are both logically equivalent to (—p) V gq.

7. (a) We must show that AV € and B V C have the same truth tables, given that A and B have the same
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